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Excellent match between theory and observation Planck CMB results:  21st March 2013Planck collaboration: CMB power spectra & likelihood
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Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-` values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.

Table 8. Constraints on the basic six-parameter ⇤CDM model using Planck data. The top section contains constraints on the six
primary parameters included directly in the estimation process, and the bottom section contains constraints on derived parameters.

Planck Planck+WP

Parameter Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.12038 0.1199 ± 0.0027
100✓MC . . . . . . . 1.04122 1.04132 ± 0.00068 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . 3.098 3.103 ± 0.072 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.37 11.1 ± 1.1

H0 . . . . . . . . . . 67.11 67.4 ± 1.4 67.04 67.3 ± 1.2

109As . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.196+0.051
�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14305 0.1426 ± 0.0025
Age/Gyr . . . . . . 13.819 13.813 ± 0.058 13.8242 13.817 ± 0.048
z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.48 1090.43 ± 0.54
100✓⇤ . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04136 1.04147 ± 0.00062
zeq . . . . . . . . . . . 3402 3386 ± 69 3403 3391 ± 60

33

Precision estimates of cosmological parameters	

Hubble constant    H0 = 67.3 ± 1.2 (km/s)/Mpc 
Universe age         t0 = 13.798 ± 0.037 billion years 
Dark energy           Ω∆ = 0.683 ± 0.009                68.3% 
Dark matter            ΩM = 0.227 ± 0.013                26.8% 
Ordinary matter      ΩB = 0.0456 ± 0.0014              4.9% 
Radiation CMB       ΩR = 0.0000431                       0.004% 
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Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-` values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.
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Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-` values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.
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Planck is not just a standards laboratory getting the next decimal point 
on cosmological parameters like H0 etc
Even incremental advances can cross thresholds yielding new physics 
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Planck is not just a standards laboratory getting the next decimal point 
on cosmological parameters like H0 etc
Even incremental advances can cross thresholds yielding new physics 
Planck also crossed qualitative thresholds opening new windows:

• Gravitational lensing detected  
at very high significance

• Non-Gaussianity 3D bispectrum  
- constraints on scale-invt models 
- investigations of features etc. 

• SZ clusters and cos. parameters

• Astrophysical insights (CIB etc)
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Planck is not just a standards laboratory getting the next decimal point 
on cosmological parameters like H0 etc
Even incremental advances can cross thresholds yielding new physics 
Planck also crossed qualitative thresholds opening new windows:

• Gravitational lensing detected  
at very high significance

• Non-Gaussianity 3D bispectrum  
- constraints on scale-invt models 
- investigations of features etc. 

• SZ clusters and cos. parameters

• Astrophysical insights (CIB etc)

New polarization data with Second 
Release in October/November 2014
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Discovery of Gravitational Waves?
BICEP2 results:  World media - 18th March 2014



BICEP2 Results
B-mode power spectrum 	
 	
 	
 	
 Likelihood comparing with 	

shows large “excess” with 	
 	
 	
 	
 noise + concordance model	

best-fit tensor model r = 0.2	
	
 	
 	
 simulations - 7σ deviation	

!
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!
!
	
 	
 	
 	

Latest: BICEP2 team strongly maintains a tensor signal dominant …	

- subtracting dust yields r = 0.15 - 0.19.    

John Kovac for The Bicep2 Collaboration 

Constraint on Tensor-to-scalar Ratio r 
Substantial excess power in the region where the 
inflationary gravitational wave signal is expected to peak 
 
Find the most likely value of the tensor-to-scalar ratio r 
 
Apply “direct likelihood” method, uses:  
→  lensed-ΛCDM + noise simulations  
→  weighted version of the 5 bandpowers 
→  B-mode sims scaled to various levels of r (nT=0) 

Uncertainties here include  
sample variance at r=0.2 

 best fit 

r = 0.2 with uncertainties dominated by 
sample variance 
 
PTE of  fit to data: 0.9 
→ model is perfectly acceptable fit to the data 
 
r = 0 ruled out at 7.0σ 

Within this simplistic model we find: 
John Kovac for The Bicep2 Collaboration 
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But are they right?



BICEP2 r = 0.16 presents special challenges for inflation model-building	

The tensor-to-scalar ratio	

!
!
!

With r = 0.16, yields energy density & Hubble param. (during inflation)	

!
!
!

Lyth relation for number of e-foldings:	


!

So typically with N ~ 60 we have super-Planckian excursions	


BICEP2 & UV Completion
Inflation B-modes
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BICEP2 r = 0.16 presents special challenges for inflation model-building	

The tensor-to-scalar ratio	

!
!
!

With r = 0.16, yields energy density & Hubble param. (during inflation)	

!
!
!

Lyth relation for number of e-foldings:	


!

So typically with N ~ 60 we have super-Planckian excursions	


BICEP2 & UV Completion
Inflation B-modes

Lyth relation

N =

Z
da

a
=

Z
Hdt =

Z
HMPl

˙�

d�

MPl
=

r
8

r

��

MPl

where tensor-to-scalar ratio

r =

Ph(k)

P⇣(k)
=

H2

MPl

�
H4

˙�2
,

evaluated for kls/100 < k < kls where k�1
ls ⇡ 14000Mpc is the distance to last-scattering surface.

Planck yields an amplitude for scalar perturbations of

P⇣(k0)
1/2

= 4.69± 0.02 with k�1
0 = 20Mpc

For r = 0.16 this yields

⇢1/4 = 1.5⇥ 10

16
GeV and H = 1.0⇥ 10

14
GeV

Roughly

�� > MPl for r > 0.01

V (�) = V0 +

X

n

cn
(�� �0)

n

MPl
n

V (�) ⇡ µ2�+ ⇤

4
cos

✓
�

f
+ �

◆

Go through versions studied to date ...

1

Inflation B-modes

Lyth relation

N =

Z
da

a
=

Z
Hdt =

Z
HMPl

˙�

d�

MPl
=

r
8

r

��

MPl

where tensor-to-scalar ratio

r =

Ph(k)

P⇣(k)
=

H2

MPl

�
H4

˙�2
,

evaluated for kls/100 < k < kls where k�1
ls ⇡ 14000Mpc is the distance to last-scattering surface.

Planck yields an amplitude for scalar perturbations of

P⇣(k0)
1/2

= 4.69± 0.02 with k�1
0 = 20Mpc

For r = 0.16 this yields

⇢1/4 = 1.5⇥ 10

16
GeV and H = 1.0⇥ 10

14
GeV

Roughly

�� > MPl for r > 0.01

V (�) = V0 +

X

n

cn
(�� �0)

n

MPl
n

V (�) ⇡ µ2�+ ⇤

4
cos

✓
�

f
+ �

◆

Go through versions studied to date ...

1

Inflation B-modes

Lyth relation

N =

Z
da

a
=

Z
Hdt =

Z
HMPl

˙�

d�

MPl
=

r
8

r

��

MPl

where tensor-to-scalar ratio

r =

Ph(k)

P⇣(k)
=

H2

MPl

�
H4

˙�2
,

evaluated for kls/100 < k < kls where k�1
ls ⇡ 14000Mpc is the distance to last-scattering surface.

Planck yields an amplitude for scalar perturbations of

where we have used P⇣(k0)
1/2

= 4.69± 0.02 with k�1
0 = 20Mpc

For r = 0.16 this yields

⇢1/4 = 1.5⇥ 10

16
GeV and H = 1.0⇥ 10

14
GeV

Roughly

�� > MPl for r > 0.01

V (�) = V0 +

X

n

cn
(�� �0)

n

MPl
n

V (�) ⇡ µ2�+ ⇤

4
cos

✓
�

f
+ �

◆

Go through versions studied to date ...

1

Inflation B-modes

Lyth relation

N =

Z
da

a
=

Z
Hdt =

Z
HMPl

˙�

d�

MPl
=

r
8

r

��

MPl

where tensor-to-scalar ratio

r =

Ph(k)

P⇣(k)
=

H2

MPl

�
H4

˙�2
,

evaluated for kls/100 < k < kls where k�1
ls ⇡ 14000Mpc is the distance to last-scattering surface.

Planck yields an amplitude for scalar perturbations of

where we have used P⇣(k0)
1/2

= 4.69± 0.02 with k�1
0 = 20Mpc

For r = 0.16 this yields

⇢1/4 = 1.5⇥ 10

16
GeV and H = 1.0⇥ 10

14
GeV

Roughly

�� > MPl for r > 0.01

V (�) = V0 +

X

n

cn
(�� �0)

n

MPl
n

V (�) ⇡ µ2�+ ⇤

4
cos

✓
�

f
+ �

◆

Go through versions studied to date ...

1

Inflation B-modes

Lyth relation

N =

Z
da

a
=

Z
Hdt =

Z
HMPl

˙�

d�

MPl
=

r
8

r

��

MPl

where tensor-to-scalar ratio

r =

Ph(k)

P⇣(k)
=

H2

MPl

�
H4

˙�2
,

evaluated for kls/100 < k < kls where k�1
ls ⇡ 14000Mpc is the distance to last-scattering surface.

Planck yields an amplitude for scalar perturbations of

where we have used P⇣(k0)
1/2

= 4.69± 0.02 with k�1
0 = 20Mpc

For r = 0.16 this yields

⇢1/4 = 1.5⇥ 10

16
GeV and H = 1.0⇥ 10

14
GeV

Roughly

�� > MPl for r > 0.01

V (�) = V0 +

X

n

cn
(�� �0)

n

MPl
n

V (�) ⇡ µ2�+ ⇤

4
cos

✓
�

f
+ �

◆

Go through versions studied to date ...

1

Inflation B-modes

Lyth relation

N =

Z
da

a
=

Z
Hdt =

Z
HMPl

˙�

d�

MPl
=

r
8

r

��

MPl

where tensor-to-scalar ratio

r =

Ph(k)

P⇣(k)
=

H2

MPl

�
H4

˙�2
,

evaluated for kls/100 < k < kls where k�1
ls ⇡ 14000Mpc is the distance to last-scattering surface.

Planck yields an amplitude for scalar perturbations of

where we have used P⇣(k0)
1/2

= 4.69± 0.02 with k�1
0 = 20Mpc

For r = 0.16 this yields

⇢1/4 = 1.5⇥ 10

16
GeV and H = 1.0⇥ 10

14
GeV

Roughly

�� > MPl for r > 0.01

V (�) = V0 +

X

n

cn
(�� �0)

n

MPl
n

V (�) ⇡ µ2�+ ⇤

4
cos

✓
�

f
+ �

◆

Go through versions studied to date ...

1



Post-BICEP2 model-building?
Super-Planckian excursions 	
 	
 	
 	
 	
 	
 	
   implies	

!
!
lots of sensitivity to Planck-suppressed operators … 	

Need UV complete theory with e.g. shift symmetry	

String theory is a well-motivated candidate for quantum gravity …	

Recent proposal examples (with large r):	


• Axion monodromy with symmetric large field range and large r 
 
 
yielding oscillatory (non-Gaussian) signatures. 	


• Quasi-single Field Inflation - shift symmetry only protects one field 
with others having masses near m ~ H (curvature significant)  
again yielding NG signatures; also higher spin particles with mass	


• Chaotic inflation in supergravity                             •Higgs inf. etc	

•  See Ed Copeland’s SUSY 2014 talk ….  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E.g McAllister, Silverstein, 	

Westphal;  Flauger et al. 

E.g Chen & Wang;   Arkani-Hamed & Maldacena (in prep.)
Kallosh, Linde & Westphal
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First proposed in 1993 as two satellites COBRAS & SAMBA	

Conceptual drawings (©Jean-Michelle Lamarre, Observatoire de Paris)	


!
!
!
!
!
!
!
!
Selected as COBRAS/SAMBA in 1996 in ESA Horizons 	

- became Planck (launch planned for 2003 with Herschel):	

Low Frequency Instrument - HEMT radio arrays @ 100K 	


High Frequency Instrument - Bolometer arrays @ 0.1 K 	


!In 2000, tender won by Alcatel (now Thales Alenia Space) 	

!Various hiccups and delays (e.g. 100GHz LFI channel)	


Origins of Planck
   COBE               WMAP              PLANCK 



HFI experiment
The Planck High Frequency 
Instrument (HFI) detects photons 
using bolometers in 6 freq. bands	

•48 bolometers (thermal detectors) absorptive 

elements, radiation raises their temp measured 
by thermistor (32 pol. sensitive detectors, 4 freq.)	


•A chain of coolers, culminating in dilution coolers 
maintains a temperature of 0.1K

HFI
Mirror

HornsBolometersCooling chain

Spiderweb	

bolometer



Planck frequency maps

LFI

HFI

30 GHz                                     44 GHz                                   70 GHz

100 GHz                                   143 GHz                                 217 GHz

353 GHz                                   545 GHz                                857 GHz
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WMAP vs Planck



Foreground-cleaned CMB maps
Foreground-cleaned CMB maps

SMICA works in harmonic space; it uses a 3% processing mask to prevent foreground leakage 
from low to high Galactic latitudes, hence the smooth appearance in the Galactic plane 

C-R NILC

SEVEM SMICA

�300 300µK

Commander-Ruler (C-R) - Pixel 
domain: fits parametrized model of 
CMB and foregrounds

Internal linear combination (NILC) 	

Needlet (wavelet) domain:  minimizes	


variance of CMB signal

Template fitting (SEVEM) - Pixel 
domain: removes templates found 
by subtracting frequency channels

Spectral matching (SMICA)	

Harmonic domain: fits model of 
foregrounds and solves for CMB 



Leading method for high-l analysis - min. foreground residuals and preserves non-Gaussianity	

       - the 3% processing mask has been filled in with a constrained realization	

!
!
!
!
!
!
!
!
!
!
!
!

!
Key public data product from the Planck mission, refer to: 	


http://www.sciops.esa.int/index.php?project=planck&page=Planck_Legacy_Archive	
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http://www.sciops.esa.int/index.php?project=planck&page=Planck_Leg
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Leading method for high-l analysis - min. foreground residuals and preserves non-Gaussianity	

       - the 3% processing mask has been filled in with a constrained realization	

!
!
!
!
!
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!
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Key public data product from the Planck mission, refer to: 	
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Planck Collaboration: Cosmological parameters

constraints on cosmological parameters prior to Planck, this dis-
crepancy merits a detailed analysis, which is presented in ap-
pendix A. The S12 and K11 data are not used in combination
with Planck in this paper. Since the primary purpose of includ-
ing high-` CMB data is to provide stronger constraints on fore-
grounds, we use the R12 SPT data at ` > 2000 only in combina-
tion with Planck. We ignore any correlations between ACT/SPT
and Planck spectra over the overlapping multipole ranges.

Table 3 summarizes some key features of the CMB data sets
used in this paper.

4.2. Model of unresolved foregrounds and “nuisance”
parameters

The model for unresolved foregrounds used in the Planck
likelihood is described in detail in Planck Collaboration XV
(2013). Briefly, the model includes power spectrum templates
for clustered extragalactic point sources (the cosmic infra-red
background, hereafter CIB), thermal (tSZ) and kinetic (kSZ)
Sunyaev-Zeldovich contributions, and the cross-correlation
(tSZ⇥CIB) between infra-red galaxies and the thermal Sunyaev-
Zeldovich e↵ect. The model also includes amplitudes for the
Poisson contributions from radio and infra-red galaxies. The
templates are described in Planck Collaboration XV (2013) and
are kept fixed here. (Appendix B discusses briefly a few tests
showing the impact of varying some aspects of the foreground
model.) The model for unresolved foregrounds is similar to the
models developed by the ACT and the SPT teams (e.g., R12;
Dunkley et al. 2013). The main di↵erence is in the treatment of
the Poisson contribution from radio and infra-red galaxies. In
the ACT and SPT analyses, spectral models are assumed for ra-
dio and infra-red galaxies. The Poisson point source contribu-
tions can then be described by an amplitude for each population,
assuming either fixed spectral parameters or solving for them.
In addition, one can add additional parameters to describe the
decorrelation of the point source amplitudes with frequency (see
e.g., Millea et al. 2012). The Planck model assumes free am-
plitudes for the point sources at each frequency, together with
appropriate correlation coe�cients between frequencies. The
model is adapted to handle the ACT and SPT data as discussed
later in this section.

Figure 5 illustrates the importance of unresolved foregrounds
in interpreting the power spectra of the three CMB data sets.
The upper panel of Fig. 5 shows the Planck temperature spec-
tra at 100, 143, and 217 GHz, without corrections for unre-
solved foregrounds (to avoid overcrowding, we have not plot-
ted the 143 ⇥ 217 spectrum). The solid (red) lines show the
best-fit base ⇤CDM CMB spectrum corresponding to the com-
bined Planck+ACT+SPT+WMAP polarization likelihood anal-
ysis, with parameters listed in Table 5. The middle panel shows
the SPT spectra at 95, 150 and 220 GHz from S12 and R12.
In this figure, we have recalibrated the R12 power spectra to
match Planck using calibration parameters derived from a full
likelihood analysis of the base ⇤CDM model. The S12 spec-
trum plotted is exactly as tabulated in S12, i.e., we have not re-
calibrated this spectrum to Planck. (The consistency of the S12
spectrum with the theoretical model is discussed in further detail
in Appendix A.) The lower panel of Fig. 5 shows the ACT spec-
tra from D13, recalibrated to Planck with calibration coe�cients
determined from a joint likelihood analysis. The power spectra
plotted are an average of the ACTe and ACTs spectra, and in-
clude the small Galactic dust corrections described in Das et al.
(2013).

Fig. 5. Top: Planck spectra at 100, 143 and 217 GHz without
subtraction of foregrounds. Middle: SPT spectra from R12 at
95, 150 and 220 GHz, recalibrated to Planck using the best-
fit calibration, as discussed in the text. The S12 SPT spec-
trum at 150 GHz is also shown, but without any calibration cor-
rection. This spectrum is discussed in detail in Appendix A,
but is not used elsewhere in this paper. Bottom: ACT spectra
(weighted averages of the equatorial and southern fields) from
D13 at 148 and 220 GHz, and the 148⇥220 GHz cross-spectrum,
with no extragalactic foreground corrections, recalibrated to the
Planck spectra as discussed in the text. The solid line in each
panel shows the best-fit base ⇤CDM model from the combined
Planck+WP+highL fits listed in Table 5.
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Non-CMB spectra at small scales modeled with 
extra parameters!

Planck spectra!Planck power spectrum
Conservative spectral analysis	


•Uses small portions of the sky with 
minimal foreground contamination	


•Uses detector cross-spectra to remove 
uncorrelated noise from power	


•Non-CMB spectra at small-scales are 
modeled with extra parameters (dust, 
SZ, CIB etc)	


•CMB likelihoods published ... 

    100 GHz (49%)                       143 GHz (31%)                      217 GHz (31%)
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Figure 37. The 2013 Planck CMB temperature angular power spectrum. The error bars include cosmic variance, whose magnitude
is indicated by the green shaded area around the best fit model. The low-` values are plotted at 2, 3, 4, 5, 6, 7, 8, 9.5, 11.5, 13.5, 16,
19, 22.5, 27, 34.5, and 44.5.

Table 8. Constraints on the basic six-parameter ⇤CDM model using Planck data. The top section contains constraints on the six
primary parameters included directly in the estimation process, and the bottom section contains constraints on derived parameters.

