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CKM Matrix

VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





VCKM




|d〉
|s〉
|b〉



 =




|d′〉
|s′〉
|b′〉





Quark Mixing Matrix

Probability of a transition from one quark q to another quark q’

∝ |Vqq′ |2



Unitarity Triangle

(0, 0) (0, 1)

(ρ̄, η̄)

α = φ2

γ = φ3 β = φ1

∣∣∣∣
VudV ∗

ub

VcdV ∗
cb

∣∣∣∣

∣∣∣∣
VtdV ∗

tb

VcdV ∗
cb

∣∣∣∣

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0

V =




1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1





One common parameterisation (Wolfenstein):

Unitarity:



Unitarity Triangle



Unitarity Triangle



CKM Matrix
Lattice Input

|Vus|

|Vub|

|Vcd|

|Vcs|

|Vtd| & |Vts|

K+ → π0l+ν, fπ/fK , Ξ0 → Σ+l−ν, Σ− → n l−ν

D → Klν, D → πlν

D → Klν, D → πlν, fDs

B → πlν

fBd

√
B̂Bd , ξ = (fBs

√
BBs)/(fBd

√
BBd)



This talk
CKM Matrix

Lattice Input
|Vus|

|Vub|

|Vcd|

|Vcs|

|Vtd| & |Vts|

K+ → π0l+ν, fπ/fK , Ξ0 → Σ+l−ν, Σ− → n l−ν

D → Klν, D → πlν

D → Klν, D → πlν, fDs

B → πlν

fBd

√
B̂Bd , ξ = (fBs

√
BBs)/(fBd

√
BBd)



Motivation
                              decay leads to determination of 

Require precise theoretical determination

Current conservation              

Ademollo-Gatto Theorem -> second order SU(3) breaking 
effects in

[Leutwyler & Roos:                     ]

K → πlν (Kl3) |Vus|

decayrate ∝ |Vus|2|f+(q2 = 0)|2

f+(0) = 1 + f2 + f4 + · · ·
⇒ ∆f = 1 + f2 − f+(0)

f2 = −0.023

f+(0)

f+(0)

f+(0) = 1
∣∣∣
su(3) flavour limit



Motivation
∆f = 1 + f2 − f+(0)

Improve on earlier studies by:

-0.016(8)       (Leutwyler & Roos, 1984)
-0.017(5)(7)  (Bećirević et al., quenched)
-0.009(9)       (Dawson et al.,             DWF)
-0.025(4)       (Tsutsui et al.,             Clover)
-0.0161(51)   (Preliminary RBC/UKQCD)

∆f =

Using                     flavours of dynamical fermions

Probing light quark masses

Checking finite size effects

Nf = 2
Nf = 2

Nf = 2 + 1



Lattice Techniques

K → π matrix element

〈π(p′)|Vµ|K(p)〉 = (pµ + p′µ)f+(q2) + (pµ − p′µ)f−(q2), q2 = (p′ − p)2

Three-point function

CPQ
µ (t′, t, !p′, !p) =

∑

!x,!y

e−i!p′(!y−!x)e−i!p!x〈0|OQ(t′)|Q(p′)〉〈Q(p′)|Vµ(t)|P (p)〉〈P (p)|O†
P (0)|0〉

K(p) π(p′)

γ



Extraction of Form Factor
[hep-ph/0403217,0607162]

Extract scalar form factor

f0(q2) = f+(q2) +
q2

m2
K −m2

π

f−(q2)

at                                 with high precision viaq2
max = (mK −mπ)2

R(t′, t) =
CKπ

4 (t′, t;!0,!0)CπK
4 (t′, t;!0,!0)

CKK
4 (t′, t;!0,!0)Cππ

4 (t′, t;!0,!0)

−→ (mK + mπ)2

4mKmπ
|f0(q2

max)|2



     Dependence

Construct second ratio

R̃(t′, t; !p ′, !p) =
CKπ

4 (t′, t; !p ′, !p)CK(t;!0)Cπ(t′ − t;!0)
CKπ

4 (t′, t;!0,!0)CK(t; !p)Cπ(t′ − t; !p ′)

−→ (EK(!p) + Eπ(!p ′))2

mK + mπ
F (p′, p)

F (p′, p) =
f+(q2)

f0(q2
max)

(
1 +

EK(!p)− Eπ(!p ′)
EK(!p) + Eπ(!p ′)

ξ(q2)
)

, ξ(q2) =
f−(q2)
f+(q2)

where

Q2



     Dependence

Construct third ratio

to obtain

Q2

Rk(t′, t; !p ′, !p) =
CKπ

k (t′, t; !p ′, !p)CKK
4 (t′, t; !p ′, !p)

