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I. Motivation

The Standard Model:
Local Gauge Symmetry: SU@B)XSUR)XU(1)

Ly, =Ly, +Ly,,+L, +L,

Ly =Loco +L]W +L,
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TAdjoin’r representation: Dimension SU(n): n° —1
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Spontaneously broken ( 1:10 }

Higgs scalar

L, = (DMH)T (D"H)-V(H)

SU(2) : adjoint rep 3 dimensional

= 3 Goldstone modes, 6. (in absence of gauge interactions)



=3 with M, measurement
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The Standard Model - unanswered questions

® Complicated choice of multiplets

® Fractional and integral charges?

® Neutrino masses?

® Many parameters 16 (25)
® Only partial unification  A! =sin6,, W, +cos6,, B,

® The hierarchy problem
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IT. Grand Unification
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IT. Grand Unification

SU3)® SUR2)QU(1) LG

X
(3,2)+2.3,D)+(1,2)+(1,)c R

G >Rank 4 (# diagonal generators)

SU(S)... unique viable rank 4 possibility

Georgi Glashow



SU(S) . Group of 5 X5 complex unitary matrices with determinant 1



SU(S) . Group of 5 X5 complex unitary matrices with determinant 1

50 —-25—-1=24 independent matrices - adjoint representation
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U= exp(—iz ﬁiLij, UU=1 = L Hermitian generators
i=l1



SU(S) . Group of 5 X5 complex unitary matrices with determinant 1

50 —-25—-1=24 independent matrices - adjoint representation

24
U= exp(—iz ﬁiLij, UU=1 = L Hermitian generators
i=1

SUB)XSUR)xU)c SU(S)

0O 0 0 0O
=9.10 0O 0 0 0O
2 8 8 L’ = 00000
a=1.8 __ . 00 0
L — 0L'0 SU(3) 00 0 61,2 SU(2)
0O 0 0 0 O
0O 0 0 0 O

['! = Diagonal (0,0,0,1,-1)

['2 = Diagonal (-2,-2.-2.3.3) U(l)




Fermions

Convenient to use Weyl notation for fermions



The Lorentz group Rotations J. Boosts K.

:Ji,Jj] =1€,;J,
J., Kj] = igl,ijk } Generate the group SO(3,1)
:Ki,Kj] =—1€,;,J,

(M, =i(x, =% —x,=%) J.=te.

P ox° O oxP

To construct representations a more convenient (non-Hermitian) basis is

N; =3 (J; +iK})

:NiaNj] — igijka
[N;,N!1=ig, N/ } SU22)®SU(2) representation (n,m)
Nl ) NJT] =0




The Lorentz group

Ji, S =1gy,
:JiaKj] =€

ijk

_ 5
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Rotations J . Boosts K

i

Generate the group SO(3,1)

To construct representations a more convenient (non-Hermitian) basis is

N; =3 (J; +iK})

[N,,N,]=ig, N,
[N;,N!1=ig, N/
i 1=
[N,,N{1=0

Representations  J = N. + NZT

(n,m) J=n+m

(0,0) scalar J=0
(5,0),(0,7) LH and RH spinors J=7

2

+,3) vector J=1, etc




Weyl spinors (%»O) (Oa%)
V. Vr
2-component spinors of SU(2)
— ¢ : Rotation
Rotations and Boosts Vi = Suw Vi SL(R) € otations
1%.0 ]
SL(R) e : Boosts
Dirac spinor
. “eN: ” . — l//L
Can combine Vis Wr  toform a4-component “Dirac” spinor V=
Vr

Lorentz transformations v — elml//,
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wo ="' o VZ%[YH% "

®" — boosts, @' — rotations

i,j=1,2,3

, Y =iy Y'Yy =
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0 I
Weyl basis

Y, p=20FY)VW



The Lagrangian

L=iyydy-—myy
® Masses

v v sy =y vy y

® Kinetic term
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Can construct LH spinors out of RH antispinors and vice-versa

. 1
l//L = Gzl//R - (590)

using 0,0,0, =—0

i
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24
U= exp(—iz ﬁiLij, UU=1 = L Hermitian generators
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SU(S) . Group of 5 X5 complex unitary matrices with determinant 1

50 —-25—-1=24 independent matrices - adjoint representation
24 . . .
U = exp(—iz ﬁ’Llj, UU=1 = L Hermitian generators
i=1
K

FermionS: Lfermion = I//ITQG,UDMWR

n
n
Fundamental representation Vs =| n
n
n




SU(S) . Group of 5 X5 complex unitary matrices with determinant 1

50 —-25—-1=24 independent matrices - adjoint representation

24
U= exp(—iz ﬁ’L’), UU=1 = L Hermitian generators
i=1

Covariant derivative:  Gauge bosons V;
L (BD+(1.2)
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SU(S) . Group of 5 X5 complex unitary matrices with determinant 1

50 —-25—-1=24 independent matrices - adjoint representation
24 . . .