Planck Planck+WP

Parameter Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.12038 0.1199 ± 0.0027
100✓MC . . . . . . . 1.04122 1.04132 ± 0.00068 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . 3.098 3.103 ± 0.072 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.37 11.1 ± 1.1

H0 . . . . . . . . . . 67.11 67.4 ± 1.4 67.04 67.3 ± 1.2
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z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.48 1090.43 ± 0.54
100✓⇤ . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04136 1.04147 ± 0.00062
zeq . . . . . . . . . . . 3402 3386 ± 69 3403 3391 ± 60
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THE BIG QUESTIONS	

!Does standard ΛCDM still fit?	

!Does the inflationary paradigm work?  
Which models are favoured?
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Is dark energy constant or is it dynamical?	

!What are neutrino masses?	

Are there extra relativistic species?	

Are there signatures of new physics?

THE BIG QUESTIONS	

!Does standard ΛCDM still fit?	

!Does the inflationary paradigm work?  
Which models are favoured?



Standard 6 parameter ΛCDM model fits the data well ...	


Cosmological parameters from joint analysis	

with Planck + WMAP-P + BAO (and priors)	


• Baryon density            Ωbh
2      0.02207±0.00027 	


• Cold dark matter        Ωch
2       0.1198±0.0026 	


• Dark energy               ΩΛ          0.685±0.017	


• Hubble parameter       H0           67.3±1.2	


• Age of the Universe      t0        13.798 ± 0.037	


• Sound horizon          100θ*      1.04148±0.00062	


• Matter fluctuation        σ8       0.828±0.012 	


• Spectral index              ns            0.9585±0.0070	


• Optical depth               τ        0.091±0.014  	


• Reionization redshift      zre         11.1±1.1	


ΛCDM cosmological parameters
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ΛCDM cosmological parameters

Notable shifts from
WMAP9 results
2.4% down

5.4% up

6.5% down

3.9% smaller

0.4% older
.
.
.
.
.



Implications for Inflation
Scalar spectral index  n < 1	

Scale-invariant HZ spectrum has insufficient power on small scales  
(ruled out at 5σ)               ns = 0.960 ± 0.007 Planck Collaboration: Cosmological parameters
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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with ns constrained to unity is shown by the blue line.
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value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
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flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
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model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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Scalar spectral index: n<1!

Harrison-Zel’dovich: too much 
power on small scales!
Ruled out at >5σ

ns = 0.960 ± 0.007!
 !

See earlier inflationary constraints



Planck offered no compelling evidence for additions to standard ΛCDM	

!
• Curvature parameter    Ωk           -0.0005±0.0066 	


• Neutrino masses          Σ mν        < 0.23 eV	


• Spin degrees                 Neff          3.30±0.54	


• Helium fraction              YP           0.267±0.040	


• Running spectral index   dns/dlnk   -0.014±0.017	


• Tensor-scalar ratio         r0.002            < 0.11	


• Equation of state           w             -1.13±0.24

Parameters from extended models
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All changed with BICEP2 results, with consistency requiring e.g. (beyond r)	


• Running spectral index  	


• Sterile neutrino species 	


• Tilt of tensor modes etc …
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Fig. 6. Stacked regions of Planck maps corresponding to the locations of the superstructures identified by GR08. From left to right
we show the images resulting from stacking of the 50 superclusters, the 50 supervoids, and the di↵erence of both. The black circles
superimposed indicate the angular radius at which the signal-to-noise ratio is maximal. See Fig. 7 for the corresponding temperature
and photometry profiles, as well as their statistical significance.

Planck maps. We have also used the cleaned frequency maps
from SEVEM (see Sect. 2.1.1) for some of the tests. We first re-
move the monopole and dipole of the maps (outside the U73
mask), and then apply a compact source mask based on the
Planck Legacy Point Source Catalogue (Planck Collaboration
XII 2013) to remove the contamination from individual point
sources.

For the purpose of comparison with the results of GR08, we
smooth the CMB maps with a common Gaussian kernel of 30 0
FWHM. We then project them onto patches around each position
in the supervoid and supercluster catalogue. The GR08 struc-
tures have a relatively small size on the sky (a few degrees), but
the other two catalogues considered here contain many larger
and closer voids, covering larger angular sizes. Thus we work
with 30� ⇥ 30� CMB patches and choose the pixel size to be
6 0, so that all voids considered are fully enclosed. We then co-
add (stack) the maps, taking into account the mask used. On the
stacked images, we calculate both the radial temperature profile
and the aperture photometry, to characterize the signal around
density structures. The temperature profile is obtained by com-
puting the mean of the pixels in rings of fixed width and in-
creasing angular radius; in practice, it is calculated for 150 radii
between 0� and 15�, with a width of �✓ = 0.�1. The photometry
profile is obtained by applying a compensated filter that sub-
tracts the average temperature of a ring from the average tem-
perature within the disk whose radius ✓ is the inner radius ring,
and where the outer radius is chosen to be ✓

p
2, so that the disc

and ring have the same area. This should enhance fluctuations
of typical angular size ✓ against fluctuations at smaller or larger
scales. Aperture photometry results are also provide for at 150
angles, this time between 0� and 15/

p
2 ⇡ 10.�6. In addition to

the monopole and dipole, we also removed from the CMB maps
the contribution of large scale angular modes, namely ` = 2–
10. These modes correspond to angular scales much larger than
those of the structures under investigation, and for our purposes
their only e↵ect is to introduce gradients in the stacked images;
the high-pass filter essentially stops such gradients getting into
the stacked map (which is equivalent to removing gradients at
the end). The contribution of the large-scale angular modes has
no impact on the aperture photometry profiles, and introduces
only an o↵set in the temperature profiles (Ilić et al. 2013).

In order to estimate the significance of the resulting photom-
etry and temperature profiles, we follow a Monte Carlo approach
based on stacked CMB images chosen at random positions. In
detail, we compute the photometry and the temperature profiles
for 16 000 sets of 50 CMB patches randomly distributed over
the SDSS area. We then compare the profiles obtained from the
stacking at the location of the GR08 superstructures to these ran-
dom profiles, in order to compute their signal-to-noise ratio.

5.2. Results

We show in Fig. 6 the stacked images of the 50 supervoids and
50 superclusters of GR08 in the Planck map. The correspond-
ing temperature and photometry profiles, along with their sig-
nificance levels, are shown in Fig. 7. The first thing to say is
that, although the signatures are fairly weak, the sign of the
e↵ect certainly seems to be correct. Using the same catalogue
and the Planck CMB map, we find reasonable agreement with
GR08. The maximal photometric decrement, �10.8 µK (essen-
tially identical with the �11.3 µK found by GR08), induced by
supervoids is obtained for a preferred scale of about 3.�5 (4� in
GR08) and a signal-to-noise of 3.3 (3.7� in GR08), as shown in
Fig. 7. Superclusters produce a photometric increment of about
8.5 µK (slightly above the 7 µK in GR08), with a significance of
3.0� (compared with 2.6� in GR08) at a slightly larger angle
of 4.�7. Finally, the stack of the combined sample (clusters mi-
nus voids) gives a temperature deviation of 8.7 µK, with a sig-
nal strength of 4.0� at 4.�1, which is consistent with the values
reported in GR08. The values of statistical significance for our
aperture aperture photometry results are closely related to those
for the temperature profiles. Indeed, as shown in the top panel of
Fig. 7, the temperature profile for the void stack shows a roughly
2� deficit at small angular radii and a roughly 2� excess ex-
tending to large radii. Since the aperture photometry is essen-
tially an integral of the temperature profile with a compensated
filter, it picks up enhanced significance because of the shape of
the temperature profile.

As noted previously by several authors (e.g., Hernandez-
Monteagudo & Smith 2012), the amplitude and shape of the pho-
tometric profile found for voids and clusters is in tension (around
2�) with the values expected from pure ISW within ⇤CDM.
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superimposed indicate the angular radius at which the signal-to-noise ratio is maximal. See Fig. 7 for the corresponding temperature
and photometry profiles, as well as their statistical significance.

Planck maps. We have also used the cleaned frequency maps
from SEVEM (see Sect. 2.1.1) for some of the tests. We first re-
move the monopole and dipole of the maps (outside the U73
mask), and then apply a compact source mask based on the
Planck Legacy Point Source Catalogue (Planck Collaboration
XII 2013) to remove the contamination from individual point
sources.

For the purpose of comparison with the results of GR08, we
smooth the CMB maps with a common Gaussian kernel of 30 0
FWHM. We then project them onto patches around each position
in the supervoid and supercluster catalogue. The GR08 struc-
tures have a relatively small size on the sky (a few degrees), but
the other two catalogues considered here contain many larger
and closer voids, covering larger angular sizes. Thus we work
with 30� ⇥ 30� CMB patches and choose the pixel size to be
6 0, so that all voids considered are fully enclosed. We then co-
add (stack) the maps, taking into account the mask used. On the
stacked images, we calculate both the radial temperature profile
and the aperture photometry, to characterize the signal around
density structures. The temperature profile is obtained by com-
puting the mean of the pixels in rings of fixed width and in-
creasing angular radius; in practice, it is calculated for 150 radii
between 0� and 15�, with a width of �✓ = 0.�1. The photometry
profile is obtained by applying a compensated filter that sub-
tracts the average temperature of a ring from the average tem-
perature within the disk whose radius ✓ is the inner radius ring,
and where the outer radius is chosen to be ✓
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2, so that the disc

and ring have the same area. This should enhance fluctuations
of typical angular size ✓ against fluctuations at smaller or larger
scales. Aperture photometry results are also provide for at 150
angles, this time between 0� and 15/
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2 ⇡ 10.�6. In addition to

the monopole and dipole, we also removed from the CMB maps
the contribution of large scale angular modes, namely ` = 2–
10. These modes correspond to angular scales much larger than
those of the structures under investigation, and for our purposes
their only e↵ect is to introduce gradients in the stacked images;
the high-pass filter essentially stops such gradients getting into
the stacked map (which is equivalent to removing gradients at
the end). The contribution of the large-scale angular modes has
no impact on the aperture photometry profiles, and introduces
only an o↵set in the temperature profiles (Ilić et al. 2013).

In order to estimate the significance of the resulting photom-
etry and temperature profiles, we follow a Monte Carlo approach
based on stacked CMB images chosen at random positions. In
detail, we compute the photometry and the temperature profiles
for 16 000 sets of 50 CMB patches randomly distributed over
the SDSS area. We then compare the profiles obtained from the
stacking at the location of the GR08 superstructures to these ran-
dom profiles, in order to compute their signal-to-noise ratio.

5.2. Results

We show in Fig. 6 the stacked images of the 50 supervoids and
50 superclusters of GR08 in the Planck map. The correspond-
ing temperature and photometry profiles, along with their sig-
nificance levels, are shown in Fig. 7. The first thing to say is
that, although the signatures are fairly weak, the sign of the
e↵ect certainly seems to be correct. Using the same catalogue
and the Planck CMB map, we find reasonable agreement with
GR08. The maximal photometric decrement, �10.8 µK (essen-
tially identical with the �11.3 µK found by GR08), induced by
supervoids is obtained for a preferred scale of about 3.�5 (4� in
GR08) and a signal-to-noise of 3.3 (3.7� in GR08), as shown in
Fig. 7. Superclusters produce a photometric increment of about
8.5 µK (slightly above the 7 µK in GR08), with a significance of
3.0� (compared with 2.6� in GR08) at a slightly larger angle
of 4.�7. Finally, the stack of the combined sample (clusters mi-
nus voids) gives a temperature deviation of 8.7 µK, with a sig-
nal strength of 4.0� at 4.�1, which is consistent with the values
reported in GR08. The values of statistical significance for our
aperture aperture photometry results are closely related to those
for the temperature profiles. Indeed, as shown in the top panel of
Fig. 7, the temperature profile for the void stack shows a roughly
2� deficit at small angular radii and a roughly 2� excess ex-
tending to large radii. Since the aperture photometry is essen-
tially an integral of the temperature profile with a compensated
filter, it picks up enhanced significance because of the shape of
the temperature profile.

As noted previously by several authors (e.g., Hernandez-
Monteagudo & Smith 2012), the amplitude and shape of the pho-
tometric profile found for voids and clusters is in tension (around
2�) with the values expected from pure ISW within ⇤CDM.
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superimposed indicate the angular radius at which the signal-to-noise ratio is maximal. See Fig. 7 for the corresponding temperature
and photometry profiles, as well as their statistical significance.

Planck maps. We have also used the cleaned frequency maps
from SEVEM (see Sect. 2.1.1) for some of the tests. We first re-
move the monopole and dipole of the maps (outside the U73
mask), and then apply a compact source mask based on the
Planck Legacy Point Source Catalogue (Planck Collaboration
XII 2013) to remove the contamination from individual point
sources.

For the purpose of comparison with the results of GR08, we
smooth the CMB maps with a common Gaussian kernel of 30 0
FWHM. We then project them onto patches around each position
in the supervoid and supercluster catalogue. The GR08 struc-
tures have a relatively small size on the sky (a few degrees), but
the other two catalogues considered here contain many larger
and closer voids, covering larger angular sizes. Thus we work
with 30� ⇥ 30� CMB patches and choose the pixel size to be
6 0, so that all voids considered are fully enclosed. We then co-
add (stack) the maps, taking into account the mask used. On the
stacked images, we calculate both the radial temperature profile
and the aperture photometry, to characterize the signal around
density structures. The temperature profile is obtained by com-
puting the mean of the pixels in rings of fixed width and in-
creasing angular radius; in practice, it is calculated for 150 radii
between 0� and 15�, with a width of �✓ = 0.�1. The photometry
profile is obtained by applying a compensated filter that sub-
tracts the average temperature of a ring from the average tem-
perature within the disk whose radius ✓ is the inner radius ring,
and where the outer radius is chosen to be ✓

p
2, so that the disc

and ring have the same area. This should enhance fluctuations
of typical angular size ✓ against fluctuations at smaller or larger
scales. Aperture photometry results are also provide for at 150
angles, this time between 0� and 15/

p
2 ⇡ 10.�6. In addition to

the monopole and dipole, we also removed from the CMB maps
the contribution of large scale angular modes, namely ` = 2–
10. These modes correspond to angular scales much larger than
those of the structures under investigation, and for our purposes
their only e↵ect is to introduce gradients in the stacked images;
the high-pass filter essentially stops such gradients getting into
the stacked map (which is equivalent to removing gradients at
the end). The contribution of the large-scale angular modes has
no impact on the aperture photometry profiles, and introduces
only an o↵set in the temperature profiles (Ilić et al. 2013).

In order to estimate the significance of the resulting photom-
etry and temperature profiles, we follow a Monte Carlo approach
based on stacked CMB images chosen at random positions. In
detail, we compute the photometry and the temperature profiles
for 16 000 sets of 50 CMB patches randomly distributed over
the SDSS area. We then compare the profiles obtained from the
stacking at the location of the GR08 superstructures to these ran-
dom profiles, in order to compute their signal-to-noise ratio.

5.2. Results

We show in Fig. 6 the stacked images of the 50 supervoids and
50 superclusters of GR08 in the Planck map. The correspond-
ing temperature and photometry profiles, along with their sig-
nificance levels, are shown in Fig. 7. The first thing to say is
that, although the signatures are fairly weak, the sign of the
e↵ect certainly seems to be correct. Using the same catalogue
and the Planck CMB map, we find reasonable agreement with
GR08. The maximal photometric decrement, �10.8 µK (essen-
tially identical with the �11.3 µK found by GR08), induced by
supervoids is obtained for a preferred scale of about 3.�5 (4� in
GR08) and a signal-to-noise of 3.3 (3.7� in GR08), as shown in
Fig. 7. Superclusters produce a photometric increment of about
8.5 µK (slightly above the 7 µK in GR08), with a significance of
3.0� (compared with 2.6� in GR08) at a slightly larger angle
of 4.�7. Finally, the stack of the combined sample (clusters mi-
nus voids) gives a temperature deviation of 8.7 µK, with a sig-
nal strength of 4.0� at 4.�1, which is consistent with the values
reported in GR08. The values of statistical significance for our
aperture aperture photometry results are closely related to those
for the temperature profiles. Indeed, as shown in the top panel of
Fig. 7, the temperature profile for the void stack shows a roughly
2� deficit at small angular radii and a roughly 2� excess ex-
tending to large radii. Since the aperture photometry is essen-
tially an integral of the temperature profile with a compensated
filter, it picks up enhanced significance because of the shape of
the temperature profile.

As noted previously by several authors (e.g., Hernandez-
Monteagudo & Smith 2012), the amplitude and shape of the pho-
tometric profile found for voids and clusters is in tension (around
2�) with the values expected from pure ISW within ⇤CDM.
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III. SEPARABLE MODE EXPANSIONS

When analysing the CMB bispectrum bl1l2l3 , we are restricted to a tetrahedral domain of multipole
triples {l1l2l3} satisfying both a triangle condition and a limit given by the maximum resolution lmax of
the experiment. This three-dimensional domain VT of allowed multipoles is illustrated in fig. 2 and it is
explicitly defined by

Resolution: l1, l2, l3 ⇥ lmax , l1, l2, l3 ⇧ N ,

Triangle condition: l1 ⇥ l2 + l3 for l1 ⇤ l2, l3, + cyclic perms. , (18)

Parity condition: l1 + l2 + l3 = 2n , n ⇧ N .

