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”God always geometrizes” - Plato

Image Credit: NASA



Geometric Interpretation of Homogeneous Field Theories

Lagrangian

� L = 1
2kab(ϕ)ϕ̇aϕ̇b

Field Space

Equations of Motion

� ϕ̈a + Γa
bc ϕ̇

bϕ̇c = 0

� Γa
bc ≡ 1

2k
ad (kbd,c + kcd,b − kbc,d)

Noether Symmetries

� ϕa → ϕa + ξa(ϕ)

� ∇bξc + ∇cξb = 0
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Geometric Interpretation of Homogeneous Field Theories

Lagrangian

� L = 1
2kab(ϕ)ϕ̇aϕ̇b − V (ϕ)

Field Space

Equations of Motion

� ϕ̈a + Γa
bc ϕ̇

bϕ̇c = −kabV,b

� Γa
bc ≡ 1

2k
ad (kbd,c + kcd,b − kbc,d)

Noether Symmetries

� ϕa → ϕa + ξa(ϕ)

� ∇bξc + ∇cξb = 0

� V,aξ
a = 0
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The Eisenhart Lift for Field Theories
L.P. Eisenhart: 1928
KF, S. Karamitsos and A. Pilaftsis: 2018 (arXiv:1806.02431)

Original Theory

� L = 1
2kab(ϕ)ϕ̇aϕ̇b − V (ϕ)

� ϕ̈a + Γa
bc ϕ̇

bϕ̇c = −kabV,b

� Γa
bc = 1

2k
ad (kbd,c + kcd,b − kbc,d)

Lifted Theory

� L = 1
2kab(ϕ)ϕ̇aϕ̇b + 1

2
1

V (ϕ) χ̇
2

� ϕ̈a + Γa
bc ϕ̇

bϕ̇c =−A2

2 kabV,b

�
d
dt

(
χ̇

V (ϕ)

)
= 0 ⇒ χ̇

V (ϕ) = A

Extended Field Space

� φA = {ϕa, χ}

� L = 1
2GAB φ̇

Aφ̇B
GAB =

kab 0

0
1

V (ϕ)


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Extension to Non-Homogeneous Field theories

Original Theory

� L =
√
−g
(

1
2g

µνkab(ϕ) ∂µϕ
a∂νϕ

b − V (ϕ)
)

� ∇µ∇µϕa + Γa
bc∂µϕ

b∂µϕc = −kabV,b

Extended Theory

� L =
√
−g
(

1
2g

µνkab(ϕ) ∂µϕ
a∂νϕ

b + 1
2

1
V (ϕ)∇µB

µ∇νBν
)

� ∇µ∇µϕa + Γa
bc∂µϕ

b∂µϕc = − 1
2

(
∇νB

ν

V (ϕ)

)2

kabV,b

� ∂µ

(
∇νB

ν

V (ϕ)

)
= 0 ⇒ ∇νB

ν

V (ϕ) = A
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The Eisenhart Lift for Inflation

� S =
∫
d4x
√
−g
(
− 1

2R + 1
2 (∂µϕ)(∂µϕ)− V (ϕ)

)
� gµν = diag

(
1,−a2,−a2,−a2

)
, ϕ = ϕ(t)

Homogeneous Inflation

� L = −3aȧ2 + 1
2a

3ϕ̇2 − a3V (ϕ)

Field Space Metric for Inflation

� GAB =


−6 a 0 0

0 a3 0

0 0
1

a3V (ϕ)



Eisenhart Lifted Inflation

� L = −3aȧ2 + 1
2a

3ϕ̇2 + 1
2

1
a3V (ϕ) χ̇

2

� ϕ̈ + 3Hϕ̇ + 1
2

(
χ̇

a3V

)2

V ′(ϕ) = 0

� H2 + 2 ä
a = 1

2 ϕ̇
2 + 1

2

(
χ̇

a3V

)2

V (ϕ)

�
d
dt

(
χ̇

a3V (ϕ)

)
= 0⇒ χ̇

a3V (ϕ) = A
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2a

3ϕ̇2 − a3V (ϕ)

Field Space Metric for Inflation

� GAB =


−6 a 0 0

0 a3 0

0 0
1

a3V (ϕ)



Eisenhart Lifted Inflation

� L = −3aȧ2 + 1
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2a

3ϕ̇2 − a3V (ϕ)

Field Space Metric for Inflation

� GAB =


−6 a 0 0

0 a3 0

0 0
1

a3V (ϕ)



Eisenhart Lifted Inflation

� L = −3aȧ2 + 1
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Initial Conditions for Inflation
KF and S. Karamitsos: 2019 (arXiv:1812.07095)
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Phase Space Manifold
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Phase Space Manifold
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Fraction of Phase Space that allows Inflation

10 5

10 4

10 3

10 2

10 1

100

10 122
10 30

10 29

10 28

10 24 10 22 10 20 10 18 10 16 10 14 10 12

/M4
P

P(
N>

60
)

V( ) = + 5 × 10 14 4

= 2.846 × 10 122M4
P
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Summary

� The Eisenhart lift allows us to describe any scalar field theory geometrically

� For homogeneous theories we must add an additional scalar field

� For non homogeneous theories we must add a vector field

� We can use this to construct a geometric description of inflation

� We can use this to study the initial conditions problem
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Backup Slides

Kieran Finn (The University of Manchester) The Geometry of Inflation arXiv:1806.02431, 1812.07095 1 / 2



Distribution of the Inflaton Field

0.8 0.4 0.0 0.4 0.8
/MP
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0.0
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2 P

1e 7 V = 10 15M4
P + 5 × 10 14 4
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