U= exp(—iz ﬁ’Llj, U'U=1 = L Hermitian generators
i=1

a

In terms of fundamental representation, (1/15) =n"

K — i H
Lfermion _ l//R(j/ytl) l//R

5%5=1+24 X []=[]+[T] Young Tableau

B _ a _b_c_d B _ 5x4x3x2X6
Ta — gaabcdn nnn Xn = I xaxs




Grand Unification SUGB)>SUB)®SUR)®U(1)
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Grand Unification SUB) D SUB)®SUR)®U(1)

(@)
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0.=1/3




Grand Unification SUGB)>SUB)®SUR)®U(1)

(@)

_ } SU(3)

(S)La: (@ 30 + Qe_ =0
% } SU(2)

0.=1/3

[o,B] ”(”_l)zlo
T 1x2

Remaining 10 states?




Grand Unification SUB)D SUB)®SUR)®U(])

() :} SU(3)
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LH states SU(2) doublets

T[Oé,ﬁ]



Grand Unification SUGB)>SUB)®SUR)®U(1)
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Generations ?



Grand Unification SO(10)D SUB)>SUB)®SUR)®U(1)

Anomaly free
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S 0(10) . Group of matrices RT’rha’r leave invariant length of 10-dim vector

R'"R=RR" =1 TAdjoin’r representation SO(n): n*—(n*+n)/2=n(n-1)/2

SO(10) 45gauge bosons



SO (10) . Group of matrices Ij’rha’r leave invariant length of 10-dim vector

R'R=RR' =1

Rank 5

TAdjoin’r representation SO(n): n*—(n’+n)/2=n(n-1)/2

SO(10) 45gauge bosons

SUB)xU() 45=24+1+10+10

7
Ny

SUA)xSU2), xSU(2),

SO(10)



S 0(10) . Group of matrices J’rha’r leave invariant length of 10-dim vector

R'R=RR" =1 TAdjoin’r representation O(n): n’—(n"+n)/2=n(n-1)/2

SO(10) 45gauge bosons

Spinorial (16 dim) representation:

cf. SOB)~SUQR)  Woin» R="", o,=1e,0 =%[0,0,]

5
SO(10)  Jrie =W, XY, XY Xy, Xy, with Y o} =+l
\ i=1
24



S 0(10) . Group of matrices J’rha’r leave invariant length of 10-dim vector

R'"R=RR" =1 TAdjoin’r representation SO(n): n* —(n*+n)/2=n(n—-1)/2

Det R=1 SO(10) 45 gauge bosons

Spinorial (16 dim) representation:

cf. SOB)~SUQR)  Woin» R="", o,=1e,0 =%[0,0,]

5
SO(10)  Jie =W, XY, XY Xy, Xy, with Y 0} =4I
i=1
Standard Model embedding:

SO(10) D S0O(6)xSO4)~SU4)xSUR)*xSU(2)

SSUB)xU(), , XxSU(2), xSU(2),



S 0(10) . Group of matrices J’rha’r leave invariant length of 10-dim vector

R'"R=RR" =1 TAdjoin’r representation SO(n): n* —(n*+n)/2=n(n—-1)/2

Det R=1 SO(10) 45 gauge bosons

Spinorial (16 dim) representation:

cf. SOB)~SUQR)  Woin» R="", o,=1e,0 =%[0,0,]

5
SO(10)  Jie =W, XY, XY Xy, Xy, with Y 0} =4I
i=1
Standard Model embedding:

SO(10) D S0O(6)xSO4)~SU4)xSUR)*xSU(2)

th,=-0,x1+1x0,

DSUB)XU1), , xSU2), xSUQR2), {TL ~20_x0o
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Alternative structures

SU(5)
SO(10)—L 5 SU(5)—2 5 SUB)x SU(2)x U(1)—2 5 SU3)x SU(2)x U(1)

105500, =(5+5)

SU(5)



Alternative structures

Y
=T, +=
Q32

SU(S) /
SO10)—2x 5 SU(5)—¥2 5 SU(3)x SUQ2)x U(1)—2 5 SU3) x U(1)

Flipped SU(5) 0-T,~<Y,+57,
Vi

SO(lO)%SU(S)X u, — M sSUB)XSU(2) X Uuad),xU)y

6):® (o), (1, {e}
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Alternative structures

Y
Q:T3+_

SU(S) / ’
SO10)—2x 5 SU(5)—¥2 5 SU(3)x SUQ2)x U(1)—2 5 SU3) x U(1)