The multipole domain is denoted a ‘tetrapyd’ because it arises from the union of a regular tetrahedron
from the origin out to the plane l1 + l2 + l3 ⇥ 2lmax and a triangular pyramid constructed from the corner
of the cube taking in the remaining multipole values out to li ⇥ lmax. Summed bispectrum expressions
such as (15) indicate that we must define a weight function wl1l2l3 on the tetrapyd domain in terms of the
geometrical factor hl1l2l3 , that is,

wl1l2l3 = h2l1l2l3 . (19)

This is a nearly constant function on cross sections defined by l1 + l2 + l3 = const, except very near the
tetrahedral boundaries where it is still bounded, and a useful and accurate continuum limit w(l1, l2, l3) is
given in [1]. In order to eliminate an l�1/2 scaling in the bispectrum estimator functions, we usually exploit
the freedom to divide by a separable function and to employ instead the weight

ws(l1, l2, l3) =
wl1l2l3

v2l1v
2
l2
v2l3

, where vl = (2l + 1)1/6 . (20)

We can then define an inner product of two functions f(l1, l2, l3), g(l1, l2, l3) on the tetrapyd domain (18)
through

⌃f, g⌥ �
�

l1,l2,l3⇤VT

ws(l1, l2, l3) f(l1, l2, l3) g(l1, l2, l3) . (21)

Given that calculations generally deal with smooth functions f, g, w, v, we can use a variety of schemes to
speed up this summation (e�ectively an integration).
Our goal is to represent the observed CMB bispectrum estimator functions, such as those in (12) and

(15), on the multipole domain (18) using a separable mode expansion,

vl1vl2vl3⇥
Cl1Cl2Cl3

bl1l2l3 =
�

n

�̄Q
nQn(l1, l2, l3) , (22)

where the Qn are basis functions constructed from symmetrised polynomial products

Qn(l1, l2, l3) = 1
6 [q̄p(l1) q̄r(l2) q̄s(l3) + q̄r(l1) q̄p(l2) q̄s(l3) + cyclic perms in prs]

� q̄{pqrqs} with n ⌅ {prs} , (23)

with the q̄p(l) defined below. Here, the six permutations of the polynomial products which we denote
as {prs} reflect the underlying symmetries of the bispectrum bl1l2l3 . For convenience, we define a one-
to-one mapping n ⌅ {prs} ordering the permuted triple indices into a single list labelled by n ⇧ N.
Alternative ‘slicing’ and ‘distance’ orderings were presented in ref. [1], but the results presented here are
robust to this change. However, we shall quote explicit coe⇥cients ⇥Q

n resulting from distance ordering
(i.e. n(l1, l2, l3) < n⇥(l⇥1, l

⇥
2, l

⇥
3) implies l21 + l22 + l23 ⇥ l⇥1

2 + l⇥2
2 + l⇥3

2 and in the instance of two modes being
equidistant the one with most equal li takes precedence).
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Local Equilateral

Pure cubic
�58 < fNL < 134 W1, Komatsu et al 2003 �366 < fNL < 238 W1, Creminelli et al 2006

�54 < fNL < 114 W3, Spergel et al 2007 �256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

�27 < fNL < 121 W1, Creminelli et al, 2006 �151 < fNL < 253 W5, Komatsu et al 2009

�36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

�9 < fNL < 111 W5, Komatsu et al 2009

Optimal
12 < fNL < 104 W3, Smith et al 2009 �125 < fNL < 435 W5, Smith et al 2009

�4 < fNL < 80 W5, Smith et al 2009 �254 < fNL < 306 W7, Komatsu et al 2010

�10 < fNL < 74 W7, Komatsu et al 2010

Local Equilateral

Pure cubic
�58 < fNL < 134 W1, Komatsu et al 2003 �366 < fNL < 238 W1, Creminelli et al 2006

�54 < fNL < 114 W3, Spergel et al 2007 �256 < fNL < 332 W3, Creminelli et al 2006

Pseudo-optimal

�27 < fNL < 121 W1, Creminelli et al, 2006 �151 < fNL < 253 W5, Komatsu et al 2009

�36 < fNL < 100 W3, Creminelli et al 2006

27 < fNL < 147 W3, Yadav Wandelt 2008

9 < fNL < 129 W3, Smith et al 2009

�9 < fNL < 111 W5, Komatsu et al 2009

Optimal
12 < fNL < 104 W3, Smith et al 2009 �125 < fNL < 435 W5, Smith et al 2009

�4 < fNL < 80 W5, Smith et al 2009 �254 < fNL < 306 W7, Komatsu et al 2010

�10 < fNL < 74 W7, Komatsu et al 2010

II. SEPARABLE MODE EXPANSIONS

Resolution: l1, l2, l3 ⇥ lmax , l1, l2, l3 ⇧ N ,

Triangle condition: l1 ⇥ l2 + l3 for l1 ⇤ l2, l3, + cyclic perms. , (42)
Parity condition: l1 + l2 + l3 = 2n , n ⇧ N .

wl1l2l3 = h2
l1l2l3 . (43)

ws(l1, l2, l3) =
wl1l2l3

v2
l1

v2
l2

v2
l3

, where vl = (2l + 1)1/6 . (44)

 f, g⌦ �
�

l1,l2,l3⇥VT

ws(l1, l2, l3) f(l1, l2, l3) g(l1, l2, l3) . (45)

vl1vl2vl3⇥
Cl1Cl2Cl3

bl1l2l3 =
�

n

�̄QnQn(l1, l2, l3) , (46)

 b, b�⌦ �
�

l1,l2,l3⇥VT

wl1l2l3 bl1l2l3 b�l1l2l3 (47)

Qn(l1, l2, l3) = 1
6 [q̄p(l1) q̄r(l2) q̄s(l3) + q̄r(l1) q̄p(l2) q̄s(l3) + cyclic perms in prs]

� q̄{pqrqs} with n ⌅ {prs} , (48)



2 10 50
0

1000

2000

3000

4000

5000

6000

D
`[
µ
K

2 ]

90� 18�

500 1000 1500 2000 2500

Multipole moment, `

1� 0.2� 0.1� 0.07�
Angular scale

Inflation and the bispectrum

Power spectrum (2pt correlator)

Hot plasma oscillations create patterns  
of acoustic peaks:



2 10 50
0

1000

2000

3000

4000

5000

6000

D
`[
µ
K

2 ]

90� 18�

500 1000 1500 2000 2500

Multipole moment, `

1� 0.2� 0.1� 0.07�
Angular scale

Inflation and the bispectrum

Constant model

3D bispectrum

Power spectrum (2pt correlator)

Hot plasma oscillations create patterns  
of acoustic peaks:



2 10 50
0

1000

2000

3000

4000

5000

6000

D
`[
µ
K

2 ]

90� 18�

500 1000 1500 2000 2500

Multipole moment, `

1� 0.2� 0.1� 0.07�
Angular scale

Inflation and the bispectrum

Constant model

3D bispectrum

Power spectrum (2pt correlator)

Hot plasma oscillations create patterns  
of acoustic peaks:



No-Go for Inflation
Simple inflation models cannot generate observable non-Gaussianity:	

            • single scalar field	

            • canonical kinetic terms	

            • always slow roll 	

            • ground state initial vacuum	

            • standard Einstein gravity 



No-Go for Inflation
Simple inflation models cannot generate observable non-Gaussianity:	

            • single scalar field	

            • canonical kinetic terms	

            • always slow roll 	

            • ground state initial vacuum	

            • standard Einstein gravity 

 I.e. simple inflation predicts no (observable) randomness  
            B ~ P3/2 / 1,000,000 	


 so deviations less than 1 part in a million!	

!
Non-Gaussianity arguably the most stringent test of standard picture



No-Go for Inflation
Simple inflation models cannot generate observable non-Gaussianity:	

            • single scalar field	

            • canonical kinetic terms	

            • always slow roll 	

            • ground state initial vacuum	

            • standard Einstein gravity 

 I.e. simple inflation predicts no (observable) randomness  
            B ~ P3/2 / 1,000,000 	


 so deviations less than 1 part in a million!	

!
Non-Gaussianity arguably the most stringent test of standard picture
But simple inflation model-building faces rigorous challenges in 
fundamental theory (e.g. eta problem and super-Planckian field values).   
Many fundamental cosmology ideas/solutions violate these conditions!
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Bl1l2l3 reconstruction
Expand any (nonseparable) bispectrum signal strength in modes as	

!                                                      	

!

E.g. Local fNL Modal expansion:	

!
!
!
!
!
!
!
OR  filter the Planck data with these modes and reconstruct bispectrum	


=  -0.07               + 0.14                 + 0.30              

Qn(l1, l2, l3) = 1
6 [q̄p(l1) q̄r(l2) q̄s(l3) + q̄r(l1) q̄p(l2) q̄s(l3) + cyclic perms in prs]

� q̄{pqrqs} with n ⇤ {prs} , (49)

 q̄p(l1), q̄r(l1)⌦ = ⇤pr , (50)

 q̄p(l1), q̄r(l1)⌦ = ⇤pr , (51)

 Qn, Qp⌦ � ⇥np ⌅= ⇤np , (52)

 Qn, Qp⌦ � ⇥np ⌅= ⇤np , (53)

 Rn, Rp⌦ = ⇤np . (54)

 Rn, Rp⌦ = ⇤np . (55)

Rn =
n⇤

p=0

⌅mpQp for n, p ⇥ N , (56)

(⌅�1)⇥np =  Qn, Rp⌦ and (⇥�1)np =
N⇤

r

(⌅⇥)nr⌅rp . (57)

�̄Rn =
�
Rn,

vl1vl2vl3⌅
Cl1Cl2Cl3

bl1l2l3

⇥
, yielding �̄Qn =

N⇤

p=0

(⌅⇥)np �̄Rp . (58)

�̄Rn =
�
Rn,

vl1vl2vl3⌅
Cl1Cl2Cl3

bl1l2l3

⇥
, (59)

�̄Rn =
�
Rn,

vl1vl2vl3⌅
Cl1Cl2Cl3

bl1l2l3

⇥
, (60)

vl1vl2vl3⌅
Cl1Cl2Cl3

bl1l2l3 =
⇤

n

�̄RnRn (61)

vl1vl2vl3⌅
Cl1Cl2Cl3

bl1l2l3 =
⇤

n

�̄RnRn (62)
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Fergusson, Liguori and EPS, 2009
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The Planck Bispectrum

Fourier modes     vs      Polynomials

Modal reconstruction of the full 3D Planck bispectrum 
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Scale-invariant Bispectra
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Inflation from higher dimensions 	
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ABSTRACT

The Planck nominal mission cosmic microwave background (CMB) maps yield unprecedented constraints on primordial non-Gaussianity (NG).
Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
individual shape amplitudes, we present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and thus derive
constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.

Key words. cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early Universe – cosmology:
inflation
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Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
individual shape amplitudes, we present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and thus derive
constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.
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K. M. Górski66,96, S. Gratton68,62, A. Gregorio37,47, A. Gruppuso48, F. K. Hansen63, D. Hanson77,66,8, D. Harrison62,68, A. Heavens54,
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O. Doré66,10, M. Douspis58, A. Ducout59, J. Dunkley90, X. Dupac42, G. Efstathiou62, F. Elsner59,92, T. A. Enßlin76, H. K. Eriksen63, J. Fergusson11,

F. Finelli48,50, O. Forni93,9, M. Frailis47, E. Franceschi48, S. Galeotta47, K. Ganga1, M. Giard93,9, Y. Giraud-Héraud1, J. González-Nuevo65,83,
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L. Montier93,9, G. Morgante48, D. Mortlock54, A. Moss85, D. Munshi84, P. Naselsky79,40, P. Natoli34,4,48, C. B. Netterfield20,

H. U. Nørgaard-Nielsen16, F. Noviello67, D. Novikov54, I. Novikov79, S. Osborne89, C. A. Oxborrow16, F. Paci83, L. Pagano35,51, F. Pajot58,
D. Paoletti48,50, F. Pasian47, G. Patanchon1, H. V. Peiris25, O. Perdereau69, L. Perotto73, F. Perrotta83, F. Piacentini35, M. Piat1, E. Pierpaoli24,

D. Pietrobon66, S. Plaszczynski69, E. Pointecouteau93,9, G. Polenta4,46, N. Ponthieu58,52, L. Popa60, T. Poutanen44,27,2, G. W. Pratt71,
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The Planck nominal mission cosmic microwave background (CMB) maps yield unprecedented constraints on primordial non-Gaussianity (NG).
Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
individual shape amplitudes, we present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and thus derive
constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.
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P. R. Meinhold31, A. Melchiorri35,51, L. Mendes42, A. Mennella36,49, M. Migliaccio62,68, S. Mitra53,66, M.-A. Miville-Deschênes58,8, A. Moneti59,
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G. Prézeau10,66, S. Prunet59,92, J.-L. Puget58, J. P. Rachen21,76, B. Racine1, R. Rebolo64,14,41, M. Reinecke76, M. Remazeilles58,1, C. Renault73,
A. Renzi83, S. Ricciardi48, T. Riller76, I. Ristorcelli93,9, G. Rocha66,10, C. Rosset1, G. Roudier1,70,66, J. A. Rubiño-Martı́n64,41, B. Rusholme55,

M. Sandri48, D. Santos73, G. Savini81, D. Scott23, M. D. Sei↵ert66,10, E. P. S. Shellard11, K. Smith28, L. D. Spencer84, J.-L. Starck71,
V. Stolyarov6,68,88, R. Stompor1, R. Sudiwala84, R. Sunyaev76,86, F. Sureau71, D. Sutton62,68, A.-S. Suur-Uski27,44, J.-F. Sygnet59, J. A. Tauber43,
D. Tavagnacco47,37, L. Terenzi48, L. To↵olatti19,65, M. Tomasi49, M. Tristram69, M. Tucci17,69, J. Tuovinen78, L. Valenziano48, J. Valiviita44,27,63,

B. Van Tent74, J. Varis78, P. Vielva65, F. Villa48, N. Vittorio38, L. A. Wade66, B. D. Wandelt59,92,32, M. White29, S. D. M. White76, D. Yvon15,
A. Zacchei47, and A. Zonca31

(A�liations can be found after the references)

Preprint online version: March 20, 2013

ABSTRACT

The Planck nominal mission cosmic microwave background (CMB) maps yield unprecedented constraints on primordial non-Gaussianity (NG).
Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
individual shape amplitudes, we present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and thus derive
constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.

Key words. cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early Universe – cosmology:
inflation

⇤ Corresponding author: Nicola Bartolo nicola.bartolo@pd.
infn.it

1



Bispectrum in detail
Constant Local

FlatEquilateralISW

Planck

Astronomy & Astrophysics manuscript no. Planck˙Constraints˙on˙primordial˙non-Gaussianity c� ESO 2013
March 20, 2013

Planck 2013 results. XXIV. Constraints on primordial

non-Gaussianity

Planck Collaboration: P. A. R. Ade84, N. Aghanim58, C. Armitage-Caplan90, M. Arnaud71, M. Ashdown68,6, F. Atrio-Barandela18, J. Aumont58,
C. Baccigalupi83, A. J. Banday93,9, R. B. Barreiro65, J. G. Bartlett1,66, N. Bartolo33⇤, E. Battaner94, K. Benabed59,92, A. Benoı̂t56,
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K. M. Górski66,96, S. Gratton68,62, A. Gregorio37,47, A. Gruppuso48, F. K. Hansen63, D. Hanson77,66,8, D. Harrison62,68, A. Heavens54,
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G. Prézeau10,66, S. Prunet59,92, J.-L. Puget58, J. P. Rachen21,76, B. Racine1, R. Rebolo64,14,41, M. Reinecke76, M. Remazeilles58,1, C. Renault73,
A. Renzi83, S. Ricciardi48, T. Riller76, I. Ristorcelli93,9, G. Rocha66,10, C. Rosset1, G. Roudier1,70,66, J. A. Rubiño-Martı́n64,41, B. Rusholme55,

M. Sandri48, D. Santos73, G. Savini81, D. Scott23, M. D. Sei↵ert66,10, E. P. S. Shellard11, K. Smith28, L. D. Spencer84, J.-L. Starck71,
V. Stolyarov6,68,88, R. Stompor1, R. Sudiwala84, R. Sunyaev76,86, F. Sureau71, D. Sutton62,68, A.-S. Suur-Uski27,44, J.-F. Sygnet59, J. A. Tauber43,
D. Tavagnacco47,37, L. Terenzi48, L. To↵olatti19,65, M. Tomasi49, M. Tristram69, M. Tucci17,69, J. Tuovinen78, L. Valenziano48, J. Valiviita44,27,63,

B. Van Tent74, J. Varis78, P. Vielva65, F. Villa48, N. Vittorio38, L. A. Wade66, B. D. Wandelt59,92,32, M. White29, S. D. M. White76, D. Yvon15,
A. Zacchei47, and A. Zonca31

(A�liations can be found after the references)

Preprint online version: March 20, 2013

ABSTRACT

The Planck nominal mission cosmic microwave background (CMB) maps yield unprecedented constraints on primordial non-Gaussianity (NG).
Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
individual shape amplitudes, we present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and thus derive
constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.

Key words. cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early Universe – cosmology:
inflation

⇤ Corresponding author: Nicola Bartolo nicola.bartolo@pd.
infn.it

1

Astronomy & Astrophysics manuscript no. Planck˙Constraints˙on˙primordial˙non-Gaussianity c� ESO 2013
March 20, 2013

Planck 2013 results. XXIV. Constraints on primordial

non-Gaussianity

Planck Collaboration: P. A. R. Ade84, N. Aghanim58, C. Armitage-Caplan90, M. Arnaud71, M. Ashdown68,6, F. Atrio-Barandela18, J. Aumont58,
C. Baccigalupi83, A. J. Banday93,9, R. B. Barreiro65, J. G. Bartlett1,66, N. Bartolo33⇤, E. Battaner94, K. Benabed59,92, A. Benoı̂t56,
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O. Doré66,10, M. Douspis58, A. Ducout59, J. Dunkley90, X. Dupac42, G. Efstathiou62, F. Elsner59,92, T. A. Enßlin76, H. K. Eriksen63, J. Fergusson11,

F. Finelli48,50, O. Forni93,9, M. Frailis47, E. Franceschi48, S. Galeotta47, K. Ganga1, M. Giard93,9, Y. Giraud-Héraud1, J. González-Nuevo65,83,
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Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
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constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.
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Axion Monodromy
Large-field inflation predicts gravitational waves - r ~ 0.05 - but ...	

- large excursions with a flat potential not natural (corrections)	

- slow-roll inflation requires an effective shift symmetry Φ – >  Φ+c	

Ingredients:  UV completion - string theory	

Shift symmetry - axions  a – >   a+2π	

Axion potential recycled - monodromy	

Predictions: Tensor modes r>0.07	

Power spectrum periodicity	

Bispectrum oscillations sin[log (k)+c]

e.g. Silverstein & Westphal 2008 
Flauger et al 2009
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Table 13. Feature model results with an envelope decay function. Results are only presented for feature models with better than
95% CL result on the full domain (see Table 12).

Width �k = 0.015 �k = 0.03 �k = 0.045 Full
Model fNL ± � fNL (�) fNL ± � fNL (�) fNL ± � fNL (�) fNL ± � fNL (�)

kc = 0.01125; � = 0 . 765 ± 275 ( 2.8) 703 ± 241 ( 2.9) 648 ± 218 ( 3.0) 434 ± 170 ( 2.6)
kc = 0.01750; � = 0 . �661 ± 234 (�2.8) �494 ± 192 (�2.6) �425 ± 171 (�2.5) �335 ± 137 (�2.4)
kc = 0.01750; � = 3⇡/4 399 ± 207 ( 1.9) 438 ± 183 ( 2.4) 442 ± 165 ( 2.7) 366 ± 126 ( 2.9)
kc = 0.01875; � = 0 . �562 ± 211 (�2.7) �559 ± 180 (�3.1) �515 ± 159 (�3.2) �348 ± 118 (�3.0)
kc = 0.01875; � = ⇡/4 �646 ± 240 (�2.7) �525 ± 189 (�2.8) �468 ± 164 (�2.9) �323 ± 120 (�2.7)
kc = 0.02000; � = ⇡/4 �665 ± 229 (�2.9) �593 ± 185 (�3.2) �500 ± 160 (�3.1) �298 ± 119 (�2.5)

the significance rises to 3.23�, together with a second model
k = 0.02 (`c = 285) � = ⇡/4. However the caveats about blind
survey statistics previously noted also do not allow a claim of
any detection in this case. A plot of the best-fit feature model
with a decay envelope is shown in Fig. 12, for which the main
features should be compared with those in Fig. 7. Non-Gaussian
bispectrum signals from feature models typically produce coun-
terparts in the power spectrum as will be described in Sect. 9. An
improved statistical interpretation of the results presented in this
Section will be possible when this additional investigation will
be completed.

We have also undertaken a survey of resonant models and
the non-Bunch-Davies resonant models (or enfolded resonance
models). With the modal estimator, we can achieve high ac-
curacy for the predicted bispectrum for kc > 0.001 (note that
this has a di↵erent logarithmic dependence to feature models
and a varying e↵ective `c). For the resonance model shape of
Eq. (18), we have not undertaken an extensive survey, except
selecting a likely range for a high signal with periodicity com-
parable to the feature model, that is, with 0.25 < kc < 0.5
and phases � = 0, ⇡/4, ⇡/2, 3⇡/4, ⇡. However, no signif-
icant signal was found (all below 1�), as can be verified in
Table B.1 in Appendix B. For the enfolded resonance model
shape of Eq. (18) , we have undertaken a preliminary search in
the range 4 < kc < 12 with the same phases. Again, no signifi-
cant signal emerges from the Planck data, as shown in Table B.2
in Appendix B.

