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Difficulties of the guantum
mechanical approach

Do different neutrino eigenstates have equal
energies of equal momenta or equal
velocities?

Do oscillations happen In time or in space?

Is it necessary to treat neutrinos as spinor
particles?

Should one take into account the coordinate
dependence of the neutrino wave function?

How can one describe oscillations of non-

relativistic neutrinos?
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Effective Lagrangian for neutrino
flavor oscillations In vacuum

Flavor neutrinos Lagrangian

L= vy, —m)yv,— > A, Vv,
l=afp t,U=af
a+f

Initial conditions V,(r,t=0)=¢&,(r)

Fields distributions at
subsequent moments of V, (r,t) =2att>0

time
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Evolution of mass eigenstates

Mass eigenstates v, (r,1) = ZUmwa (r,1)

The wave functions of y, satisfying initial
conditions

v, (r,t) = j(zﬂ) Z{(u U’ ) o iEt

=
+(v, ®V])e™" 1™y, (p,0)
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Evolution of flavor neutrinos

Fields distributions of flavor neutrinos

v, =2 U, (U, [drS, (' = 0(=i7")E. ()

Pauli-Jordan function
S, (r. t>=<iwa +m,)D, (r,b),

D.(r.t) = j- oipr sin E_t
(27)’ E

a

M. Dvornikov HEP2007 Manchester 5



Evolution of two mixed flavor
neutrinos

Initial conditions E(r)=e"¢, & (r)=0

We obtain the wave function of v, in high
initial momentum approximation (k>m,,)

v, (r,t)=e""sin20sin|D(k)t]
x{sin[o(K)t]+i(an)cos[a(K)t]} & + O(m, /k),

om’ m’ +m;
D(k) ~ ,o(k)~k+— 2
0= o 4k
Transition . [ om’ —
probability Pvﬁva (t) =sin"(26)sin ( . tj+(9(ma/k ),
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Effective Lagrangian for neutrino
flavor oscillations in matter

Neutrino interaction with matter is equivalent
to the external axial-vector field f#

L= v,(iy"o,—m,)v,

l=apf
— — L 7
B Z AV, = Z Vvt
(V' =af (=af

a+pf
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Neutrino interaction with moving
and polarized matter

Electron neutrinos can interact with matter
by means of both charged and neutral
currents; muon or t-neutrinos — only via
neutral currents

i = \/EGF Z (jfpg) + A Ky )»

f=e,p,n

L
J5 _(nfanfvf )»

N
At =| 0 (6, )G, J1-vi + 1+J(1%)
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Dirac equations for the neutrino
mass eigenstates interacting with
background matter

iy, =H v, +Vy,, a,b=12, a=b,
H, = (0p)+pm, +py, 94, V = iy, 9"

g“ =cos’ Of* +sin’ o1,

\»

g; =cos” Of ) +sin” Of,
g“ =-sinfcosO(1) — 1)

Dirac equations for the neutrino mass
eigenstates are coupled!
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Energy levels of a neutrino In
background matter

(&) _
E.' =

g0 2 go
pz(l—é’ 2 j +m: +=2
2|p] 2

\

[l See A.Studenikin, A.Ternov, PLB 608 (2005) 107

[0 We study the case of nhon-moving and unpolarized
matter (f=0)

[0 Here ¢ is the neutrino helicity (eigenvalue of (Zp)/|p|)
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Basis spinors in background matter

[ pa;
Cp ae”

b =1£Lp,/|p|, tangp =

(&) _
9 Va o

(B )
Cp e’
(P
9 B, e’ b

S | F—L S
EC +g7/2

P,/ P

1
2

M. Dvornikov HEP2007 Manchester

11



Transition probability for flavor
oscillations

Ultrarelativistic neutrinos k>m_
Low density matter Gpn <<k

Pm—wa (t) =sin” (deff)Sinz [f—tj 0(m§ /k*),

@’ (K)sin’(20)
[D(k)cos 20— A/2] +D*(k)sin®(20)

sin’ (20.) =

= @) cos 20— A/ 2] + D (k)sin®(20), A= £

eff
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Effective Lagrangian for neutrino
spin-flavor oscillations In
electromagnetic fields

The Lagrangian for the Dirac neutrinos
system interacting with an external

magnetic field by means of the magnetic
moments Is

L = Z v,(iy“0,—m,)v,

l=apf
- > A7, 1 M,V F
VeV 5 Vo0 1 Vo
(L l=af (,0'=af3

a+f
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Dirac equations for the neutrino
mass eigenstates in the external
magnetic field

iwa = ‘%Wa +VWb9

‘7{; = (ap)+p3ma _lualo3z3Ba

V =—up;2,B, (luab): Z U, M, U,
'=a,p

y
B=(0,0,B), E=0

Dirac equations for the neutrino mass
eigenstates are coupled!
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Energy levels for a neutrino In the
magnetic field

=0 57 2 =, B

a

Z, = Jm2+ p? + p’

See |.M.Ternov, et al., JETP 21 (1965) 613
The guantum number {=+1 characterizes

the spin direction with respect to the
magnetic field (it is the eigenvalue of the
operator Il =m X +p,[Xxp|;-u B)
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Basis spinors in the magnetic field

/
]

(¢) _
U,;-" =

d o,
—(¢, a e

NN

\

_ ¢P,a, e’

>

() _
V) =

|

2. JE)

a

b =\xim 1 F,, af = JEO +CFC, tanp=1p,/p,
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Initial conditions for spin-flavor
oscillations

We suppose that only left-handed neutrinos
of one flavor are presented initially

V;; (l‘, O) — eikl‘goj V; (ra O) = OD
v (r,0)=0, v (r,0)=0
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Final wave function of v &

VR (x1) = {siné’c.osé’
21
o — o . —
X Q+ sm(QJ)exp(lth)—Q—sm(Q_t)exp(—LuBt)
ciuB sm(QJ)COS2 ~sin(Q t)

X X (—ii_t + ikX) K, +@(m_/K)

Ultrarelativistic neutrinos k>m,

sin” @

cos( zBt)
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Spin-flavor oscillations for different
magnetic moments matrices

O “Dirac” type magnetic moments, u,>u
P, (t)=sin’(26){sin’(uBt)cos*(uBt) = (1, —1,)/2,

VgV,
+sin( g, Bt) sin( 4, Bt) sin* [®(K) ]}, H=(+ 1) 2

O “Majorana” type magnetic moments, u>u,

L .« () =cos (29)(ﬂ8j sin” (Qt), \/(,uB) +D° (k)

[0 Oscillations between v, and v, (=n/4) in the minimally
extended standard model, u,=u,

va—)vg (t) = {d)g()k)} sin” (Qt )sin” ( zBt)
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Discussion

O

We exactly solved initial condition problem for the flavor
neutrinos system with mixing in vacuum, in an external
axial-vector field (interaction with matter) and in an
external electromagnetic field. The classical field theory
approach was used.

The leading terms in transition probability expressions for
oscillations in vacuum and in matter reproduce the previous
results.

We received the new transition probabilities for Dirac
neutrinos interacting with an external magnetic field.

It was shown that neutrinos oscillate in time in frames of
this approach.
We obtained small (suppressed by the factor m /k<1)

rapidly oscillating corrections (on the frequency o __..~k) to

id
the transition probability formulas. o
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