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I. Motivation 

The Standard Model: 

LSM = LYM + LWD + LYu + LH
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Local Gauge Symmetry:	
   SU(3)× SU(2)×U(1)

Adjoint representation:  Dimension  SU(n) : n2 −1†
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SU (2) :  adjoint rep 3 dimensional 
⇒ 3 Goldstone modes, θi  (in absence of gauge interactions)





The Standard Model – unanswered questions  

• Complicated choice of multiplets  

• Fractional and integral charges? 

• Neutrino masses? 

• Only partial unification 

• The hierarchy problem 

• … 

• Many parameters  16 (25)     

Aµ
γ =sinθWWµ

3 +cosθW Bµ
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II. Grand Unification 

   SU (3)⊗ SU (2)⊗U (1)⊂ G

(3,2)+ 2.(3,1)+ (1,2)+ (1,1)⊂ R

?

?



   SU (3)⊗ SU (2)⊗U (1)⊂ G

(3,2)+ 2.(3,1)+ (1,2)+ (1,1)⊂ R

?

?

G ≥ Rank 4 (# diagonal generators)

SU(5)... unique viable rank 4  possibility  

II. Grand Unification 

Georgi Glashow 



SU(5) : 5 × 5Group of  complex unitary matrices with determinant 1 



SU(5) : 5 × 5Group of  complex unitary matrices with determinant 1 

50 − 25 −1= 24 independent matrices – adjoint representation 

U = exp −i β iLi
i=1

24

∑⎛
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, U †U = 1 ⇒ Li Hermitian generators 



SU(5) : 5 × 5Group of  complex unitary matrices with determinant 1 

50 − 25 −1= 24 independent matrices – adjoint representation 

U = exp −i β iLi
i=1

24

∑⎛
⎝⎜

⎞
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, U †U = 1 ⇒ Li Hermitian generators 

La[ 0 0
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La=1..8 = SU(3)
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σ 1,2
[ ]La=9,10 =

SU(2)

L11 = Diagonal 0,0,0,1,−1( )

L12 = Diagonal −2,−2,−2,3,3( )

}
U(1)

SU(3)× SU(2)×U(1)⊂ SU(5)



Fermions 

Convenient to use Weyl notation for fermions 



The Lorentz group  Rotations Ji    Boosts Ki
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The Lorentz group  Rotations Ji    Boosts Ki

i

i

i

[ , ]

[ , ]

[ , ]

j ijk k

j ijk k

j ijk k

J J i J
J K i K
K K i J

ε
ε
ε

=

=

= −
}	
   Generate the group SO(3,1)	
  

1
02( ( ) )i ijk jk i ix x

M i x x J M K Mσ ρρσ ρ σ ε∂ ∂
∂ ∂

= − = =

To construct representations a more convenient (non-Hermitian) basis is 

1
2 ( )i i iN J iK= +

i

† † †
i j k

†
i j

[ , ]

[ , ]

[ , ] 0

j ijk k

ijk

N N i N

N N i N

N N

ε

ε

=

=

=

†
i i iJ N N= +Representations 

( , )n m J n m= +

 

(0,0) scalar J=0
( 1

2 ,0), (0, 1
2 ) LH and RH spinors  J= 1

2

( 1
2 , 1

2 ) vector  J=1,   etc



Weyl	
  spinors	
   1 1
2 2

R

( ,0) (0, )
        Lψ ψ

2-­‐component	
  spinors	
  of	
  SU(2)	
  

Rota-ons	
  and	
  Boosts	
   ( ) ( ) ( )L R L R L RSψ ψ→

   

SL( R) = eiα
2

.σ   :  Rotations

SL( R) = e∓
ν
2

.σ   :  Boosts
Dirac	
  spinor	
  

Can	
  combine	
  	
   R,  Lψ ψ to	
  form	
  a	
  4-­‐component	
  “Dirac”	
  spinor	
   L

R

=
ψ

ψ
ψ
⎡ ⎤
⎢ ⎥
⎣ ⎦

2, ,i ie ωσ µν µν
µν µ νψ ψ ωσ ω σ γ γ ω⎡ ⎤→ = = ⎣ ⎦Lorentz	
  transforma-ons	
  

  

γ 0 =
0 − I
− I 0

⎡

⎣
⎢

⎤

⎦
⎥ , γ i =

0 σ i

−σ i o

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
, γ 5 = iγ 0γ 1γ 2γ 3 = − I 0

0 I

⎡

⎣
⎢

⎤

⎦
⎥

Weyl	
  basis	
  
0 , , 1, 2,3i ijboosts rotations i jω ω→ → =

†

†

   
ψ L( R) =

1
2 (1∓ γ 5)ψ



  
L = iψ γ µ∂

µ ψ − mψ ψ

Kinetic term 
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SU(5) : 5 × 5Group of  complex unitary matrices with determinant 1 

50 − 25 −1= 24 independent matrices – adjoint representation 
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SU(5) : 5 × 5Group of  complex unitary matrices with determinant 1 

50 − 25 −1= 24 independent matrices – adjoint representation 
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SU(5) : 5 × 5Group of  complex unitary matrices with determinant 1 