7.3.4. Directional dependence motivated by gauge fields

We have investigated whether there is significant NG from
bispectrum shapes with non-trivial directional dependence
(Eq. (19)), which are motivated by inflationary models with vec-
tor fields. Using the primordial modal estimator we obtained a
good correlation with the L = 1 flattened type model, but the
squeezed L = 2 model produced a relatively poor correlation
of only 60%, given the complexity of the dominant squeezed
limit. Preliminary constraints on these models are given in the
Table 11, showing no evidence of a significant signal.

7.3.5. Warm inflation

Warm inflation produces a related shape with a sign change
in the squeezed limit. This also had a poor correlation, until
smoothing (WarmS) was applied as described in Fergusson et al.
(2012). The resulting bispectrum shows no evidence for signifi-
cant correlation with Planck data (SMICA),

f WarmS
NL = 4 ± 33 . (87)

The full list of constraints for SMICA, NILC and SEVEM models
can be found for warm inflation and vector models in Table B.3
in Appendix B.

7.3.6. Quasi-single-field inflation

Finally, quasi-single-field inflation has been analysed constrain-
ing the bispectrum shape of Q (Eq. (12)), that depends on two
parameters, ⌫ and f QSI

NL . In order to constrain this model we have
calculated modal coe�cients for 0  ⌫  1.5 in steps of 0.01
(so 151 models in total). These were then applied to the data
and the one with the greatest significance was selected. Results
are shown in Fig. 24. The maximum signal occurred at ⌫ = 1.5,
f QSI
NL = 4.79 (0.31�). To obtain error curves we performed a

full likelihood using 2 billion simulations following the method
described in Sefusatti et al. (2012). Such a large number of sim-
ulations was possible as they were generated from the modal �-
covariance matrix which is calculated once from the 200 Planck
realistic CMB simulations, rather than repeatedly from the CMB
simulations themselves. The procedure is to take the 151 ⇥ 151
correlation matrix for the models (this is just the normalized dot
product of the modal coe�cients). This is then diagonalised us-
ing PCA, after which only the first 5 eigenvalues are kept as the
remaining eigenvalues are < 10�10. The �-covariance matrix is
projected into the same sub-basis where it is also diagonalised
via PCA into 5 orthonormal modes, with the two leading modes
closely correlated with local and equilateral. The procedure by
which to produce a simulation is to generate five Gaussian ran-
dom numbers and add the mean values obtained from the Planck
data, rotating them to the sub-basis where we determine the ⌫
with the greatest significance. The result is then projected back
to the original space to determine the related fNL. The two billion
results from this MC analysis are then converted into confidence
curves plotted in Fig. 24. The curve shows that there is no pre-
ferred value for ⌫ with all values allowed at 3�. This reflects the
results obtained from data previously, where we found the least
preferred value of ⌫ = 0.86 had only a marginally lower signif-
icance of 0.28� (Sefusatti et al. 2012). Of course, these conclu-
sions are directly related to the null results for both local and
equilateral templates.

7.4. Constraints on local non-Gaussianity with Minkowski
Functionals

In this Subsection, we present constraints on local NG ob-
tained with Minkowski Functionals (MFs). MFs describe the
morphological properties of the CMB field and can be used as
generic estimators of NG (Komatsu et al. 2003; Eriksen et al.
2004; De Troia et al. 2007; Hikage et al. 2008; Curto et al. 2008;
Natoli et al. 2010; Hikage & Matsubara 2012; Modest et al.
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and thus fNL ⇠ O(ns � 1) in the squeezed limit, in a model-
independent sense (i.e., not only for standard single-field mod-
els). This means that a significant detection of local NG (in the
squeezed limit) would rule out a very large class of single-field
models of inflation (not just the simplest ones). Although based
on very general conditions, the consistency condition of Eq. (11)
can be violated in some well-motivated inflationary settings (we
refer the reader to Chen (2010b); Chen et al. (2013) and refer-
ences therein for more details).

Quasi-single field inflation: Quasi-single field inflation has an
extra field (or fields) with mass m close to the Hubble parame-
ter H during inflation; these models evolve quiescently, produc-
ing a calculable non-Gaussian signature (Chen & Wang 2010b).
The resulting one-parameter bispectrum smoothly interpolates
between local and equilateral models, though in a non-trivial
manner:

BQSI
�

(k1, k2, k3) =
6A2 f QSI

NL

(k1k2k3)3/2
33/2N⌫[8k1k2k3/(k1 + k2 + k3)3]

N⌫[8/27](k1 + k2 + k3)3/2 ,(12)

where ⌫ = (9/4 � m2/H2)1/2 and N⌫ is the Neumann function
of order ⌫. Quasi-single field models can also produce an es-
sentially “constant” bispectrum defined by Bconst(k1, k2, k3) =
6A2 f const

NL /(k1k2k3)2. The constant model is the simplest possible
non-zero primordial shape, with all its late-time CMB structure
simply reflecting the behaviour of the transfer functions.

Alternatives to inflation: Local NG can also be generated
in some alternative scenarios to inflation, for instance in
cyclic/ekpyrotic models (for a review, see Lehners 2010), due
to the same basic curvaton mechanism described above. In this
case, typical values of the nonlinearity parameter can easily
reach | f local

NL | > 10.

2.3. Non-standard models giving rise to alternative specific
forms of NG

Non-Bunch-Davies vacuum and higher-derivative interactions:
Another interesting bispectrum shape is the folded one, which
peaks in flattened configurations. To facilitate data analyses,
the flat shape has been usually parametrized by the tem-
plate (Meerburg et al. 2009)

Bflat
� (k1, k2, k3) = 6A2 f flat

NL

⇥
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The initial quantum state of the inflaton is usually specified
by requiring that, at asymptotically early times and short dis-
tances, its fluctuations behave as in flat space. Deviations from
this standard “Bunch-Davies” vacuum can result in interesting
features in the bispectrum. Models with an initial non-Bunch-
Davies vacuum state (Chen et al. 2007b; Holman & Tolley
2008; Meerburg et al. 2009) can generate sizeable NG similar
to this type. NG highly correlated with such a template can
be produced in single-field models of inflation from higher-
derivative interactions (Bartolo et al. 2010a), and in models
where a “Galilean” symmetry is imposed (Creminelli et al.
2011a). In both cases, cubic inflaton interactions with two

derivatives of the inflaton field arise. Single-field inflation
models with a small sound speed, studied in Senatore et al.
(2010), can generate the flat shape, as a result of a linear
combination of the orthogonal and equilateral shapes. In fact,
from a simple parametrization point of view, the flat shape
can be always written as Fflat(k1, k2, k3) = [Fequil(k1, k2, k3) �
Fortho(k1, k2, k3)]/2 (Senatore et al. 2010). Despite this, we pro-
vide constraints also on the amplitude of the flat bispectrum
shape of Eq. (13).

For models with excited (i.e., non-Bunch-Davies) initial
states, the resulting NG shapes are model-dependent, but they
are usually characterized by the importance of flattened or
collinear triangles, with k3 ⇡ k1 + k2 along the edges of the
tetrapyd. We will denote the original flattened bispectrum shape,
given in Eq. (3.62) of Chen et al. (2007b), by BNBD

� ; it is gener-
ically much more flattened than the “flat” model of Eq. (13).
Although this shape was derived specifically for power-law k-
inflation, it encapsulates several di↵erent shapes, with ampli-
tudes which can vary between di↵erent phenomenological mod-
els. These shapes are also typically oscillatory, being regular-
ized by a cuto↵ scale kc giving the oscillation period; this cuto↵
kc ⇡ (cs⌧c)�1 is determined by the (finite) time ⌧c in the past
when the non-Bunch-Davies component was initially excited.
For excited canonical single-field inflation, the two leading order
shapes can be described (Agullo & Parker 2011) by the ansatz

BNBDi
� =

2A2 f NBDi
NL

(k1k2k3)3

(

fi(k1, k2, k3) ⇥ (14)

1 � cos[(k2 + k3 � k1)/kc]
k2 + k3 � k1

+ 2 perm.
)

,

where f1(k1, k2, k3) = k2
1(k2

2 + k2
3)/2 is dominated by squeezed

configurations, f2(k1, k2, k3) = k2
2k2

3 has a flattened shape, and i =
1, 2. Note that for all oscillatory shapes, the relevant bispectrum
equation defines the normalisation of fNL. The flattened signal
is most easily enhanced in the limit of small sound speed cs, for
which a regularized ansatz is given by (Chen et al. 2007b)

BNBD3
� =

2A2 f NBD3
NL

k1k2k3

"

k1 + k2 � k3

(kc + k1 + k2 � k3)4 + 2 perm.
#

. (15)

Scale-dependent feature and resonant models: Oscillating bis-
pectra can be generated from violation of a smooth slow-roll
evolution (“feature” or “resonant” NG). These models have the
distinctive property of a strong running NG, which breaks ap-
proximate scale-invariance. A sharp feature in the inflaton po-
tential forces the inflaton field away from the attractor solu-
tion, and causes oscillations as it relaxes back; these oscillations
can appear in the bispectrum (Wang & Kamionkowski 2000;
Chen et al. 2007a, 2008), as well as the power spectrum and
other correlators. An analytic form for the oscillatory bispectrum
for these feature models is (Chen et al. 2007a)

Bfeat
� (k1, k2, k3) =

6A2 f feat
NL

(k1k2k3)2 sin
"

2⇡(k1 + k2 + k3)
3kc

+ �

#

, (16)

where � is a phase factor and kc is a scale associated with the
feature, which is linked in turn to an e↵ective multipole period-
icity `c of the CMB bispectrum. Typically, these oscillations will
decay with an envelope of the form exp[�(k1 + k2 + k3)/mkc] for
a model-dependent parameter m.

Closely related “resonant” bispectra can be created by pe-
riodic features superimposed on a smooth inflation potential

7

Inflaton potential can have a feature which disturbs slow-roll:
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Table 13. Feature model results with an envelope decay function. Results are only presented for feature models with better than
95% CL result on the full domain (see Table 12).

Width �k = 0.015 �k = 0.03 �k = 0.045 Full
Model fNL ± � fNL (�) fNL ± � fNL (�) fNL ± � fNL (�) fNL ± � fNL (�)

kc = 0.01125; � = 0 . 765 ± 275 ( 2.8) 703 ± 241 ( 2.9) 648 ± 218 ( 3.0) 434 ± 170 ( 2.6)
kc = 0.01750; � = 0 . �661 ± 234 (�2.8) �494 ± 192 (�2.6) �425 ± 171 (�2.5) �335 ± 137 (�2.4)
kc = 0.01750; � = 3⇡/4 399 ± 207 ( 1.9) 438 ± 183 ( 2.4) 442 ± 165 ( 2.7) 366 ± 126 ( 2.9)
kc = 0.01875; � = 0 . �562 ± 211 (�2.7) �559 ± 180 (�3.1) �515 ± 159 (�3.2) �348 ± 118 (�3.0)
kc = 0.01875; � = ⇡/4 �646 ± 240 (�2.7) �525 ± 189 (�2.8) �468 ± 164 (�2.9) �323 ± 120 (�2.7)
kc = 0.02000; � = ⇡/4 �665 ± 229 (�2.9) �593 ± 185 (�3.2) �500 ± 160 (�3.1) �298 ± 119 (�2.5)

the significance rises to 3.23�, together with a second model
k = 0.02 (`c = 285) � = ⇡/4. However the caveats about blind
survey statistics previously noted also do not allow a claim of
any detection in this case. A plot of the best-fit feature model
with a decay envelope is shown in Fig. 12, for which the main
features should be compared with those in Fig. 7. Non-Gaussian
bispectrum signals from feature models typically produce coun-
terparts in the power spectrum as will be described in Sect. 9. An
improved statistical interpretation of the results presented in this
Section will be possible when this additional investigation will
be completed.

We have also undertaken a survey of resonant models and
the non-Bunch-Davies resonant models (or enfolded resonance
models). With the modal estimator, we can achieve high ac-
curacy for the predicted bispectrum for kc > 0.001 (note that
this has a di↵erent logarithmic dependence to feature models
and a varying e↵ective `c). For the resonance model shape of
Eq. (18), we have not undertaken an extensive survey, except
selecting a likely range for a high signal with periodicity com-
parable to the feature model, that is, with 0.25 < kc < 0.5
and phases � = 0, ⇡/4, ⇡/2, 3⇡/4, ⇡. However, no signif-
icant signal was found (all below 1�), as can be verified in
Table B.1 in Appendix B. For the enfolded resonance model
shape of Eq. (18) , we have undertaken a preliminary search in
the range 4 < kc < 12 with the same phases. Again, no signifi-
cant signal emerges from the Planck data, as shown in Table B.2
in Appendix B.

7.3.4. Directional dependence motivated by gauge fields

We have investigated whether there is significant NG from
bispectrum shapes with non-trivial directional dependence
(Eq. (19)), which are motivated by inflationary models with vec-
tor fields. Using the primordial modal estimator we obtained a
good correlation with the L = 1 flattened type model, but the
squeezed L = 2 model produced a relatively poor correlation
of only 60%, given the complexity of the dominant squeezed
limit. Preliminary constraints on these models are given in the
Table 11, showing no evidence of a significant signal.

7.3.5. Warm inflation

Warm inflation produces a related shape with a sign change
in the squeezed limit. This also had a poor correlation, until
smoothing (WarmS) was applied as described in Fergusson et al.
(2012). The resulting bispectrum shows no evidence for signifi-
cant correlation with Planck data (SMICA),

f WarmS
NL = 4 ± 33 . (87)

The full list of constraints for SMICA, NILC and SEVEM models
can be found for warm inflation and vector models in Table B.3
in Appendix B.

7.3.6. Quasi-single-field inflation

Finally, quasi-single-field inflation has been analysed constrain-
ing the bispectrum shape of Q (Eq. (12)), that depends on two
parameters, ⌫ and f QSI

NL . In order to constrain this model we have
calculated modal coe�cients for 0  ⌫  1.5 in steps of 0.01
(so 151 models in total). These were then applied to the data
and the one with the greatest significance was selected. Results
are shown in Fig. 24. The maximum signal occurred at ⌫ = 1.5,
f QSI
NL = 4.79 (0.31�). To obtain error curves we performed a

full likelihood using 2 billion simulations following the method
described in Sefusatti et al. (2012). Such a large number of sim-
ulations was possible as they were generated from the modal �-
covariance matrix which is calculated once from the 200 Planck
realistic CMB simulations, rather than repeatedly from the CMB
simulations themselves. The procedure is to take the 151 ⇥ 151
correlation matrix for the models (this is just the normalized dot
product of the modal coe�cients). This is then diagonalised us-
ing PCA, after which only the first 5 eigenvalues are kept as the
remaining eigenvalues are < 10�10. The �-covariance matrix is
projected into the same sub-basis where it is also diagonalised
via PCA into 5 orthonormal modes, with the two leading modes
closely correlated with local and equilateral. The procedure by
which to produce a simulation is to generate five Gaussian ran-
dom numbers and add the mean values obtained from the Planck
data, rotating them to the sub-basis where we determine the ⌫
with the greatest significance. The result is then projected back
to the original space to determine the related fNL. The two billion
results from this MC analysis are then converted into confidence
curves plotted in Fig. 24. The curve shows that there is no pre-
ferred value for ⌫ with all values allowed at 3�. This reflects the
results obtained from data previously, where we found the least
preferred value of ⌫ = 0.86 had only a marginally lower signif-
icance of 0.28� (Sefusatti et al. 2012). Of course, these conclu-
sions are directly related to the null results for both local and
equilateral templates.

7.4. Constraints on local non-Gaussianity with Minkowski
Functionals

In this Subsection, we present constraints on local NG ob-
tained with Minkowski Functionals (MFs). MFs describe the
morphological properties of the CMB field and can be used as
generic estimators of NG (Komatsu et al. 2003; Eriksen et al.
2004; De Troia et al. 2007; Hikage et al. 2008; Curto et al. 2008;
Natoli et al. 2010; Hikage & Matsubara 2012; Modest et al.
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and thus fNL ⇠ O(ns � 1) in the squeezed limit, in a model-
independent sense (i.e., not only for standard single-field mod-
els). This means that a significant detection of local NG (in the
squeezed limit) would rule out a very large class of single-field
models of inflation (not just the simplest ones). Although based
on very general conditions, the consistency condition of Eq. (11)
can be violated in some well-motivated inflationary settings (we
refer the reader to Chen (2010b); Chen et al. (2013) and refer-
ences therein for more details).

Quasi-single field inflation: Quasi-single field inflation has an
extra field (or fields) with mass m close to the Hubble parame-
ter H during inflation; these models evolve quiescently, produc-
ing a calculable non-Gaussian signature (Chen & Wang 2010b).
The resulting one-parameter bispectrum smoothly interpolates
between local and equilateral models, though in a non-trivial
manner:

BQSI
�

(k1, k2, k3) =
6A2 f QSI

NL

(k1k2k3)3/2
33/2N⌫[8k1k2k3/(k1 + k2 + k3)3]

N⌫[8/27](k1 + k2 + k3)3/2 ,(12)

where ⌫ = (9/4 � m2/H2)1/2 and N⌫ is the Neumann function
of order ⌫. Quasi-single field models can also produce an es-
sentially “constant” bispectrum defined by Bconst(k1, k2, k3) =
6A2 f const

NL /(k1k2k3)2. The constant model is the simplest possible
non-zero primordial shape, with all its late-time CMB structure
simply reflecting the behaviour of the transfer functions.

Alternatives to inflation: Local NG can also be generated
in some alternative scenarios to inflation, for instance in
cyclic/ekpyrotic models (for a review, see Lehners 2010), due
to the same basic curvaton mechanism described above. In this
case, typical values of the nonlinearity parameter can easily
reach | f local

NL | > 10.

2.3. Non-standard models giving rise to alternative specific
forms of NG

Non-Bunch-Davies vacuum and higher-derivative interactions:
Another interesting bispectrum shape is the folded one, which
peaks in flattened configurations. To facilitate data analyses,
the flat shape has been usually parametrized by the tem-
plate (Meerburg et al. 2009)

Bflat
� (k1, k2, k3) = 6A2 f flat

NL

⇥
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The initial quantum state of the inflaton is usually specified
by requiring that, at asymptotically early times and short dis-
tances, its fluctuations behave as in flat space. Deviations from
this standard “Bunch-Davies” vacuum can result in interesting
features in the bispectrum. Models with an initial non-Bunch-
Davies vacuum state (Chen et al. 2007b; Holman & Tolley
2008; Meerburg et al. 2009) can generate sizeable NG similar
to this type. NG highly correlated with such a template can
be produced in single-field models of inflation from higher-
derivative interactions (Bartolo et al. 2010a), and in models
where a “Galilean” symmetry is imposed (Creminelli et al.
2011a). In both cases, cubic inflaton interactions with two

derivatives of the inflaton field arise. Single-field inflation
models with a small sound speed, studied in Senatore et al.
(2010), can generate the flat shape, as a result of a linear
combination of the orthogonal and equilateral shapes. In fact,
from a simple parametrization point of view, the flat shape
can be always written as Fflat(k1, k2, k3) = [Fequil(k1, k2, k3) �
Fortho(k1, k2, k3)]/2 (Senatore et al. 2010). Despite this, we pro-
vide constraints also on the amplitude of the flat bispectrum
shape of Eq. (13).