Flipped SU(5) 0-T,-2Y,+37,

v

SO(lO)%SU(S)XU(I)% — M SSUB)YXSUR)xU1), xU(l)y

10,.10,.5, — <V§,>d§,D - simple doublet -triplet splitting

10f.EH H— <V%>vc¢ - right handed heutrino masses



Alternative structures

SU(5)
SO10)—2x 5 SU(5)—¥2 5 SU(3)x SUQ2)x U(1)—2 5 SU3) x U(1)

Pati-Salam

u, U, Uy V
leptons - 4% colour [ }

/ d d, d, e

SO(10)—YL—5 SU(4)x SU(2), X SU(2), —— SUB)x U(1),_, X SU(2), X SU(2),

™~

Parity restored

—Me 5 SU3)x SUQR)xU(1)—2e— SUB)x U(1)



Spontaneous symmetry breaking

SUB)—L 5 SURB)XSUR)xU)—2 5 SUB)xU()



Spontaneous symmetry breaking

SUB)— 5 SURB)XSUR)XxU(1)—2 5 SUB)xU(1)

24 Hz
V(2a) =-pTr(22) 4 a[ 1r(2°)] 42 bTr(2*)

(X)=V Diagonal(1,1,1,—2,—2)if b,u’ >0,a>1b

25
My=M, =§82V2



Spontaneous symmetry breaking

SUB)—L 5 SURB)XSUR)xU)—2 5 SUB)xU()

24 Hs
hl
hZ
H, = (3,1)+(1,2)
Wt
./

V(H)=-3V’|H|" ++A|H|" +a|H| Tr(2*)+ BHZH

m’, =—3BV", M;,:M§C0529wzﬁg§<h0>2

%ﬂ,<h0 >2 —y2_ (15a + %ﬁ)vz — 0(1()‘24)V2 Hierarchy problem




Grand Unification - The Classic Predictions



Gauge Couplings SUGB)DSUB)®SUR)®U(])

(@ "
. } SU(3)
(S)L: 8 2 & &2 81
2} sue
P00 g (M )=g,(M,)=g,(M,)=g.
@(u)d)
(10) : @@



Gauge Couplings

SM evolution of gauge couplings
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Either: No Grand Unification
or: more particles...

9 11 13 15
Log ,, [Energy Scale (GeV)]




Fermion masses

5%10=5+45
10x10=5+45+50
5%5=10+15

LSYukawa = (l//;;z ) %Z’BHT 1€ 05[37/58 (%T )Lﬁ G mz] %}/61—18 +hc.



Fermion masses

5%10=5+45
10x10=5+45+50
5%5=10+15

5 ofryt T\? 2 U e
LYukawa (l//Rzoc)sz%L H 1 05[33/53(% )LiG mij%LjH +hC

After diagonalising down quark mass matrix:

— X
md_me

—m X
m,=m,

— v?
mb - mT




Fermion masses

5%10=5+45
10x10=5+45+50
5%5=10+15
o/ of O ITE
l‘sYukczwa_(l//Rzoc);/nzj)CL]'BI{Jr vy 05[33/53(XT)L1, szl(]]%Z]H +h.c.

(lea)mU%ﬁyHm aﬁypf(%T )LﬂG szI/IY(SHpT +he.

—3m, =m/*
3 ¥ (H)=v,s(80-46816).ab=1.4
’ K SU(2)XU(1) invariant component
_ — X
3m, =m_




Fermion masses

. 5 45
Georgi-Jarlskog (L )33+12+21 "'(L )22
m
i d m, 073
Det(M')= Det(M") |, &
m
— (M )
m
M 0 e'=0.15, a, =1
= 0 812015, 355:_3
m3 1
mb = 3mT ‘/
1 v
m, = 35 .mu
m, =33.m,




Neutrino mass

LYukawa — (l//j?ia) z] %aﬁHT o l aﬁy&e (%

Li

+ (Wi )my N, H + N  6° MU N}, +hec.

SO(10):  H,, =5+5 (SU(®5))
m’ =m
m; =m’




Neutrino mass

Vi Vi
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A< > m

cC

4
M, M
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M, ~10"GeV




Nucleon decay

SU5) o SUB)®SU2)®U(1)
MX

:  New lepto-quark gauge interactions



Gauge couplings

o i o i . 8 i '
Ly, = ”/jsﬂ/u(DHWS) = "//51'7/“(8#&‘ _lﬁ(vu)jng
10 i ., a 2lg
LKin—z(%) (a 0y — \/5( )jy}f
" (C_l'iR’}/“€; T &€ ;Zj’}/uu]]j + EiL]/uez ) +
%?L (—c_l'ile’}/“\/lce +8ijk;2j’}/”dlz —;iLY'HQZ)‘Fh.C.

0,,=2/3 = A(B-L)=0



Nucleon decay SUGB) 2> SUB)RSUR)®U(1)

. .
(g) : } X i New lepto-quark gauge interactions
I H
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T M,"  7>10%yrs, M, >10°GeV