50 − 25 −1= 24 independent matrices – adjoint representation 

U = exp −i β iLi
i=1

24
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× = +5 × 5 = 1+ 24
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In terms of fundamental representation,  ψ 5( )a = na

Young Tableau 

24 = 5 × 4 × 3× 2 × 6
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SO(10) :Group of matrices R that leave invariant length of 10-dim vector  

RT R = RRT = 1 SO(n) : n2 − (n2 + n) / 2 = n(n −1) / 2Adjoint representation 
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SO(10) 45 gauge bosons 



SO(10) :Group of matrices R that leave invariant length of 10-dim vector  

RT R = RRT = 1 SO(n) : n2 − (n2 + n) / 2 = n(n −1) / 2Adjoint representation 

†

†
SO(10) 45 gauge bosons 

Rank 5 

SO(10)  ↗
SU(5)×U(1)

 ↘
SU(4)× SU(2)L × SU(2)R

45 = 24 +1+10 +10



SO(10) :Group of matrices R that leave invariant length of 10-dim vector  

RT R = RRT = 1 O(n) : n2 − (n2 + n) / 2 = n(n −1) / 2Adjoint representation 

†

†

 c. f . SO(3) ∼ SU(2)

Spinorial (16 dim) representation:  

ψα=1,2 , R = eiω
abσ ab , σ ab = 1

2 εabcσ c ≡ i
2 σ a ,σ b[ ]

SO(10) χ16
± =ψ 1 ×ψ 2 ×ψ 3 ×ψ 4 ×ψ 5 with σ 3

i

i=1

5

∑ = ±1

SO(10) 45 gauge bosons 

24



SO(10) :Group of matrices R that leave invariant length of 10-dim vector  

RT R = RRT = 1 SO(n) : n2 − (n2 + n) / 2 = n(n −1) / 2Adjoint representation 

†

†

 c. f . SO(3) ∼ SU(2)

Spinorial (16 dim) representation:  

ψα=1,2 , R = eiω
abσ ab , σ ab = 1

2 εabcσ c ≡ i
2 σ a ,σ b[ ]

SO(10) χ16
± =ψ 1 ×ψ 2 ×ψ 3 ×ψ 4 ×ψ 5 with σ 3

i

i=1

5

∑ = ±1

 SO(10)⊃ SO(6)× SO(4) ∼ SU(4)× SU(2)× SU(2)

Standard Model embedding: 

SO(10) 45 gauge bosons 

⊃ SU(3)×U(1)B−L × SU(2)L × SU(2)R

Det R=1 



SO(10) :Group of matrices R that leave invariant length of 10-dim vector  

RT R = RRT = 1 SO(n) : n2 − (n2 + n) / 2 = n(n −1) / 2Adjoint representation 
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Standard Model embedding: 
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SO(10) MX
'

16⎯ →⎯ SU(5) MX
45⎯ →⎯ SU(3)× SU(2)×U(1) MW

10⎯ →⎯ SU(3)× SU(2)×U(1)

SU(5)

Alternative structures  

10SO(10) ≡ 5 + 5( )
SU (5)



Alternative structures  

SO(10) MX
'

16⎯ →⎯ SU(5)×U(1)χ
MX⎯ →⎯ SU(3)× SU(2)×U(1)Z ×U(1)χ

Flipped SU(5) 

SO(10) MX
'

16⎯ →⎯ SU(5) MX
45⎯ →⎯ SU(3)× SU(2)×U(1) MW

10⎯ →⎯ SU(3)×U(1)
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Alternative structures  

SO(10) MX
'

16⎯ →⎯ SU(5)×U(1)χ
MX⎯ →⎯ SU(3)× SU(2)×U(1)Z ×U(1)χ

Flipped SU(5) 

SO(10) MX
'

16⎯ →⎯ SU(5) MX
45⎯ →⎯ SU(3)× SU(2)×U(1) MW

10⎯ →⎯ SU(3)×U(1)

SU(5)
Q = T3 +

Y
2

 
Q = T3 −

1
5
YZ +

2
5
Y! χ

10H.10H.5h → νH
c dH

c D - simple doublet –triplet splitting 

10 f .10H .φ → νH
c ν cφ - right handed neutrino masses 



 leptons - 4th colour 

SO(10) MU
54⎯ →⎯ SU(4)× SU(2)L × SU(2)R

MC
45⎯ →⎯ SU(3)×U(1)B−L × SU(2)L × SU(2)R

u1 u2 u3 ν
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MR
16⎯ →⎯ SU(3)× SU(2)×U(1) MW

10⎯ →⎯ SU(3)×U(1)

Parity restored 

SO(10) MX
'

16⎯ →⎯ SU(5) MX
45⎯ →⎯ SU(3)× SU(2)×U(1) MW

10⎯ →⎯ SU(3)×U(1)

SU(5)

Pati-Salam 

Alternative structures  



Spontaneous symmetry breaking 

SU(5) MX
Σ24

⎯ →⎯ SU(3)× SU(2)×U(1) MW
H5

⎯ →⎯ SU(3)×U(1)