For models with excited (i.e., non-Bunch-Davies) initial
states, the resulting NG shapes are model-dependent, but they
are usually characterized by the importance of flattened or
collinear triangles, with k3 ⇡ k1 + k2 along the edges of the
tetrapyd. We will denote the original flattened bispectrum shape,
given in Eq. (3.62) of Chen et al. (2007b), by BNBD

� ; it is gener-
ically much more flattened than the “flat” model of Eq. (13).
Although this shape was derived specifically for power-law k-
inflation, it encapsulates several di↵erent shapes, with ampli-
tudes which can vary between di↵erent phenomenological mod-
els. These shapes are also typically oscillatory, being regular-
ized by a cuto↵ scale kc giving the oscillation period; this cuto↵
kc ⇡ (cs⌧c)�1 is determined by the (finite) time ⌧c in the past
when the non-Bunch-Davies component was initially excited.
For excited canonical single-field inflation, the two leading order
shapes can be described (Agullo & Parker 2011) by the ansatz

BNBDi
� =

2A2 f NBDi
NL

(k1k2k3)3

(

fi(k1, k2, k3) ⇥ (14)

1 � cos[(k2 + k3 � k1)/kc]
k2 + k3 � k1

+ 2 perm.
)

,

where f1(k1, k2, k3) = k2
1(k2

2 + k2
3)/2 is dominated by squeezed

configurations, f2(k1, k2, k3) = k2
2k2

3 has a flattened shape, and i =
1, 2. Note that for all oscillatory shapes, the relevant bispectrum
equation defines the normalisation of fNL. The flattened signal
is most easily enhanced in the limit of small sound speed cs, for
which a regularized ansatz is given by (Chen et al. 2007b)

BNBD3
� =

2A2 f NBD3
NL

k1k2k3

"

k1 + k2 � k3

(kc + k1 + k2 � k3)4 + 2 perm.
#

. (15)

Scale-dependent feature and resonant models: Oscillating bis-
pectra can be generated from violation of a smooth slow-roll
evolution (“feature” or “resonant” NG). These models have the
distinctive property of a strong running NG, which breaks ap-
proximate scale-invariance. A sharp feature in the inflaton po-
tential forces the inflaton field away from the attractor solu-
tion, and causes oscillations as it relaxes back; these oscillations
can appear in the bispectrum (Wang & Kamionkowski 2000;
Chen et al. 2007a, 2008), as well as the power spectrum and
other correlators. An analytic form for the oscillatory bispectrum
for these feature models is (Chen et al. 2007a)

Bfeat
� (k1, k2, k3) =

6A2 f feat
NL

(k1k2k3)2 sin
"

2⇡(k1 + k2 + k3)
3kc

+ �

#

, (16)

where � is a phase factor and kc is a scale associated with the
feature, which is linked in turn to an e↵ective multipole period-
icity `c of the CMB bispectrum. Typically, these oscillations will
decay with an envelope of the form exp[�(k1 + k2 + k3)/mkc] for
a model-dependent parameter m.

Closely related “resonant” bispectra can be created by pe-
riodic features superimposed on a smooth inflation potential

7

Inflaton potential can have a feature which disturbs slow-roll:
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Table 13. Feature model results with an envelope decay function. Results are only presented for feature models with better than
95% CL result on the full domain (see Table 12).

Width �k = 0.015 �k = 0.03 �k = 0.045 Full
Model fNL ± � fNL (�) fNL ± � fNL (�) fNL ± � fNL (�) fNL ± � fNL (�)

kc = 0.01125; � = 0 . 765 ± 275 ( 2.8) 703 ± 241 ( 2.9) 648 ± 218 ( 3.0) 434 ± 170 ( 2.6)
kc = 0.01750; � = 0 . �661 ± 234 (�2.8) �494 ± 192 (�2.6) �425 ± 171 (�2.5) �335 ± 137 (�2.4)
kc = 0.01750; � = 3⇡/4 399 ± 207 ( 1.9) 438 ± 183 ( 2.4) 442 ± 165 ( 2.7) 366 ± 126 ( 2.9)
kc = 0.01875; � = 0 . �562 ± 211 (�2.7) �559 ± 180 (�3.1) �515 ± 159 (�3.2) �348 ± 118 (�3.0)
kc = 0.01875; � = ⇡/4 �646 ± 240 (�2.7) �525 ± 189 (�2.8) �468 ± 164 (�2.9) �323 ± 120 (�2.7)
kc = 0.02000; � = ⇡/4 �665 ± 229 (�2.9) �593 ± 185 (�3.2) �500 ± 160 (�3.1) �298 ± 119 (�2.5)

the significance rises to 3.23�, together with a second model
k = 0.02 (`c = 285) � = ⇡/4. However the caveats about blind
survey statistics previously noted also do not allow a claim of
any detection in this case. A plot of the best-fit feature model
with a decay envelope is shown in Fig. 12, for which the main
features should be compared with those in Fig. 7. Non-Gaussian
bispectrum signals from feature models typically produce coun-
terparts in the power spectrum as will be described in Sect. 9. An
improved statistical interpretation of the results presented in this
Section will be possible when this additional investigation will
be completed.

We have also undertaken a survey of resonant models and
the non-Bunch-Davies resonant models (or enfolded resonance
models). With the modal estimator, we can achieve high ac-
curacy for the predicted bispectrum for kc > 0.001 (note that
this has a di↵erent logarithmic dependence to feature models
and a varying e↵ective `c). For the resonance model shape of
Eq. (18), we have not undertaken an extensive survey, except
selecting a likely range for a high signal with periodicity com-
parable to the feature model, that is, with 0.25 < kc < 0.5
and phases � = 0, ⇡/4, ⇡/2, 3⇡/4, ⇡. However, no signif-
icant signal was found (all below 1�), as can be verified in
Table B.1 in Appendix B. For the enfolded resonance model
shape of Eq. (18) , we have undertaken a preliminary search in
the range 4 < kc < 12 with the same phases. Again, no signifi-
cant signal emerges from the Planck data, as shown in Table B.2
in Appendix B.

7.3.4. Directional dependence motivated by gauge fields

We have investigated whether there is significant NG from
bispectrum shapes with non-trivial directional dependence
(Eq. (19)), which are motivated by inflationary models with vec-
tor fields. Using the primordial modal estimator we obtained a
good correlation with the L = 1 flattened type model, but the
squeezed L = 2 model produced a relatively poor correlation
of only 60%, given the complexity of the dominant squeezed
limit. Preliminary constraints on these models are given in the
Table 11, showing no evidence of a significant signal.

7.3.5. Warm inflation

Warm inflation produces a related shape with a sign change
in the squeezed limit. This also had a poor correlation, until
smoothing (WarmS) was applied as described in Fergusson et al.
(2012). The resulting bispectrum shows no evidence for signifi-
cant correlation with Planck data (SMICA),

f WarmS
NL = 4 ± 33 . (87)

The full list of constraints for SMICA, NILC and SEVEM models
can be found for warm inflation and vector models in Table B.3
in Appendix B.

7.3.6. Quasi-single-field inflation

Finally, quasi-single-field inflation has been analysed constrain-
ing the bispectrum shape of Q (Eq. (12)), that depends on two
parameters, ⌫ and f QSI

NL . In order to constrain this model we have
calculated modal coe�cients for 0  ⌫  1.5 in steps of 0.01
(so 151 models in total). These were then applied to the data
and the one with the greatest significance was selected. Results
are shown in Fig. 24. The maximum signal occurred at ⌫ = 1.5,
f QSI
NL = 4.79 (0.31�). To obtain error curves we performed a

full likelihood using 2 billion simulations following the method
described in Sefusatti et al. (2012). Such a large number of sim-
ulations was possible as they were generated from the modal �-
covariance matrix which is calculated once from the 200 Planck
realistic CMB simulations, rather than repeatedly from the CMB
simulations themselves. The procedure is to take the 151 ⇥ 151
correlation matrix for the models (this is just the normalized dot
product of the modal coe�cients). This is then diagonalised us-
ing PCA, after which only the first 5 eigenvalues are kept as the
remaining eigenvalues are < 10�10. The �-covariance matrix is
projected into the same sub-basis where it is also diagonalised
via PCA into 5 orthonormal modes, with the two leading modes
closely correlated with local and equilateral. The procedure by
which to produce a simulation is to generate five Gaussian ran-
dom numbers and add the mean values obtained from the Planck
data, rotating them to the sub-basis where we determine the ⌫
with the greatest significance. The result is then projected back
to the original space to determine the related fNL. The two billion
results from this MC analysis are then converted into confidence
curves plotted in Fig. 24. The curve shows that there is no pre-
ferred value for ⌫ with all values allowed at 3�. This reflects the
results obtained from data previously, where we found the least
preferred value of ⌫ = 0.86 had only a marginally lower signif-
icance of 0.28� (Sefusatti et al. 2012). Of course, these conclu-
sions are directly related to the null results for both local and
equilateral templates.

7.4. Constraints on local non-Gaussianity with Minkowski
Functionals

In this Subsection, we present constraints on local NG ob-
tained with Minkowski Functionals (MFs). MFs describe the
morphological properties of the CMB field and can be used as
generic estimators of NG (Komatsu et al. 2003; Eriksen et al.
2004; De Troia et al. 2007; Hikage et al. 2008; Curto et al. 2008;
Natoli et al. 2010; Hikage & Matsubara 2012; Modest et al.
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and thus fNL ⇠ O(ns � 1) in the squeezed limit, in a model-
independent sense (i.e., not only for standard single-field mod-
els). This means that a significant detection of local NG (in the
squeezed limit) would rule out a very large class of single-field
models of inflation (not just the simplest ones). Although based
on very general conditions, the consistency condition of Eq. (11)
can be violated in some well-motivated inflationary settings (we
refer the reader to Chen (2010b); Chen et al. (2013) and refer-
ences therein for more details).

Quasi-single field inflation: Quasi-single field inflation has an
extra field (or fields) with mass m close to the Hubble parame-
ter H during inflation; these models evolve quiescently, produc-
ing a calculable non-Gaussian signature (Chen & Wang 2010b).
The resulting one-parameter bispectrum smoothly interpolates
between local and equilateral models, though in a non-trivial
manner:

BQSI
�

(k1, k2, k3) =
6A2 f QSI

NL

(k1k2k3)3/2
33/2N⌫[8k1k2k3/(k1 + k2 + k3)3]

N⌫[8/27](k1 + k2 + k3)3/2 ,(12)

where ⌫ = (9/4 � m2/H2)1/2 and N⌫ is the Neumann function
of order ⌫. Quasi-single field models can also produce an es-
sentially “constant” bispectrum defined by Bconst(k1, k2, k3) =
6A2 f const

NL /(k1k2k3)2. The constant model is the simplest possible
non-zero primordial shape, with all its late-time CMB structure
simply reflecting the behaviour of the transfer functions.

Alternatives to inflation: Local NG can also be generated
in some alternative scenarios to inflation, for instance in
cyclic/ekpyrotic models (for a review, see Lehners 2010), due
to the same basic curvaton mechanism described above. In this
case, typical values of the nonlinearity parameter can easily
reach | f local

NL | > 10.

2.3. Non-standard models giving rise to alternative specific
forms of NG

Non-Bunch-Davies vacuum and higher-derivative interactions:
Another interesting bispectrum shape is the folded one, which
peaks in flattened configurations. To facilitate data analyses,
the flat shape has been usually parametrized by the tem-
plate (Meerburg et al. 2009)

Bflat
� (k1, k2, k3) = 6A2 f flat
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The initial quantum state of the inflaton is usually specified
by requiring that, at asymptotically early times and short dis-
tances, its fluctuations behave as in flat space. Deviations from
this standard “Bunch-Davies” vacuum can result in interesting
features in the bispectrum. Models with an initial non-Bunch-
Davies vacuum state (Chen et al. 2007b; Holman & Tolley
2008; Meerburg et al. 2009) can generate sizeable NG similar
to this type. NG highly correlated with such a template can
be produced in single-field models of inflation from higher-
derivative interactions (Bartolo et al. 2010a), and in models
where a “Galilean” symmetry is imposed (Creminelli et al.
2011a). In both cases, cubic inflaton interactions with two

derivatives of the inflaton field arise. Single-field inflation
models with a small sound speed, studied in Senatore et al.
(2010), can generate the flat shape, as a result of a linear
combination of the orthogonal and equilateral shapes. In fact,
from a simple parametrization point of view, the flat shape
can be always written as Fflat(k1, k2, k3) = [Fequil(k1, k2, k3) �
Fortho(k1, k2, k3)]/2 (Senatore et al. 2010). Despite this, we pro-
vide constraints also on the amplitude of the flat bispectrum
shape of Eq. (13).

For models with excited (i.e., non-Bunch-Davies) initial
states, the resulting NG shapes are model-dependent, but they
are usually characterized by the importance of flattened or
collinear triangles, with k3 ⇡ k1 + k2 along the edges of the
tetrapyd. We will denote the original flattened bispectrum shape,
given in Eq. (3.62) of Chen et al. (2007b), by BNBD

� ; it is gener-
ically much more flattened than the “flat” model of Eq. (13).
Although this shape was derived specifically for power-law k-
inflation, it encapsulates several di↵erent shapes, with ampli-
tudes which can vary between di↵erent phenomenological mod-
els. These shapes are also typically oscillatory, being regular-
ized by a cuto↵ scale kc giving the oscillation period; this cuto↵
kc ⇡ (cs⌧c)�1 is determined by the (finite) time ⌧c in the past
when the non-Bunch-Davies component was initially excited.
For excited canonical single-field inflation, the two leading order
shapes can be described (Agullo & Parker 2011) by the ansatz

BNBDi
� =

2A2 f NBDi
NL

(k1k2k3)3

(

fi(k1, k2, k3) ⇥ (14)

1 � cos[(k2 + k3 � k1)/kc]
k2 + k3 � k1

+ 2 perm.
)

,

where f1(k1, k2, k3) = k2
1(k2

2 + k2
3)/2 is dominated by squeezed

configurations, f2(k1, k2, k3) = k2
2k2

3 has a flattened shape, and i =
1, 2. Note that for all oscillatory shapes, the relevant bispectrum
equation defines the normalisation of fNL. The flattened signal
is most easily enhanced in the limit of small sound speed cs, for
which a regularized ansatz is given by (Chen et al. 2007b)

BNBD3
� =

2A2 f NBD3
NL

k1k2k3

"

k1 + k2 � k3

(kc + k1 + k2 � k3)4 + 2 perm.
#

. (15)

Scale-dependent feature and resonant models: Oscillating bis-
pectra can be generated from violation of a smooth slow-roll
evolution (“feature” or “resonant” NG). These models have the
distinctive property of a strong running NG, which breaks ap-
proximate scale-invariance. A sharp feature in the inflaton po-
tential forces the inflaton field away from the attractor solu-
tion, and causes oscillations as it relaxes back; these oscillations
can appear in the bispectrum (Wang & Kamionkowski 2000;
Chen et al. 2007a, 2008), as well as the power spectrum and
other correlators. An analytic form for the oscillatory bispectrum
for these feature models is (Chen et al. 2007a)

Bfeat
� (k1, k2, k3) =

6A2 f feat
NL

(k1k2k3)2 sin
"

2⇡(k1 + k2 + k3)
3kc

+ �

#

, (16)

where � is a phase factor and kc is a scale associated with the
feature, which is linked in turn to an e↵ective multipole period-
icity `c of the CMB bispectrum. Typically, these oscillations will
decay with an envelope of the form exp[�(k1 + k2 + k3)/mkc] for
a model-dependent parameter m.

Closely related “resonant” bispectra can be created by pe-
riodic features superimposed on a smooth inflation potential

7

Inflaton potential can have a feature which disturbs slow-roll:

Extra parameters reduce significance through the “look elsewhere effect” …



NG Conclusions
Scale-invariant primordial non-Gaussianity is strongly constrained 	

• Local, equilateral and orthogonal shapes, e.g. 	

• Constrains many models (in combination with Cl’s):	

	
 • Effective field theory sound speed cs > 0.02 	

	
 • For DBI inflation sound speed cs > 0.07	

	
 • Power law K-inflation ruled out (cf power spectrum)	

	
 • Curvaton model constraint on “decay fraction” rD 	

	
 • Ekpyrotic/cyclic “conversion mechanism” ruled out 	

!Planck bispectrum reconstruction - large NG signal	


Alternative bispectrum paradigms investigated:  
	
 squeezed, equil, non-Bunch Davies, oscillatory	

!Oscillatory “patterns”: further investigation ongoing  	

!
Also first results for trispectrum τNL < 2800 (weak)	

!
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ABSTRACT

The Planck nominal mission cosmic microwave background (CMB) maps yield unprecedented constraints on primordial non-Gaussianity (NG).
Using three optimal bispectrum estimators, separable template-fitting (KSW), binned, and modal, we obtain consistent values for the primordial
local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result f local

NL = 2.7 ± 5.8, f equil
NL = �42 ± 75, and f ortho

NL = �25 ± 39
(68% CL statistical); and we find the Integrated-Sachs-Wolfe-lensing bispectrum expected in the ⇤CDM scenario. The results are based on
comprehensive cross-validation of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques,
pass an extensive suite of tests, and are confirmed by skew-C`, wavelet bispectrum and Minkowski functional estimators. Beyond estimates of
individual shape amplitudes, we present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and thus derive
constraints on early-Universe scenarios that generate primordial NG, including general single-field models of inflation, excited initial states (non-
Bunch-Davies vacua), and directionally-dependent vector models. We provide an initial survey of scale-dependent feature and resonance models.
These results bound both general single-field and multi-field model parameter ranges, such as the speed of sound, cs � 0.02 (95% CL), in an
e↵ective field theory parametrization, and the curvaton decay fraction rD � 0.15 (95% CL). The Planck data put severe pressure on ekpyrotic/cyclic
scenarios. The amplitude of the four-point function in the local model ⌧NL < 2800 (95% CL). Taken together, these constraints represent the highest
precision tests to date of physical mechanisms for the origin of cosmic structure.

Key words. cosmology: cosmic background radiation – cosmology: observations – cosmology: theory – cosmology: early Universe – cosmology:
inflation
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Aside: Galaxy/N-body bispectra
Gravitational bispectra 	

from galaxy surveys &	

N-body simulations	

!
Schmittfull, Regan & EPS,  
arXiv:1207.5678	


Higher density of states	

fNL = 1 attainable?	

!
Dark Energy Survey	


20

(a) Dark matter, z = 4 (b) Bispectrum signal, z = 4

(c) Dark matter, z = 2 (d) Bispectrum signal, z = 2

(e) Dark matter, z = 0 (f) Bispectrum signal, z = 0

Figure 10. Left: Dark matter distribution in a (40Mpc/h)3 subbox of one of the G512

400

simulations at redshifts z = 4, 2 and 0, from top
to bottom. Right: Measured (signal to noise weighted) bispectrum in the range 0.016h/Mpc  k  2h/Mpc, averaged over the simulation
on the left and two additional seeds.
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(a) Dark matter, z = 4 (b) Bispectrum signal, z = 4

(c) Dark matter, z = 2 (d) Bispectrum signal, z = 2

(e) Dark matter, z = 0 (f) Bispectrum signal, z = 0

Figure 10. Left: Dark matter distribution in a (40Mpc/h)3 subbox of one of the G512

400

simulations at redshifts z = 4, 2 and 0, from top
to bottom. Right: Measured (signal to noise weighted) bispectrum in the range 0.016h/Mpc  k  2h/Mpc, averaged over the simulation
on the left and two additional seeds.

