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Generalized Chern-Simons terms are terms of the form
CSol WEAWANFE.

They can appear in certain flux compactifications and Scherk-Schwarz
compactifications, where they are associated with the gauging of certain
axionic shift symmetries (Andrianopoli, d’ Auria, Ferrara, Lledo, de Wit, Samtleben,
Trigiante).

Recently their importance has been stressed in anomaly cancellation in
orientifold models with intersecting D-branes (Anastasopoulos, Bianchi, Dudas,
Kiritsis).

In extended supersymmetry and supergravity, their presence is well-known
(de Wit, Lauwers, Van Proeyen).

Goal of this talk : Clarify the role of generalized Chern-Simons terms and
anomalies in obtaining gauge-invariant and supersymmetric A" = 1 actions.
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» Consider A = 1 supergravity coupled to chiral multiplets and vector
multiplets.

» The kinetic terms for the vector fields read:

671,61 = —iRefABFA F'L“/B + %ilmfABFﬁuﬁ“"B

g
The gauge kinetic function f45(z) depends holomorphically on the scalar
fields 7.

» Gauge transformation under which z' transform non-trivially can induce a
gauge transformation of f5(z).

» E.g. : gauge kinetic function transforms as a symmetric two-tensor in the
adjoint representation.

O(A)fap = AC5CfAB ) dcfa :fCADfBD +fCBDfAD )

where A% (x) are the parameters of the gauge transformations and f33¢ are
the structure constants.
= kinetic terms of the vectors are obviously gauge invariant.
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» In fact : a more general transformation law for the gauge kinetic function is
allowed, as is suggested by the symplectic formulation of N' = 1
supergravity.

» Rewrite the kinetic terms of the vectors as:

1 v— v— .0 L
'Ly = —Im(FlGH ), 6T = 2

: v—B
uv 17_14 = lfABFH .
OF

The combined set of field equations and Bianchi identities

O* Im Fﬁ; = 0 Bianchi identities,
9,ImG,"~ = 0 Equations of motion.

is then invariant under the symplectic transformations

(6)=s(e)=(e D)(&)- (¢ 5)esenn.
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» Under these symplectic transformations, the gauge kinetic function
transforms as:
if' = (C+ Dif)(A+Bif) .

» Symmetries of the action then correspond to transformations with B = 0. If
C#0:

'L = —31Im(F,AGH"T)

= f%Im(F;fGQ“’_+F;f(CTA)ABFBW’). 2.1

For rigid symmetries, the last term represents a total derivative.

» In order to promote rigid symmetries to gauge symmetries, the Fﬁl, have to
transform in adjoint representation of the gauge group. For these
transformations, the symplectic matrix reads

S=1-A%Sc, Sc= <fCBA v B) ,
Cupc —fca
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Symplectic transformations in N' = 1 supergravity

» This reasoning suggests that we can allow for a more general
transformation rule for the gauge kinetic function:

Scfap = feafop + fes"fap+iCas.c .

» Example:
fap = hapiz' . 02 =iMcAS = Capc = hasiMc,

» Note that the kinetic terms of the vectors are no longer gauge invariant:
—1 1. C A TuvB
dgaugee” L1 = ZchB,CA VI

For rigid symmetries : total derivative. For gauge symmetries : no longer
gauge invariant.

> Cyp,c is symmetric in its first two indices.
Capc = Cf{ﬁ,c + Cf(xn;)c
LTI®L] (IT] &
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The kinetic terms of the vector multiplet

» Consider the full kinetic terms of the vector multiplet in N = 1 rigid
supersymmetry:

Sy / d*xd®0 fup(X)WaW5e? + c.c.
= /d4x{ — 1 Refup )y, F*P — 1 Refup X PA®
+ 1iImfapFa, FP + H(D, Imfag) My v NB |
Dyufas = Oufas — 2Wifew fayp -
» To covariantize with respect to the more general transformation rule of fyp
Dufas = Oufan — 2W foufsyp—iWS Cas.c -

From now on we will consider the action Sy, where D,, — ZA)M.
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- L v
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» Note the relation between gauge non-invariance and supersymmetry
non-invariance:
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The kinetic terms of the vector multiplet
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In this way, the gauge non-invariance only originates from one term:
—1 1. C A TuvB
(5gaugee El = ZICAB’CA ‘7:#1,.7: .