Spontaneous symmetry breaking 

SU(5) MX
Σ24

⎯ →⎯ SU(3)× SU(2)×U(1) MW
H5

⎯ →⎯ SU(3)×U(1)

V Σ24( ) = −µ2Tr Σ2( ) + 14 a Tr Σ2( )⎡⎣ ⎤⎦
2
+ 1
2
bTr Σ4( )

Σ =V Diagonal 1,1,1,− 3
2 ,− 3

2( ) if b,µ2 > 0, a > 7
5 b

MX
2 = MY

2 = 25
8
g2V 2



H5 =

h1

h2

h3

h+

−h0

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

(3,1)+ (1,2)

Spontaneous symmetry breaking 

SU(5) MX
Σ24

⎯ →⎯ SU(3)× SU(2)×U(1) MW
H5

⎯ →⎯ SU(3)×U(1)

V (H ) = − 1
2ν

2 H 2 + 1
4 λ H 4 +α H 2Tr Σ2( ) + βHΣ2H

m
hi
2 = − 5

2 βV
2,

1
2 λ h0

2
= ν 2 − 15α + 9

2 β( )V 2 =O 10−24( )V 2 Hierarchy problem 

MW
2 = MZ

2 cos2θW = 1
4 g2

2 h0
2



Grand Unification – The Classic Predictions 
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SM evolution of gauge couplings 

α i
−1 µ( ) =α −1 MX( ) + 1
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µ
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⎠⎟
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L5Yukawa = ψ Riα
†( )mij

DχLj
αβHβ

† − 1
4 εαβγδε χ T( )Li

αβ
σ 2mij

UχLj
γδH ε + h.c.

5 ×10 = 5 + 45
10 ×10 = 5 + 45 + 50
5 × 5 = 10 +15

Fermion masses 



After diagonalising down quark mass matrix: 

md = me

ms = mµ

mb = mτ
✔? 

✗	
  

✗	
  

5 ×10 = 5 + 45
10 ×10 = 5 + 45 + 50
5 × 5 = 10 +15

Fermion masses 

L5Yukawa = ψ Riα
†( )mij

DχLj
αβHβ

† − 1
4 εαβγδε χ T( )Li

αβ
σ 2mij

UχLj
γδH ε + h.c.



LY
45 = ψ Riα

†( )mij
dχLj

βγHβγ
†α + εαβγρτ χ T( )Li

αβ
σ 2mij

uψ Lj
γδHδ

ρτ + h.c.

−3md = me

−3ms = mµ

−3mb = mτ

Fermion masses 

L5Yukawa = ψ Riα
†( )mij

DχLj
αβHβ

† − 1
4 εαβγδε χ T( )Li

αβ
σ 2mij

UχLj
γδH ε + h.c.

5 ×10 = 5 + 45
10 ×10 = 5 + 45 + 50
5 × 5 = 10 +15

✔	
  

✗	
  

✗	
  

Ha
b5 = v45 δ a

b − 4δ a
4δ 4

b( ), a,b = 1..4
SU(2)XU(1) invariant component 
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m3

=
0 ε 3 0
ε 3 aε 2 0
0 0 1

⎛
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⎜
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⎞

⎠

⎟
⎟
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ε d = 0.15,   a45

s = 1

ε l = 0.15,   a45
µ = −3

  

ms

mµ

( M X ) =
1
3

Georgi-Jarlskog 

  

mb

mτ

( M X ) = 1

  
Det( M l ) = Det( M d ) |M X

mb = 3mτ

ms = 3.
1
3
.mµ

md = 3.3.me

✔	
  

✔	
  

✔	
  

Fermion masses 

L5( )33+12+21 + L45( )22



Neutrino mass 

LYukawa = ψ Riα
†( )mij

DχLj
αβHβ

† − 1
4 εαβγδε χ T( )Li

αβ
σ 2mij

UχLj
γδH ε

+ ψ Riα
†( )mij

ν ΝLj
c H α + NLi

cTσ 2MM
ij NLj

c + h.c.

SO(10): H10 = 5 + 5 (SU(5))

mi
d = mi

l

mi
u = mi

ν



<H>	
   <H>	
  

Lν Lν

Rν

   

mνL
∝ λ 2 < H >2

M M

∼
mt

2

M M

M M ∼1014GeV

Neutrino mass 

×
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LKin
5 = iψ 5iγ

µ Dµψ 5( )i = iψ 5iγ
µ ∂µδ i

i − i g
2
Vµ( ) j

i⎛
⎝⎜

⎞
⎠⎟
ψ 5

j

LKin
10 = i

2
χ( )

ac
∂µδb

a − 2ig
2
Vµ( )b

a⎛
⎝⎜

⎞
⎠⎟
γ µχ bc

Gauge couplings 

g
2
X µ
i
d iRγ µeR

+ + ε ijk uL
cj
γ µuL

k + diLγ µeL
+( ) +

g
2
Y µ

i
−diRγ µνR

c + ε ijk uL
cj
γ µdL

k − uiLγ µeL
+( ) + h.c.

QB−L
X ,Y = 2 / 3 ⇒ Δ B − L( ) = 0
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