ESA Euclid satellite 	

(construction began July 2013)



String constraints
• Planck Local - Gμ  < 1.3x10-7 (f10<0.010) 	

• 	
      & Global - Gμ < 3.2x10-7 (f10<0.024)	

• No significant evidence for string NG ... yet 	

• Modal bispectrum constraints	

• Minkowski functionals etc. 	
!!!!	
 Key NG issues are to eliminate systematics	
!!!!• Prospects for Planck non-Gaussianity 

            ∆         2 x 10-7 

Planck Collaboration: Cosmic strings and other topological defects

The covariance matrix C is computed from 104 Gaussian simu-
lations3 because, given the existing stringent constraints on cos-
mic strings, this should be accurate without biasing results. The
cosmic string MF curve ȳ(Gµ/c2) is calibrated on 103 realistic
lensed Planck simulations, to which we have added a string com-
ponent at a specified level. These simulations take into account
the asymmetry of beams and the component separation process
(FFP6 simulations, see Planck Collaboration ES (2013) for a
detailed description). For the string component, we had at our
disposal only two high resolution string simulations (Ringeval
& Bouchet 2012), so our model is the averaged curve obtained
from this combination of Planck and string simulations.

Due to the nonlinear dependence of MFs on Gµ/c2 and the
small number of string simulations, the posterior distribution is
quite complex and noisy. For this reason, we evaluated the pos-
terior at nNL = 51 values of Gµ/c2, between 0 and 10 ⇥ 10�7, to
obtain our Planck estimate for Gµ/c2. This estimate is stable and
has been validated in realistic conditions with the Planck String
Challenges described above, and for which we found consistent
results with the underlying (unknown) Gµ/c2.

4.4.2. Minkowski functionals results

For the constraint on Gµ/c2, we analysed the foregrounds sepa-
rated SMICA map at Nside = 2048 and `max = 2000, using the
U73 mask ( fsky = 73% of the sky is unmasked). The small-
est point sources holes were inpainted. We applied two specific
Wiener filters to the map, designed to enhance the information
from the map itself (WM) and from the gradients of the map
(WD1 =

p
`(` + 1)WM). The filters are shown in Fig. 14.

Additionally, we estimated the average impact of some resid-
ual foregrounds and secondaries (FG) on Gµ/c2, using the linear
properties of MFs and foregrounds models processed through
the Planck simulation pipeline (FFP6 simulations, see Planck
Collaboration ES (2013)). Uncorrelated (Poissonian) unresolved
point sources (PS), Cosmic Infrared Background (CIB) and
Sunyaev-Zeldovich cluster4 (SZ) signals can be introduced as
a simple additive bias �ȳPS,... on MF curves following:

ŷ = ŷFGsubtracted + �ȳPS + �ȳCIB + �ȳSZ. (21)

These biases are obtained as an average from 100 simulations,
however, these do not comprehensively cover all the di↵erent
component contributions in the actual Planck data.

We eventually obtain the posterior distribution of Gµ/c2, and
we integrate it to report confidence intervals. Results are summa-
rized in Table 5, for raw data (lensing subtracted) and foreground
subtracted data (PS, CIB and SZ subtracted). The discrepancy
between the two filters can be explained because the derivative
filter WD1 scans smaller scales than WM so it is more easily bi-
ased by foreground residuals. Given the remaining foreground
uncertainties, we take the most conservative MF constraint for
the cosmic string contribution to the Planck data to be

Gµ/c2 < 7.8 ⇥ 10�7 at 95% C.L.

The corresponding posterior is presented in Fig. 15.
Some caveats need to be mentioned that may influence these

results. First, for the MF method itself, an important limitation
is the small number of string simulations used to calibrate the

3 The Gaussian simulations endeavour to incorporate realistic noise
from the Planck data, but only the e↵ective isotropic beam of the com-
ponent separation method.

4 The SZ signal does not include the SZ-lensing NG contribution.
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Fig. 15. Posterior distribution of the parameter Gµ/c2 obtained with
Minkowski functionals. This estimate takes into account the lensing of
the data, but not the e↵ects of foreground residuals.

Table 5. MFs constraints obtained on Gµ/c2, at the 95% C.L. These
results are obtained on the SMICAmap with the U73 mask ( fsky = 0.73).
The “Raw map” result includes only the lensing contribution to the data,
while the “Foreground subtracted map” includes the lensing, Poissonian
point sources, CIB and SZ clusters contributions.

Gµ/c2 WM WM +WD1

Raw map < 6.8 ⇥10�7 < 7.8 ⇥10�7

FG subtracted map < 6.0 ⇥10�7 < 3.6 ⇥10�7

estimator. The estimator appears to be mostly sensitive to low-
redshift strings (infinite strings, with redshifts between 0 and
30), and this is a↵ected by cosmic variance. As low-redshift
string simulations are much faster to produce than complete
simulations back to recombination, it should be possible to im-
prove the robustness of the constraint using these relatively soon.
Secondly, the impacts of the di↵erent point-source foreground
components (here, PS, CIB and SZ) have been evaluated by av-
eraging over 100 Planck simulation maps for which the mod-
elling is only partial. The precise contributions of these di↵er-
ent components needs to be investigated in more detail for the
Planck data. Fortunately, using the linearity of MFs for these
contributions it will be possible to jointly estimate these as their
characterisation improves in future studies. Finally, the impact of
Galactic residuals should also be assessed in further detail, espe-
cially for the filter WD1 that we have observed to be less robust
against residuals than the WM filter.

With advances in studying these experimental e↵ects there
are good prospects for the full mission data, the sensitivity
of the MFs estimator should improve substantially, with sim-
ulations forecasting possible MF cosmic string constraints of
Gµ/c2 < 3 ⇥ 10�7 at the 95% C.L. We note that further real
space analysis of string map simulations has been undertaken
with scaling indices of the pixel temperature distribution (see,
e.g., Räth et al. 2011). Extensions calculating a set of anisotropic
scaling indices along predefined directions appear to o↵er good
prospects fro string detection.
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Table 4. Modal bispectrum analysis of foreground-separated SMICA,
NILC and SEVEM maps showing fNL from strings, ISW-lensing and dif-
fuse point sources. Three values for fNL are given from independent
analysis, joint point source/string analysis after ISW-lensing subtrac-
tion, and joint analysis after both ISW-lensing and foreground residual
subtraction. Resulting 95% confidence limits for Gµ/c2 are also given.

Bispectrum Independent ISW subtract ISW/FG res.
Method signal type analysis fNL Joint fNL Joint fNL

SMICA Lensing ISW 0.75 ± 0.37 – –
Di↵. PS⇥1028 1.05 ± 0.32 1.35 ± 0.34 1.40 ± 0.34
Cosmic strings 0.19 ± 0.20 0.50 ± 0.21 0.37 ± 0.21
Gµ/c2 (95%) 8.4 ⇥ 10�7 9.7 ⇥ 10�7 9.3 ⇥ 10�7

NILC Lensing ISW 0.91 ± 0.36 – –
Di↵. PS⇥1028 1.16 ± 0.32 1.44 ± 0.34 1.44 ± 0.34
Cosmic strings 0.13 ± 0.20 0.46 ± 0.21 0.23 ± 0.21
Gµ/c2 (95%) 8.1 ⇥ 10�7 9.6 ⇥ 10�7 8.7 ⇥ 10�7

SEVEM Lensing ISW 0.6 ± 0.36 – –
Di↵. PS⇥1028 1.07 ± 0.35 1.33 ± 0.38 –
Cosmic strings 0.10 ± 0.20 0.38 ± 0.21 –
Gµ/c2 (95%) 7.9 ⇥ 10�7 9.3 ⇥ 10�7 –

ter ISW subtraction), meaning a joint analysis obtained fNL =
0.23 ± 0.21 (see Table 4).

We conclude, given our present understanding of point
sources and foregrounds, that there does not appear to be signif-
icant evidence for a string bispectrum signal in the Planck nom-
inal mission maps, so we infer the following post-recombination
bispectrum constraint on strings (from fNL = 0.30 ± 0.21):

Gµ/c2 < 8.8 ⇥ 10�7 (95% confidence) . (17)

The susceptibility of the string bispectrum to point source and
other foreground contamination deserves further investigation
and will require improved characterisation of the di↵use point
source bispectrum (beyond the simple Poisson model), as well
as identification of other foreground residuals generating a small
string bias.

The string bispectrum constraint Eq. (17) is a conservative
upper limit on the string tension Gµ/c2 because we have not in-
cluded recombination contributions. Although this constraint is
weaker than that from the power spectrum, it is an independent
test for strings and the first quantitative string bispectrum limit
to date. This should be considerably improved in future by in-
clusion of recombination physics and more precise foreground
analysis. A comparison with the power spectrum amplitude indi-
cates the string bispectrum should rise by (2)3/2, which, together
with the full mission data, would see the sensitivity improve by
a factor of two (allowing constraints around Gµ/c2 < 4 ⇥ 10�7).
We note that the bispectrum is not the optimal non-Gaussian test
for strings, because the string signal is somewhat suppressed by
symmetry (the bispectrum cancels for straight strings). This fact
motivates further study of the trispectrum, for which the Planck
sensitivity is forecast to be �Gµ/c2 ⇡ 1 ⇥ 10�7 (Fergusson et al.
2010b), as well as joint analysis of polyspectra.

4.3. Steerable wavelet searches for cosmic strings

Wavelets o↵er a powerful signal analysis tool due to their abil-
ity to localise signal content in scale (cf. frequency) and posi-
tion simultaneously. Consequently, wavelets are well-suited for
detecting potential CMB temperature contributions due to cos-

mic strings, which exhibit spatially localised signatures with dis-
tinct frequency content. Wavelets defined on the sphere are re-
quired to analyse full-sky Planck observations (see, for exam-
ple, Freeden & Windheuser 1997; Wiaux et al. 2005; Sanz et al.
2006; McEwen et al. 2006; Starck et al. 2006; Marinucci et al.
2008; Wiaux et al. 2008).

We perform an analysis using the steerable wavelets on the
sphere constructed by Wiaux et al. (2005). Here we exploit steer-
ability to dynamically adapt the orientations analysed to the un-
derlying data, performing frequentist hypothesis testing. We ap-
ply the first (1GD) and second (2GD) Gaussian derivative steer-
able wavelets, defined on the sphere through a stereographic
projection, in order to search for cosmic strings in the Planck
data. A steerable wavelet is a directional filter whose rotation by
� 2 [0, 2⇡) about itself can be expressed in terms of a finite lin-
ear combination of non-rotated basis filters. Thus, the analysis
of a signal with a given steerable wavelet  naturally identifies a
set of wavelet coe�cients, W (!0, �,R), which describe the lo-
cal features of the signal at each position !0 on the sphere, for
each orientation � and for each physical scale R. Several local
morphological properties can be defined in terms of the wavelet
coe�cients (Wiaux et al. 2008), including the signed-intensity,

I (!0,R) ⌘ W (!0, �0,R) . (18)

This quantity represents the value of the wavelet coe�cient at
the local orientation �0 (!0,R) that maximizes the absolute value
of the wavelet coe�cient itself.

The presence of a cosmic string signal in the CMB is ex-
pected to leave a non-Gaussian signature that induces a modifi-
cation in the distribution of I(!0,R) with respect to the lensed
Gaussian case. We calibrated the dependence of these signatures
on the string tension using four simulations of the cosmic string
contribution (Ringeval & Bouchet 2012) combined with a large
set of lensed Gaussian CMB realizations, along with a realistic
description of the Planck instrumental properties (refer to Planck
Collaboration XII (2013)).

A wide range of string tension values were explored,
Gµ/c2 2 [2.0 ⇥ 10�7, 1.0 ⇥ 10�6], considering several wavelet
scales, R = [4.0, 4.5, 5.0, 6.0, 8.0, 10.0] arcmin. We choose the
wavelet scale range as a trade o↵ between the signal-to-noise
ratio of the string contribution and the small scale foreground
contamination. In fact, the wavelet for the smallest scale con-
sidered in this analysis peaks at ` = 1300, while extending at
higher multipoles with a broad distribution. We use maps at an
HEALPix resolution of Nside = 2048, including multipoles till
`max = 2500. We analyse the simulations with the same U73
mask on the Planck CMB map (refer to Planck Collaboration
XII 2013), which masks both di↵use and compact foregrounds,
leaving 73% of the sky remaining for further analysis (refer to
discussion in Sect. 4.2.3).

The string non-Gaussian signatures are characterized in
terms of the kurtosis of the signed-intensity I(!0,R) in Eq. (18)
at the di↵erent scales R and for both the 1GD and 2GD wavelets.
The averaged results from the non-Gaussian simulations were
used to model the distribution of the kurtosis as functions of
Gµ/c2, i.e., K(R,Gµ/c2). Other statistics, such as the skewness
and the Higher-Criticism, have also been explored. We found
that the kurtosis sensitivity to the string tension is higher than
the alternative measures. In Fig. 13, we show the di↵erence be-
tween the average kurtosis at several Gµ/c2 values and the av-
erage kurtosis for Gµ/c2 = 0, normalized to the standard devi-
ation of the simulations. On the given range of scales, the 2GD
wavelet appears to be more sensitive to the string signal. The
final sensitivity of the method in recovering the string tension
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String constraints
• Planck Local - Gμ  < 1.3x10-7 (f10<0.010) 	

• 	
      & Global - Gμ < 3.2x10-7 (f10<0.024)	

• No significant evidence for string NG ... yet 	

• Modal bispectrum constraints	

• Minkowski functionals etc. 	
!!!!	
 Key NG issues are to eliminate systematics	
!!!!• Prospects for Planck non-Gaussianity 

            ∆         2 x 10-7 

Constraints on Non-Gaussianity

Planck Collaboration: Cosmic strings and other topological defects

The covariance matrix C is computed from 104 Gaussian simu-
lations3 because, given the existing stringent constraints on cos-
mic strings, this should be accurate without biasing results. The
cosmic string MF curve ȳ(Gµ/c2) is calibrated on 103 realistic
lensed Planck simulations, to which we have added a string com-
ponent at a specified level. These simulations take into account
the asymmetry of beams and the component separation process
(FFP6 simulations, see Planck Collaboration ES (2013) for a
detailed description). For the string component, we had at our
disposal only two high resolution string simulations (Ringeval
& Bouchet 2012), so our model is the averaged curve obtained
from this combination of Planck and string simulations.

Due to the nonlinear dependence of MFs on Gµ/c2 and the
small number of string simulations, the posterior distribution is
quite complex and noisy. For this reason, we evaluated the pos-
terior at nNL = 51 values of Gµ/c2, between 0 and 10 ⇥ 10�7, to
obtain our Planck estimate for Gµ/c2. This estimate is stable and
has been validated in realistic conditions with the Planck String
Challenges described above, and for which we found consistent
results with the underlying (unknown) Gµ/c2.

4.4.2. Minkowski functionals results

For the constraint on Gµ/c2, we analysed the foregrounds sepa-
rated SMICA map at Nside = 2048 and `max = 2000, using the
U73 mask ( fsky = 73% of the sky is unmasked). The small-
est point sources holes were inpainted. We applied two specific
Wiener filters to the map, designed to enhance the information
from the map itself (WM) and from the gradients of the map
(WD1 =

p
`(` + 1)WM). The filters are shown in Fig. 14.

Additionally, we estimated the average impact of some resid-
ual foregrounds and secondaries (FG) on Gµ/c2, using the linear
properties of MFs and foregrounds models processed through
the Planck simulation pipeline (FFP6 simulations, see Planck
Collaboration ES (2013)). Uncorrelated (Poissonian) unresolved
point sources (PS), Cosmic Infrared Background (CIB) and
Sunyaev-Zeldovich cluster4 (SZ) signals can be introduced as
a simple additive bias �ȳPS,... on MF curves following:

ŷ = ŷFGsubtracted + �ȳPS + �ȳCIB + �ȳSZ. (21)

These biases are obtained as an average from 100 simulations,
however, these do not comprehensively cover all the di↵erent
component contributions in the actual Planck data.

We eventually obtain the posterior distribution of Gµ/c2, and
we integrate it to report confidence intervals. Results are summa-
rized in Table 5, for raw data (lensing subtracted) and foreground
subtracted data (PS, CIB and SZ subtracted). The discrepancy
between the two filters can be explained because the derivative
filter WD1 scans smaller scales than WM so it is more easily bi-
ased by foreground residuals. Given the remaining foreground
uncertainties, we take the most conservative MF constraint for
the cosmic string contribution to the Planck data to be

Gµ/c2 < 7.8 ⇥ 10�7 at 95% C.L.

The corresponding posterior is presented in Fig. 15.
Some caveats need to be mentioned that may influence these

results. First, for the MF method itself, an important limitation
is the small number of string simulations used to calibrate the

3 The Gaussian simulations endeavour to incorporate realistic noise
from the Planck data, but only the e↵ective isotropic beam of the com-
ponent separation method.

4 The SZ signal does not include the SZ-lensing NG contribution.
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Fig. 15. Posterior distribution of the parameter Gµ/c2 obtained with
Minkowski functionals. This estimate takes into account the lensing of
the data, but not the e↵ects of foreground residuals.

Table 5. MFs constraints obtained on Gµ/c2, at the 95% C.L. These
results are obtained on the SMICAmap with the U73 mask ( fsky = 0.73).
The “Raw map” result includes only the lensing contribution to the data,
while the “Foreground subtracted map” includes the lensing, Poissonian
point sources, CIB and SZ clusters contributions.

Gµ/c2 WM WM +WD1

Raw map < 6.8 ⇥10�7 < 7.8 ⇥10�7

FG subtracted map < 6.0 ⇥10�7 < 3.6 ⇥10�7

estimator. The estimator appears to be mostly sensitive to low-
redshift strings (infinite strings, with redshifts between 0 and
30), and this is a↵ected by cosmic variance. As low-redshift
string simulations are much faster to produce than complete
simulations back to recombination, it should be possible to im-
prove the robustness of the constraint using these relatively soon.
Secondly, the impacts of the di↵erent point-source foreground
components (here, PS, CIB and SZ) have been evaluated by av-
eraging over 100 Planck simulation maps for which the mod-
elling is only partial. The precise contributions of these di↵er-
ent components needs to be investigated in more detail for the
Planck data. Fortunately, using the linearity of MFs for these
contributions it will be possible to jointly estimate these as their
characterisation improves in future studies. Finally, the impact of
Galactic residuals should also be assessed in further detail, espe-
cially for the filter WD1 that we have observed to be less robust
against residuals than the WM filter.

With advances in studying these experimental e↵ects there
are good prospects for the full mission data, the sensitivity
of the MFs estimator should improve substantially, with sim-
ulations forecasting possible MF cosmic string constraints of
Gµ/c2 < 3 ⇥ 10�7 at the 95% C.L. We note that further real
space analysis of string map simulations has been undertaken
with scaling indices of the pixel temperature distribution (see,
e.g., Räth et al. 2011). Extensions calculating a set of anisotropic
scaling indices along predefined directions appear to o↵er good
prospects fro string detection.
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Table 4. Modal bispectrum analysis of foreground-separated SMICA,
NILC and SEVEM maps showing fNL from strings, ISW-lensing and dif-
fuse point sources. Three values for fNL are given from independent
analysis, joint point source/string analysis after ISW-lensing subtrac-
tion, and joint analysis after both ISW-lensing and foreground residual
subtraction. Resulting 95% confidence limits for Gµ/c2 are also given.