CKπ
4 (t′, t; !p ′, !p)CKK

k (t′, t; !p ′, !p)
(k = 1, 2, 3)

ξ(q2) =
−(EK("p) + EK("p ′))(p + p′)k + (EK("p) + Eπ("p ′))(p + p′)kRk

(EK("p) + EK("p ′))(p− p′)k − (EK("p)− Eπ("p ′))(p + p′)kRk



Parameters    
                     flavours of dynamical domain wall fermions

Iwasaki gauge action

Nf = 2 + 1

amq Volume mπ [MeV]mK [MeV]
0.03
0.02
0.01

163 × 32
0.632(1)
0.522(2)
0.401(2)

0.677(1)
0.624(2)
0.575(1)

0.03
0.02
0.01
0.005

243 × 64
0.628(1)
0.521(1)
0.390(1)
0.308(1)

0.673(1)
0.621(1)
0.566(1)
0.539(1)

For more details, see hep-lat/0701013

β = 2.13, Ls = 16, amres ≈ 0.003, a ≈ 0.121 fm, ams = 0.04



R(t′, t) =
CKπ

4 (t′, t;!0,!0)CπK
4 (t′, t;!0,!0)

CKK
4 (t′, t;!0,!0)Cππ

4 (t′, t;!0,!0)

f0(q2
max), ams = 0.04
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163 × 32 243 × 64

R̃(t′, t; !p ′, !p) =
CKπ

4 (t′, t; !p ′, !p)CK(t;!0)Cπ(t′ − t;!0)
CKπ

4 (t′, t;!0,!0)CK(t; !p)Cπ(t′ − t; !p ′)

F (p, p′), amq = 0.02, |!q|2 = 1 :
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163 × 32 243 × 64

Rk(t′, t; !p ′, !p) =
CKπ

k (t′, t; !p ′, !p)CKK
4 (t′, t; !p ′, !p)

CKπ
4 (t′, t; !p ′, !p)CKK

k (t′, t; !p ′, !p)
(k = 1, 2, 3)

ξ(q2), amq = 0.03, |"q|2 = 2 :
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Fitting Form Factors

Construct scalar form factor:

Fit with a monopole ansatz:

f0(q2) = f+(q2)
[
1 +

q2

m2
K −m2

π

ξ(q2)
]

f0(q2) =
f0(0)

1− q2/M2



ams = 0.04, amud = 0.03, V = 163 × 32 & 243 × 64, Ls = 16

f0(q2)



ams = 0.04, amud = 0.03, V = 163 × 32 & 243 × 64, Ls = 16

f0(q2
max)

with without

f0(q2
max) : f0(0) = 1.0198(301)f0(q2

max) : f0(0) = 0.99911(6)
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0.03 0.02

0.01



Chiral Extrapolation of f+(0)

f+(0) = 1 + f2 + ∆f

where

HPQ = − 1
64π2f2

π

[
M2

P + M2
Q +

2M2
P M2

Q

M2
P −M2

Q

log
(

M2
Q

M2
P

)]

f2 =
3
2
HπK +

3
2
HηK

at the physical masses, f2 = −0.023

∆f ∝ (ms −mud)2 Attempt two different extrapolations

∆f = a + B(ms −mud)2

R∆f =
∆f

(M2
K −M2

π)2
= a + b(M2

K + M2
π)



Chiral Extrapolation of f+(0)

∆f = a + B(ms −mud)2

-0.015

-0.01

-0.005

 0

 0  0.0005  0.001  0.0015  0.002

!
f

ams
2 - (ams  -  amq)2

∆f = −0.0146(28)



Chiral Extrapolation of f+(0)

R∆f =
∆f

(M2
K −M2

π)2
= a + b(M2

K + M2
π)
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∆f = −0.0161(46)



Alternative Fits To f0(q2)
1.  linear:

2.  quadratic:

3.  z-fit [hep-ph/0607108]:

f0(t) =
1

φ(t, t0, Q2)

∞∑

k=0

ak(t0, Q2)z(t, t0)k

φ(t, t0, Q2) =
√

3t+t−
32π

z(t, 0)
−t

z(t,−Q2)
−Q2 − t

(
z(t, t0)
t0 − t

)−1/2 (
z(t, t−)
t− − t

)−1/4 √
t+ − t

(t+ − t0)1/4

t± ≡ (mK ±mπ)2

t0 ∈ (−∞, t+)

t0 = t+(1−
√

1− t−/t+)

f0(q2) = f0(0) + a1q
2 + a2q

4

f0(q2) = f0(0) + a1q
2

t = q2 → z(t, t0) ≡
√

t+−t−√t+−t0√
t+−t+

√
t+−t0



1. Linear:

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0

f 0(
q2 )