» Note the relation between gauge non-invariance and supersymmetry
non-invariance:

{0a, L} = 04D = 0lia (0 — Wit (3.1)
» Indeed, the action is not invariant under supersymmetry either:
5(€)Sp = / d*xRe (3 Cap,ce" " WL F) e AL — 31C(ap,c)ERARALAL) -

Note that this expression only depends on the fields of the vector multiplets.

» In the following we will attempt to construct an action that is invariant
under gauge and supersymmetry, by means of generalized Chern-Simons
terms and anomalies.
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Generalized Chern-Simons terms

» Generalized Chern-Simons terms are (for the general non-abelian case)

Scs = / dhe L (e T (AWEWAFE 4 L A WP WEWCWE)

v po

Proportional to a three-index tensor Cf(é,sg, not necessarily equal to Cyp,c.

» We can put
(CS)

C(AB,C) =

0,

They thus correspond to Hj

» For semi-simple algebras, GCS terms do not bring anything new (de Wit,
Hull, Rocek). In that case, one can find a constant, real, symmetric matrix

Zap, such that:
cs

Cf(xB,é = 2fC(ADZB)D7
In this case, the GCS action can be reabsorbed in the original action Sy by
redefining fy5:

fig =g +1Zs5.
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Anomalies
» Anomalies indicate a non-invariance of the effective action I'[W,,]:
e TWu] — /’DéD¢e_S(W‘“$’¢) ]

S(NTW] = — / déx AN (pu 55Fv[vvr])A - / dx AN, |

» The anomaly satisfies the Wess-Zumino consistency conditions:
§(A1) (ASAL) — 6(As) (AT AL) = ATASfpc* As

» For instance, for an arbitrary non-abelian gauge group, the consistent form
of the anomaly is given by:

Ag ~ 707 T (Tydy (WoD, Wo + SW, W, W) )
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Anomalies

» Note that if I" is non-invariant under gauge transformations, also its
supersymmetry variation is non-vanishing:

A= 6T(W) = §(AT[W] + 6(e)T[W] = /d4x (A" Ay +EA,) .

» A full cohomological analysis of anomalies in supergravity has been made

(Brandt):
Ac = —%i[dascFh, + (daspfee” + 3dapcfoe®) WEWE] FH4
ed. = Re [%idABCgR)\g/_\Iz/\lz + idABCWVCFWAQ%)\ﬁ

+%dAgchEA6MVpU WﬁWEWgEL’Yp)\g] .

» The coefficients d4pc form a totally symmetric tensor, given in terms of
generators of the gauge group:

dABC ~ TI‘({TA, TB}Tc) .
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Cancellation

» In order to achieve cancellation, we set:
(C€s) _ ~(m)y _ (CS)
CAB,C - CAB,C - CAB’C - CAB, :

» Using this identification, the sum of S‘f + Scs 1is still not gauge- and
supersymmetry-invariant. However:

6 (8 +5cs) = - / dx A A
S - _ 4y e AG)
5(6) (Sf+Scs) = /d XGAE s

where A®) represents the expression for the anomaly with dyzc — Cﬁ‘g c-
» In other words, when

CS m s
Cf(XB,é = CEXB?C? C/(u;,c = dapc

gauge and supersymmetry invariance are restored.
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Supergravity and extended supersymmetry

» So far, we considered rigid supersymmetry. What about supergravity?
No extra GCS terms are needed to achieve cancellation.

» All extra contributions (e.g. gravitino contributions) that were not present
in susy variation for rigid supersymmetry, vanish without need of extra
terms.

» No new contributions to gauge non-invariance.

» In extended supersymmetry : Generalized Chern-Simons terms have been
considered, for restoring gauge and supersymmetry invariance.

» Note that in extended supersymmetry, one can show that:

C(AB7C) - 0 .

This is consistent with the fact that only A/ = 1 theories have chiral
fermions that lead to anomalies.
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We considered gauge and supersymmetry invariance of matter coupled
N = 1 supergravity with Peccei-Quinn terms, generalized Chern-Simons
terms and anomalies.
1. Gauge non-invariance of PQ terms is parametrized by Cap,c = Cﬁ?,c + Cf,”,;?c.
2. GCS terms are defined by a tensor C/Eg?é of mixed symmetry.
3. Anomalies are proportional to a symmetric tensor dagc.
Invariance is restored when

Cap,c = C/(S:é + dasc -

Presence of symmetric part in Cyp ¢ and of anomalies is different from
extended supersymmetry.

Generalization to supergravity is straightforward.
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