Bispectrum Independent ISW subtract ISW/FG res.
Method signal type analysis fNL Joint fNL Joint fNL

SMICA Lensing ISW 0.75 ± 0.37 – –
Di↵. PS⇥1028 1.05 ± 0.32 1.35 ± 0.34 1.40 ± 0.34
Cosmic strings 0.19 ± 0.20 0.50 ± 0.21 0.37 ± 0.21
Gµ/c2 (95%) 8.4 ⇥ 10�7 9.7 ⇥ 10�7 9.3 ⇥ 10�7

NILC Lensing ISW 0.91 ± 0.36 – –
Di↵. PS⇥1028 1.16 ± 0.32 1.44 ± 0.34 1.44 ± 0.34
Cosmic strings 0.13 ± 0.20 0.46 ± 0.21 0.23 ± 0.21
Gµ/c2 (95%) 8.1 ⇥ 10�7 9.6 ⇥ 10�7 8.7 ⇥ 10�7

SEVEM Lensing ISW 0.6 ± 0.36 – –
Di↵. PS⇥1028 1.07 ± 0.35 1.33 ± 0.38 –
Cosmic strings 0.10 ± 0.20 0.38 ± 0.21 –
Gµ/c2 (95%) 7.9 ⇥ 10�7 9.3 ⇥ 10�7 –

ter ISW subtraction), meaning a joint analysis obtained fNL =
0.23 ± 0.21 (see Table 4).

We conclude, given our present understanding of point
sources and foregrounds, that there does not appear to be signif-
icant evidence for a string bispectrum signal in the Planck nom-
inal mission maps, so we infer the following post-recombination
bispectrum constraint on strings (from fNL = 0.30 ± 0.21):

Gµ/c2 < 8.8 ⇥ 10�7 (95% confidence) . (17)

The susceptibility of the string bispectrum to point source and
other foreground contamination deserves further investigation
and will require improved characterisation of the di↵use point
source bispectrum (beyond the simple Poisson model), as well
as identification of other foreground residuals generating a small
string bias.

The string bispectrum constraint Eq. (17) is a conservative
upper limit on the string tension Gµ/c2 because we have not in-
cluded recombination contributions. Although this constraint is
weaker than that from the power spectrum, it is an independent
test for strings and the first quantitative string bispectrum limit
to date. This should be considerably improved in future by in-
clusion of recombination physics and more precise foreground
analysis. A comparison with the power spectrum amplitude indi-
cates the string bispectrum should rise by (2)3/2, which, together
with the full mission data, would see the sensitivity improve by
a factor of two (allowing constraints around Gµ/c2 < 4 ⇥ 10�7).
We note that the bispectrum is not the optimal non-Gaussian test
for strings, because the string signal is somewhat suppressed by
symmetry (the bispectrum cancels for straight strings). This fact
motivates further study of the trispectrum, for which the Planck
sensitivity is forecast to be �Gµ/c2 ⇡ 1 ⇥ 10�7 (Fergusson et al.
2010b), as well as joint analysis of polyspectra.

4.3. Steerable wavelet searches for cosmic strings

Wavelets o↵er a powerful signal analysis tool due to their abil-
ity to localise signal content in scale (cf. frequency) and posi-
tion simultaneously. Consequently, wavelets are well-suited for
detecting potential CMB temperature contributions due to cos-

mic strings, which exhibit spatially localised signatures with dis-
tinct frequency content. Wavelets defined on the sphere are re-
quired to analyse full-sky Planck observations (see, for exam-
ple, Freeden & Windheuser 1997; Wiaux et al. 2005; Sanz et al.
2006; McEwen et al. 2006; Starck et al. 2006; Marinucci et al.
2008; Wiaux et al. 2008).

We perform an analysis using the steerable wavelets on the
sphere constructed by Wiaux et al. (2005). Here we exploit steer-
ability to dynamically adapt the orientations analysed to the un-
derlying data, performing frequentist hypothesis testing. We ap-
ply the first (1GD) and second (2GD) Gaussian derivative steer-
able wavelets, defined on the sphere through a stereographic
projection, in order to search for cosmic strings in the Planck
data. A steerable wavelet is a directional filter whose rotation by
� 2 [0, 2⇡) about itself can be expressed in terms of a finite lin-
ear combination of non-rotated basis filters. Thus, the analysis
of a signal with a given steerable wavelet  naturally identifies a
set of wavelet coe�cients, W (!0, �,R), which describe the lo-
cal features of the signal at each position !0 on the sphere, for
each orientation � and for each physical scale R. Several local
morphological properties can be defined in terms of the wavelet
coe�cients (Wiaux et al. 2008), including the signed-intensity,

I (!0,R) ⌘ W (!0, �0,R) . (18)

This quantity represents the value of the wavelet coe�cient at
the local orientation �0 (!0,R) that maximizes the absolute value
of the wavelet coe�cient itself.

The presence of a cosmic string signal in the CMB is ex-
pected to leave a non-Gaussian signature that induces a modifi-
cation in the distribution of I(!0,R) with respect to the lensed
Gaussian case. We calibrated the dependence of these signatures
on the string tension using four simulations of the cosmic string
contribution (Ringeval & Bouchet 2012) combined with a large
set of lensed Gaussian CMB realizations, along with a realistic
description of the Planck instrumental properties (refer to Planck
Collaboration XII (2013)).

A wide range of string tension values were explored,
Gµ/c2 2 [2.0 ⇥ 10�7, 1.0 ⇥ 10�6], considering several wavelet
scales, R = [4.0, 4.5, 5.0, 6.0, 8.0, 10.0] arcmin. We choose the
wavelet scale range as a trade o↵ between the signal-to-noise
ratio of the string contribution and the small scale foreground
contamination. In fact, the wavelet for the smallest scale con-
sidered in this analysis peaks at ` = 1300, while extending at
higher multipoles with a broad distribution. We use maps at an
HEALPix resolution of Nside = 2048, including multipoles till
`max = 2500. We analyse the simulations with the same U73
mask on the Planck CMB map (refer to Planck Collaboration
XII 2013), which masks both di↵use and compact foregrounds,
leaving 73% of the sky remaining for further analysis (refer to
discussion in Sect. 4.2.3).

The string non-Gaussian signatures are characterized in
terms of the kurtosis of the signed-intensity I(!0,R) in Eq. (18)
at the di↵erent scales R and for both the 1GD and 2GD wavelets.
The averaged results from the non-Gaussian simulations were
used to model the distribution of the kurtosis as functions of
Gµ/c2, i.e., K(R,Gµ/c2). Other statistics, such as the skewness
and the Higher-Criticism, have also been explored. We found
that the kurtosis sensitivity to the string tension is higher than
the alternative measures. In Fig. 13, we show the di↵erence be-
tween the average kurtosis at several Gµ/c2 values and the av-
erage kurtosis for Gµ/c2 = 0, normalized to the standard devi-
ation of the simulations. On the given range of scales, the 2GD
wavelet appears to be more sensitive to the string signal. The
final sensitivity of the method in recovering the string tension
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The covariance matrix C is computed from 104 Gaussian simu-
lations3 because, given the existing stringent constraints on cos-
mic strings, this should be accurate without biasing results. The
cosmic string MF curve ȳ(Gµ/c2) is calibrated on 103 realistic
lensed Planck simulations, to which we have added a string com-
ponent at a specified level. These simulations take into account
the asymmetry of beams and the component separation process
(FFP6 simulations, see Planck Collaboration ES (2013) for a
detailed description). For the string component, we had at our
disposal only two high resolution string simulations (Ringeval
& Bouchet 2012), so our model is the averaged curve obtained
from this combination of Planck and string simulations.

Due to the nonlinear dependence of MFs on Gµ/c2 and the
small number of string simulations, the posterior distribution is
quite complex and noisy. For this reason, we evaluated the pos-
terior at nNL = 51 values of Gµ/c2, between 0 and 10 ⇥ 10�7, to
obtain our Planck estimate for Gµ/c2. This estimate is stable and
has been validated in realistic conditions with the Planck String
Challenges described above, and for which we found consistent
results with the underlying (unknown) Gµ/c2.

4.4.2. Minkowski functionals results

For the constraint on Gµ/c2, we analysed the foregrounds sepa-
rated SMICA map at Nside = 2048 and `max = 2000, using the
U73 mask ( fsky = 73% of the sky is unmasked). The small-
est point sources holes were inpainted. We applied two specific
Wiener filters to the map, designed to enhance the information
from the map itself (WM) and from the gradients of the map
(WD1 =

p
`(` + 1)WM). The filters are shown in Fig. 14.

Additionally, we estimated the average impact of some resid-
ual foregrounds and secondaries (FG) on Gµ/c2, using the linear
properties of MFs and foregrounds models processed through
the Planck simulation pipeline (FFP6 simulations, see Planck
Collaboration ES (2013)). Uncorrelated (Poissonian) unresolved
point sources (PS), Cosmic Infrared Background (CIB) and
Sunyaev-Zeldovich cluster4 (SZ) signals can be introduced as
a simple additive bias �ȳPS,... on MF curves following:

ŷ = ŷFGsubtracted + �ȳPS + �ȳCIB + �ȳSZ. (21)

These biases are obtained as an average from 100 simulations,
however, these do not comprehensively cover all the di↵erent
component contributions in the actual Planck data.

We eventually obtain the posterior distribution of Gµ/c2, and
we integrate it to report confidence intervals. Results are summa-
rized in Table 5, for raw data (lensing subtracted) and foreground
subtracted data (PS, CIB and SZ subtracted). The discrepancy
between the two filters can be explained because the derivative
filter WD1 scans smaller scales than WM so it is more easily bi-
ased by foreground residuals. Given the remaining foreground
uncertainties, we take the most conservative MF constraint for
the cosmic string contribution to the Planck data to be

Gµ/c2 < 7.8 ⇥ 10�7 at 95% C.L.

The corresponding posterior is presented in Fig. 15.
Some caveats need to be mentioned that may influence these

results. First, for the MF method itself, an important limitation
is the small number of string simulations used to calibrate the

3 The Gaussian simulations endeavour to incorporate realistic noise
from the Planck data, but only the e↵ective isotropic beam of the com-
ponent separation method.

4 The SZ signal does not include the SZ-lensing NG contribution.
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Fig. 15. Posterior distribution of the parameter Gµ/c2 obtained with
Minkowski functionals. This estimate takes into account the lensing of
the data, but not the e↵ects of foreground residuals.

Table 5. MFs constraints obtained on Gµ/c2, at the 95% C.L. These
results are obtained on the SMICAmap with the U73 mask ( fsky = 0.73).
The “Raw map” result includes only the lensing contribution to the data,
while the “Foreground subtracted map” includes the lensing, Poissonian
point sources, CIB and SZ clusters contributions.

Gµ/c2 WM WM +WD1

Raw map < 6.8 ⇥10�7 < 7.8 ⇥10�7

FG subtracted map < 6.0 ⇥10�7 < 3.6 ⇥10�7

estimator. The estimator appears to be mostly sensitive to low-
redshift strings (infinite strings, with redshifts between 0 and
30), and this is a↵ected by cosmic variance. As low-redshift
string simulations are much faster to produce than complete
simulations back to recombination, it should be possible to im-
prove the robustness of the constraint using these relatively soon.
Secondly, the impacts of the di↵erent point-source foreground
components (here, PS, CIB and SZ) have been evaluated by av-
eraging over 100 Planck simulation maps for which the mod-
elling is only partial. The precise contributions of these di↵er-
ent components needs to be investigated in more detail for the
Planck data. Fortunately, using the linearity of MFs for these
contributions it will be possible to jointly estimate these as their
characterisation improves in future studies. Finally, the impact of
Galactic residuals should also be assessed in further detail, espe-
cially for the filter WD1 that we have observed to be less robust
against residuals than the WM filter.

With advances in studying these experimental e↵ects there
are good prospects for the full mission data, the sensitivity
of the MFs estimator should improve substantially, with sim-
ulations forecasting possible MF cosmic string constraints of
Gµ/c2 < 3 ⇥ 10�7 at the 95% C.L. We note that further real
space analysis of string map simulations has been undertaken
with scaling indices of the pixel temperature distribution (see,
e.g., Räth et al. 2011). Extensions calculating a set of anisotropic
scaling indices along predefined directions appear to o↵er good
prospects fro string detection.
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Table 4. Modal bispectrum analysis of foreground-separated SMICA,
NILC and SEVEM maps showing fNL from strings, ISW-lensing and dif-
fuse point sources. Three values for fNL are given from independent
analysis, joint point source/string analysis after ISW-lensing subtrac-
tion, and joint analysis after both ISW-lensing and foreground residual
subtraction. Resulting 95% confidence limits for Gµ/c2 are also given.

Bispectrum Independent ISW subtract ISW/FG res.
Method signal type analysis fNL Joint fNL Joint fNL

SMICA Lensing ISW 0.75 ± 0.37 – –
Di↵. PS⇥1028 1.05 ± 0.32 1.35 ± 0.34 1.40 ± 0.34
Cosmic strings 0.19 ± 0.20 0.50 ± 0.21 0.37 ± 0.21
Gµ/c2 (95%) 8.4 ⇥ 10�7 9.7 ⇥ 10�7 9.3 ⇥ 10�7

NILC Lensing ISW 0.91 ± 0.36 – –
Di↵. PS⇥1028 1.16 ± 0.32 1.44 ± 0.34 1.44 ± 0.34
Cosmic strings 0.13 ± 0.20 0.46 ± 0.21 0.23 ± 0.21
Gµ/c2 (95%) 8.1 ⇥ 10�7 9.6 ⇥ 10�7 8.7 ⇥ 10�7

SEVEM Lensing ISW 0.6 ± 0.36 – –
Di↵. PS⇥1028 1.07 ± 0.35 1.33 ± 0.38 –
Cosmic strings 0.10 ± 0.20 0.38 ± 0.21 –
Gµ/c2 (95%) 7.9 ⇥ 10�7 9.3 ⇥ 10�7 –

ter ISW subtraction), meaning a joint analysis obtained fNL =
0.23 ± 0.21 (see Table 4).

We conclude, given our present understanding of point
sources and foregrounds, that there does not appear to be signif-
icant evidence for a string bispectrum signal in the Planck nom-
inal mission maps, so we infer the following post-recombination
bispectrum constraint on strings (from fNL = 0.30 ± 0.21):

Gµ/c2 < 8.8 ⇥ 10�7 (95% confidence) . (17)

The susceptibility of the string bispectrum to point source and
other foreground contamination deserves further investigation
and will require improved characterisation of the di↵use point
source bispectrum (beyond the simple Poisson model), as well
as identification of other foreground residuals generating a small
string bias.

The string bispectrum constraint Eq. (17) is a conservative
upper limit on the string tension Gµ/c2 because we have not in-
cluded recombination contributions. Although this constraint is
weaker than that from the power spectrum, it is an independent
test for strings and the first quantitative string bispectrum limit
to date. This should be considerably improved in future by in-
clusion of recombination physics and more precise foreground
analysis. A comparison with the power spectrum amplitude indi-
cates the string bispectrum should rise by (2)3/2, which, together
with the full mission data, would see the sensitivity improve by
a factor of two (allowing constraints around Gµ/c2 < 4 ⇥ 10�7).
We note that the bispectrum is not the optimal non-Gaussian test
for strings, because the string signal is somewhat suppressed by
symmetry (the bispectrum cancels for straight strings). This fact
motivates further study of the trispectrum, for which the Planck
sensitivity is forecast to be �Gµ/c2 ⇡ 1 ⇥ 10�7 (Fergusson et al.
2010b), as well as joint analysis of polyspectra.

4.3. Steerable wavelet searches for cosmic strings

Wavelets o↵er a powerful signal analysis tool due to their abil-
ity to localise signal content in scale (cf. frequency) and posi-
tion simultaneously. Consequently, wavelets are well-suited for
detecting potential CMB temperature contributions due to cos-

mic strings, which exhibit spatially localised signatures with dis-
tinct frequency content. Wavelets defined on the sphere are re-
quired to analyse full-sky Planck observations (see, for exam-
ple, Freeden & Windheuser 1997; Wiaux et al. 2005; Sanz et al.
2006; McEwen et al. 2006; Starck et al. 2006; Marinucci et al.
2008; Wiaux et al. 2008).

We perform an analysis using the steerable wavelets on the
sphere constructed by Wiaux et al. (2005). Here we exploit steer-
ability to dynamically adapt the orientations analysed to the un-
derlying data, performing frequentist hypothesis testing. We ap-
ply the first (1GD) and second (2GD) Gaussian derivative steer-
able wavelets, defined on the sphere through a stereographic
projection, in order to search for cosmic strings in the Planck
data. A steerable wavelet is a directional filter whose rotation by
� 2 [0, 2⇡) about itself can be expressed in terms of a finite lin-
ear combination of non-rotated basis filters. Thus, the analysis
of a signal with a given steerable wavelet  naturally identifies a
set of wavelet coe�cients, W (!0, �,R), which describe the lo-
cal features of the signal at each position !0 on the sphere, for
each orientation � and for each physical scale R. Several local
morphological properties can be defined in terms of the wavelet
coe�cients (Wiaux et al. 2008), including the signed-intensity,

I (!0,R) ⌘ W (!0, �0,R) . (18)

This quantity represents the value of the wavelet coe�cient at
the local orientation �0 (!0,R) that maximizes the absolute value
of the wavelet coe�cient itself.

The presence of a cosmic string signal in the CMB is ex-
pected to leave a non-Gaussian signature that induces a modifi-
cation in the distribution of I(!0,R) with respect to the lensed
Gaussian case. We calibrated the dependence of these signatures
on the string tension using four simulations of the cosmic string
contribution (Ringeval & Bouchet 2012) combined with a large
set of lensed Gaussian CMB realizations, along with a realistic
description of the Planck instrumental properties (refer to Planck
Collaboration XII (2013)).

A wide range of string tension values were explored,
Gµ/c2 2 [2.0 ⇥ 10�7, 1.0 ⇥ 10�6], considering several wavelet
scales, R = [4.0, 4.5, 5.0, 6.0, 8.0, 10.0] arcmin. We choose the
wavelet scale range as a trade o↵ between the signal-to-noise
ratio of the string contribution and the small scale foreground
contamination. In fact, the wavelet for the smallest scale con-
sidered in this analysis peaks at ` = 1300, while extending at
higher multipoles with a broad distribution. We use maps at an
HEALPix resolution of Nside = 2048, including multipoles till
`max = 2500. We analyse the simulations with the same U73
mask on the Planck CMB map (refer to Planck Collaboration
XII 2013), which masks both di↵use and compact foregrounds,
leaving 73% of the sky remaining for further analysis (refer to
discussion in Sect. 4.2.3).