(aq)2  

16x32
24x64

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0

f 0(
q2 )

(aq)2  

16x32
24x64

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0

f 0(
q2 )

(aq)2  

16x32
24x64

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0  0.2  0.4  0.6  0.8  1

R !
f

(mK
2 + m"

2) [GeV2]

f0(q2) = f0(0) + a1q2

∆f = −0.0077(13)



2. Quadratic:
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f0(q2) = f0(0) + a1q2 + a2q4

∆f = −0.0185(73)



3. Z Fit:
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φ(t,t0,Q2)
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∆f = −0.0177(88)



4. Pole:
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Comparison
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|Vus|

PDG(2006)/LR:

∆f = −0.0161(46)(15)(16)⇒ fKπ
+ (0) = 0.9609(51)

Using                                    from experimental decay rate:|Vusf+(0)| = 0.2169(9)

|Vus| = 0.2257(9)exp(12)f+(0)

|Vud|2 + |Vus|2 + |Vub|2 = 1− δ, δ = 0.00076(62)

|Vud|2 + |Vus|2 + |Vub|2 = 1− δ, δ = 0.0008(10)

CKM(2006), KAON(2007)



New Developments



Light Quark Masses
New ensemble at mud = 0.005 243 × 48



Light Quark Masses
New ensemble at mud = 0.005 243 × 48



0.03

0.0050.01

0.02f0(0) = 0.99923(8) f0(0) = 0.99586(46)

f0(0) = 0.9884(22) f0(0) = 0.9780(41)





Global fit to Kl3 data
Usually we proceed by first fitting the form factor with a (eg. 

pole) ansatz at each simulated quark mass

f0(q2) =
f0(0)

1− q2/M2

Then extrapolate the results to the physical masses

R∆f =
∆f

(M2
K −M2

π)2
= a + b(M2

K + M2
π)

f+(0) = 1 + f2 + ∆f



In an attempt to get as much information out of the lattice 
data as possible, we attempt to fit the q2 and quark mass 

dependencies simultaneously

1 + f2 + (m2
K −m2

π)2(A1 + A2(m2
K + m2

π))
1− q2

M0+M1(m2
K+m2

π)

where A0, A1, M0 and M1 are fit parameters and

HPQ = − 1
64π2f2

π

[
M2

P + M2
Q +

2M2
P M2

Q

M2
P −M2

Q

log
(

M2
Q

M2
P

)]

f2 =
3
2
HπK +

3
2
HηK



The q2 dependence

The data points are the lattice results from all 4 masses

Dotted lines are constructed 
using the fitted parameters 
inserted into the previous 

ansatz and evaluated at each 
of the 4 quark masses

Solid line: as above but for 
the physical meson masses



The quark mass dependence

Points come from 
individual (non-global) 
pole fits to the lattice 

data at each quark 
mass

Line is the result from 
the global ansatz, 
evaluated at q2=0



The quark mass dependence

Points come from 
individual (non-global) 
pole fits to the lattice 

data at each quark 
mass

Line is the result from 
the global ansatz, 
evaluated at q2=0



Summary and Future Work

agrees well with L/R result

no obvious finite size effects

small statistical error

progress towards controlling systematics

Lighter quark masses

Another         continuum limit

Twisted boundary conditions      smaller 

Further Improvements

Preliminary                    result for Nf = 2 + 1

(amq = 0.005)

β →

q2



Twisted 
Boundary 
Conditions 

On a periodic lattice with spatial volume L3, 
momenta are discretised in units of

Modify boundary conditions on the valence quarks

allows to tune the momenta continuously

to obtain 

hep-lat/0703005

ψ(xk + L) = eiθkψ(xk), (k = 1, 2, 3)

!pFT + !θ/L

q2 = (pf − pi)2 =
{

[Ef (!pf )− Ei(!pi)]2 −
[
(!pFT,f + !θf/L)− (!pFT,i + !θi/L)

]2
}

q2 = 0

2π/L



Twisted Boundary 
Conditions 

!1 0 1 2 3 4 5 6 7 8 9
x 10!3

0.975

0.98

0.985

0.99

0.995

1

1.005

1.01

xlabel

yl
ab

el

!0.3 !0.25 !0.2 !0.15 !0.1 !0.05 0 0.05

0.5

0.6

0.7

0.8

0.9

1

xlabel

yl
ab
el

fKπ
0 (0) 0.02 0.01

old 0.9951(24) 0.9827(29)

new 0.9926(34) 0.9884(34)