The string non-Gaussian signatures are characterized in
terms of the kurtosis of the signed-intensity I(!0,R) in Eq. (18)
at the di↵erent scales R and for both the 1GD and 2GD wavelets.
The averaged results from the non-Gaussian simulations were
used to model the distribution of the kurtosis as functions of
Gµ/c2, i.e., K(R,Gµ/c2). Other statistics, such as the skewness
and the Higher-Criticism, have also been explored. We found
that the kurtosis sensitivity to the string tension is higher than
the alternative measures. In Fig. 13, we show the di↵erence be-
tween the average kurtosis at several Gµ/c2 values and the av-
erage kurtosis for Gµ/c2 = 0, normalized to the standard devi-
ation of the simulations. On the given range of scales, the 2GD
wavelet appears to be more sensitive to the string signal. The
final sensitivity of the method in recovering the string tension
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The covariance matrix C is computed from 104 Gaussian simu-
lations3 because, given the existing stringent constraints on cos-
mic strings, this should be accurate without biasing results. The
cosmic string MF curve ȳ(Gµ/c2) is calibrated on 103 realistic
lensed Planck simulations, to which we have added a string com-
ponent at a specified level. These simulations take into account
the asymmetry of beams and the component separation process
(FFP6 simulations, see Planck Collaboration ES (2013) for a
detailed description). For the string component, we had at our
disposal only two high resolution string simulations (Ringeval
& Bouchet 2012), so our model is the averaged curve obtained
from this combination of Planck and string simulations.

Due to the nonlinear dependence of MFs on Gµ/c2 and the
small number of string simulations, the posterior distribution is
quite complex and noisy. For this reason, we evaluated the pos-
terior at nNL = 51 values of Gµ/c2, between 0 and 10 ⇥ 10�7, to
obtain our Planck estimate for Gµ/c2. This estimate is stable and
has been validated in realistic conditions with the Planck String
Challenges described above, and for which we found consistent
results with the underlying (unknown) Gµ/c2.

4.4.2. Minkowski functionals results

For the constraint on Gµ/c2, we analysed the foregrounds sepa-
rated SMICA map at Nside = 2048 and `max = 2000, using the
U73 mask ( fsky = 73% of the sky is unmasked). The small-
est point sources holes were inpainted. We applied two specific
Wiener filters to the map, designed to enhance the information
from the map itself (WM) and from the gradients of the map
(WD1 =

p
`(` + 1)WM). The filters are shown in Fig. 14.

Additionally, we estimated the average impact of some resid-
ual foregrounds and secondaries (FG) on Gµ/c2, using the linear
properties of MFs and foregrounds models processed through
the Planck simulation pipeline (FFP6 simulations, see Planck
Collaboration ES (2013)). Uncorrelated (Poissonian) unresolved
point sources (PS), Cosmic Infrared Background (CIB) and
Sunyaev-Zeldovich cluster4 (SZ) signals can be introduced as
a simple additive bias �ȳPS,... on MF curves following:

ŷ = ŷFGsubtracted + �ȳPS + �ȳCIB + �ȳSZ. (21)

These biases are obtained as an average from 100 simulations,
however, these do not comprehensively cover all the di↵erent
component contributions in the actual Planck data.

We eventually obtain the posterior distribution of Gµ/c2, and
we integrate it to report confidence intervals. Results are summa-
rized in Table 5, for raw data (lensing subtracted) and foreground
subtracted data (PS, CIB and SZ subtracted). The discrepancy
between the two filters can be explained because the derivative
filter WD1 scans smaller scales than WM so it is more easily bi-
ased by foreground residuals. Given the remaining foreground
uncertainties, we take the most conservative MF constraint for
the cosmic string contribution to the Planck data to be

Gµ/c2 < 7.8 ⇥ 10�7 at 95% C.L.

The corresponding posterior is presented in Fig. 15.
Some caveats need to be mentioned that may influence these

results. First, for the MF method itself, an important limitation
is the small number of string simulations used to calibrate the

3 The Gaussian simulations endeavour to incorporate realistic noise
from the Planck data, but only the e↵ective isotropic beam of the com-
ponent separation method.

4 The SZ signal does not include the SZ-lensing NG contribution.
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Fig. 15. Posterior distribution of the parameter Gµ/c2 obtained with
Minkowski functionals. This estimate takes into account the lensing of
the data, but not the e↵ects of foreground residuals.

Table 5. MFs constraints obtained on Gµ/c2, at the 95% C.L. These
results are obtained on the SMICAmap with the U73 mask ( fsky = 0.73).
The “Raw map” result includes only the lensing contribution to the data,
while the “Foreground subtracted map” includes the lensing, Poissonian
point sources, CIB and SZ clusters contributions.

Gµ/c2 WM WM +WD1

Raw map < 6.8 ⇥10�7 < 7.8 ⇥10�7

FG subtracted map < 6.0 ⇥10�7 < 3.6 ⇥10�7

estimator. The estimator appears to be mostly sensitive to low-
redshift strings (infinite strings, with redshifts between 0 and
30), and this is a↵ected by cosmic variance. As low-redshift
string simulations are much faster to produce than complete
simulations back to recombination, it should be possible to im-
prove the robustness of the constraint using these relatively soon.
Secondly, the impacts of the di↵erent point-source foreground
components (here, PS, CIB and SZ) have been evaluated by av-
eraging over 100 Planck simulation maps for which the mod-
elling is only partial. The precise contributions of these di↵er-
ent components needs to be investigated in more detail for the
Planck data. Fortunately, using the linearity of MFs for these
contributions it will be possible to jointly estimate these as their
characterisation improves in future studies. Finally, the impact of
Galactic residuals should also be assessed in further detail, espe-
cially for the filter WD1 that we have observed to be less robust
against residuals than the WM filter.

With advances in studying these experimental e↵ects there
are good prospects for the full mission data, the sensitivity
of the MFs estimator should improve substantially, with sim-
ulations forecasting possible MF cosmic string constraints of
Gµ/c2 < 3 ⇥ 10�7 at the 95% C.L. We note that further real
space analysis of string map simulations has been undertaken
with scaling indices of the pixel temperature distribution (see,
e.g., Räth et al. 2011). Extensions calculating a set of anisotropic
scaling indices along predefined directions appear to o↵er good
prospects fro string detection.
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Table 4. Modal bispectrum analysis of foreground-separated SMICA,
NILC and SEVEM maps showing fNL from strings, ISW-lensing and dif-
fuse point sources. Three values for fNL are given from independent
analysis, joint point source/string analysis after ISW-lensing subtrac-
tion, and joint analysis after both ISW-lensing and foreground residual
subtraction. Resulting 95% confidence limits for Gµ/c2 are also given.

Bispectrum Independent ISW subtract ISW/FG res.
Method signal type analysis fNL Joint fNL Joint fNL

SMICA Lensing ISW 0.75 ± 0.37 – –
Di↵. PS⇥1028 1.05 ± 0.32 1.35 ± 0.34 1.40 ± 0.34
Cosmic strings 0.19 ± 0.20 0.50 ± 0.21 0.37 ± 0.21
Gµ/c2 (95%) 8.4 ⇥ 10�7 9.7 ⇥ 10�7 9.3 ⇥ 10�7

NILC Lensing ISW 0.91 ± 0.36 – –
Di↵. PS⇥1028 1.16 ± 0.32 1.44 ± 0.34 1.44 ± 0.34
Cosmic strings 0.13 ± 0.20 0.46 ± 0.21 0.23 ± 0.21
Gµ/c2 (95%) 8.1 ⇥ 10�7 9.6 ⇥ 10�7 8.7 ⇥ 10�7

SEVEM Lensing ISW 0.6 ± 0.36 – –
Di↵. PS⇥1028 1.07 ± 0.35 1.33 ± 0.38 –
Cosmic strings 0.10 ± 0.20 0.38 ± 0.21 –
Gµ/c2 (95%) 7.9 ⇥ 10�7 9.3 ⇥ 10�7 –

ter ISW subtraction), meaning a joint analysis obtained fNL =
0.23 ± 0.21 (see Table 4).

We conclude, given our present understanding of point
sources and foregrounds, that there does not appear to be signif-
icant evidence for a string bispectrum signal in the Planck nom-
inal mission maps, so we infer the following post-recombination
bispectrum constraint on strings (from fNL = 0.30 ± 0.21):

Gµ/c2 < 8.8 ⇥ 10�7 (95% confidence) . (17)

The susceptibility of the string bispectrum to point source and
other foreground contamination deserves further investigation
and will require improved characterisation of the di↵use point
source bispectrum (beyond the simple Poisson model), as well
as identification of other foreground residuals generating a small
string bias.

The string bispectrum constraint Eq. (17) is a conservative
upper limit on the string tension Gµ/c2 because we have not in-
cluded recombination contributions. Although this constraint is
weaker than that from the power spectrum, it is an independent
test for strings and the first quantitative string bispectrum limit
to date. This should be considerably improved in future by in-
clusion of recombination physics and more precise foreground
analysis. A comparison with the power spectrum amplitude indi-
cates the string bispectrum should rise by (2)3/2, which, together
with the full mission data, would see the sensitivity improve by
a factor of two (allowing constraints around Gµ/c2 < 4 ⇥ 10�7).
We note that the bispectrum is not the optimal non-Gaussian test
for strings, because the string signal is somewhat suppressed by
symmetry (the bispectrum cancels for straight strings). This fact
motivates further study of the trispectrum, for which the Planck
sensitivity is forecast to be �Gµ/c2 ⇡ 1 ⇥ 10�7 (Fergusson et al.
2010b), as well as joint analysis of polyspectra.

4.3. Steerable wavelet searches for cosmic strings

Wavelets o↵er a powerful signal analysis tool due to their abil-
ity to localise signal content in scale (cf. frequency) and posi-
tion simultaneously. Consequently, wavelets are well-suited for
detecting potential CMB temperature contributions due to cos-

mic strings, which exhibit spatially localised signatures with dis-
tinct frequency content. Wavelets defined on the sphere are re-
quired to analyse full-sky Planck observations (see, for exam-
ple, Freeden & Windheuser 1997; Wiaux et al. 2005; Sanz et al.
2006; McEwen et al. 2006; Starck et al. 2006; Marinucci et al.
2008; Wiaux et al. 2008).

We perform an analysis using the steerable wavelets on the
sphere constructed by Wiaux et al. (2005). Here we exploit steer-
ability to dynamically adapt the orientations analysed to the un-
derlying data, performing frequentist hypothesis testing. We ap-
ply the first (1GD) and second (2GD) Gaussian derivative steer-
able wavelets, defined on the sphere through a stereographic
projection, in order to search for cosmic strings in the Planck
data. A steerable wavelet is a directional filter whose rotation by
� 2 [0, 2⇡) about itself can be expressed in terms of a finite lin-
ear combination of non-rotated basis filters. Thus, the analysis
of a signal with a given steerable wavelet  naturally identifies a
set of wavelet coe�cients, W (!0, �,R), which describe the lo-
cal features of the signal at each position !0 on the sphere, for
each orientation � and for each physical scale R. Several local
morphological properties can be defined in terms of the wavelet
coe�cients (Wiaux et al. 2008), including the signed-intensity,

I (!0,R) ⌘ W (!0, �0,R) . (18)

This quantity represents the value of the wavelet coe�cient at
the local orientation �0 (!0,R) that maximizes the absolute value
of the wavelet coe�cient itself.

The presence of a cosmic string signal in the CMB is ex-
pected to leave a non-Gaussian signature that induces a modifi-
cation in the distribution of I(!0,R) with respect to the lensed
Gaussian case. We calibrated the dependence of these signatures
on the string tension using four simulations of the cosmic string
contribution (Ringeval & Bouchet 2012) combined with a large
set of lensed Gaussian CMB realizations, along with a realistic
description of the Planck instrumental properties (refer to Planck
Collaboration XII (2013)).

A wide range of string tension values were explored,
Gµ/c2 2 [2.0 ⇥ 10�7, 1.0 ⇥ 10�6], considering several wavelet
scales, R = [4.0, 4.5, 5.0, 6.0, 8.0, 10.0] arcmin. We choose the
wavelet scale range as a trade o↵ between the signal-to-noise
ratio of the string contribution and the small scale foreground
contamination. In fact, the wavelet for the smallest scale con-
sidered in this analysis peaks at ` = 1300, while extending at
higher multipoles with a broad distribution. We use maps at an
HEALPix resolution of Nside = 2048, including multipoles till
`max = 2500. We analyse the simulations with the same U73
mask on the Planck CMB map (refer to Planck Collaboration
XII 2013), which masks both di↵use and compact foregrounds,
leaving 73% of the sky remaining for further analysis (refer to
discussion in Sect. 4.2.3).

The string non-Gaussian signatures are characterized in
terms of the kurtosis of the signed-intensity I(!0,R) in Eq. (18)
at the di↵erent scales R and for both the 1GD and 2GD wavelets.
The averaged results from the non-Gaussian simulations were
used to model the distribution of the kurtosis as functions of
Gµ/c2, i.e., K(R,Gµ/c2). Other statistics, such as the skewness
and the Higher-Criticism, have also been explored. We found
that the kurtosis sensitivity to the string tension is higher than
the alternative measures. In Fig. 13, we show the di↵erence be-
tween the average kurtosis at several Gµ/c2 values and the av-
erage kurtosis for Gµ/c2 = 0, normalized to the standard devi-
ation of the simulations. On the given range of scales, the 2GD
wavelet appears to be more sensitive to the string signal. The
final sensitivity of the method in recovering the string tension
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COBE     few parts in 100
WMAP   2-3 parts in 10,000

Planck Collaboration: Cosmic strings and other topological defects

The covariance matrix C is computed from 104 Gaussian simu-
lations3 because, given the existing stringent constraints on cos-
mic strings, this should be accurate without biasing results. The
cosmic string MF curve ȳ(Gµ/c2) is calibrated on 103 realistic
lensed Planck simulations, to which we have added a string com-
ponent at a specified level. These simulations take into account
the asymmetry of beams and the component separation process
(FFP6 simulations, see Planck Collaboration ES (2013) for a
detailed description). For the string component, we had at our
disposal only two high resolution string simulations (Ringeval
& Bouchet 2012), so our model is the averaged curve obtained
from this combination of Planck and string simulations.

Due to the nonlinear dependence of MFs on Gµ/c2 and the
small number of string simulations, the posterior distribution is
quite complex and noisy. For this reason, we evaluated the pos-
terior at nNL = 51 values of Gµ/c2, between 0 and 10 ⇥ 10�7, to
obtain our Planck estimate for Gµ/c2. This estimate is stable and
has been validated in realistic conditions with the Planck String
Challenges described above, and for which we found consistent
results with the underlying (unknown) Gµ/c2.

4.4.2. Minkowski functionals results

For the constraint on Gµ/c2, we analysed the foregrounds sepa-
rated SMICA map at Nside = 2048 and `max = 2000, using the
U73 mask ( fsky = 73% of the sky is unmasked). The small-
est point sources holes were inpainted. We applied two specific
Wiener filters to the map, designed to enhance the information
from the map itself (WM) and from the gradients of the map
(WD1 =

p
`(` + 1)WM). The filters are shown in Fig. 14.

Additionally, we estimated the average impact of some resid-
ual foregrounds and secondaries (FG) on Gµ/c2, using the linear
properties of MFs and foregrounds models processed through
the Planck simulation pipeline (FFP6 simulations, see Planck
Collaboration ES (2013)). Uncorrelated (Poissonian) unresolved
point sources (PS), Cosmic Infrared Background (CIB) and
Sunyaev-Zeldovich cluster4 (SZ) signals can be introduced as
a simple additive bias �ȳPS,... on MF curves following:

ŷ = ŷFGsubtracted + �ȳPS + �ȳCIB + �ȳSZ. (21)

These biases are obtained as an average from 100 simulations,
however, these do not comprehensively cover all the di↵erent
component contributions in the actual Planck data.

We eventually obtain the posterior distribution of Gµ/c2, and
we integrate it to report confidence intervals. Results are summa-
rized in Table 5, for raw data (lensing subtracted) and foreground
subtracted data (PS, CIB and SZ subtracted). The discrepancy
between the two filters can be explained because the derivative
filter WD1 scans smaller scales than WM so it is more easily bi-
ased by foreground residuals. Given the remaining foreground
uncertainties, we take the most conservative MF constraint for
the cosmic string contribution to the Planck data to be

Gµ/c2 < 7.8 ⇥ 10�7 at 95% C.L.

The corresponding posterior is presented in Fig. 15.
Some caveats need to be mentioned that may influence these

results. First, for the MF method itself, an important limitation
is the small number of string simulations used to calibrate the

3 The Gaussian simulations endeavour to incorporate realistic noise
from the Planck data, but only the e↵ective isotropic beam of the com-
ponent separation method.

4 The SZ signal does not include the SZ-lensing NG contribution.
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Fig. 15. Posterior distribution of the parameter Gµ/c2 obtained with
Minkowski functionals. This estimate takes into account the lensing of
the data, but not the e↵ects of foreground residuals.

Table 5. MFs constraints obtained on Gµ/c2, at the 95% C.L. These
results are obtained on the SMICAmap with the U73 mask ( fsky = 0.73).
The “Raw map” result includes only the lensing contribution to the data,
while the “Foreground subtracted map” includes the lensing, Poissonian
point sources, CIB and SZ clusters contributions.

Gµ/c2 WM WM +WD1

Raw map < 6.8 ⇥10�7 < 7.8 ⇥10�7

FG subtracted map < 6.0 ⇥10�7 < 3.6 ⇥10�7

estimator. The estimator appears to be mostly sensitive to low-
redshift strings (infinite strings, with redshifts between 0 and
30), and this is a↵ected by cosmic variance. As low-redshift
string simulations are much faster to produce than complete
simulations back to recombination, it should be possible to im-
prove the robustness of the constraint using these relatively soon.
Secondly, the impacts of the di↵erent point-source foreground
components (here, PS, CIB and SZ) have been evaluated by av-
eraging over 100 Planck simulation maps for which the mod-
elling is only partial. The precise contributions of these di↵er-
ent components needs to be investigated in more detail for the
Planck data. Fortunately, using the linearity of MFs for these
contributions it will be possible to jointly estimate these as their
characterisation improves in future studies. Finally, the impact of
Galactic residuals should also be assessed in further detail, espe-
cially for the filter WD1 that we have observed to be less robust
against residuals than the WM filter.

With advances in studying these experimental e↵ects there
are good prospects for the full mission data, the sensitivity
of the MFs estimator should improve substantially, with sim-
ulations forecasting possible MF cosmic string constraints of
Gµ/c2 < 3 ⇥ 10�7 at the 95% C.L. We note that further real
space analysis of string map simulations has been undertaken
with scaling indices of the pixel temperature distribution (see,
e.g., Räth et al. 2011). Extensions calculating a set of anisotropic
scaling indices along predefined directions appear to o↵er good
prospects fro string detection.
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Table 4. Modal bispectrum analysis of foreground-separated SMICA,
NILC and SEVEM maps showing fNL from strings, ISW-lensing and dif-
fuse point sources. Three values for fNL are given from independent
analysis, joint point source/string analysis after ISW-lensing subtrac-
tion, and joint analysis after both ISW-lensing and foreground residual
subtraction. Resulting 95% confidence limits for Gµ/c2 are also given.

Bispectrum Independent ISW subtract ISW/FG res.
Method signal type analysis fNL Joint fNL Joint fNL

SMICA Lensing ISW 0.75 ± 0.37 – –
Di↵. PS⇥1028 1.05 ± 0.32 1.35 ± 0.34 1.40 ± 0.34
Cosmic strings 0.19 ± 0.20 0.50 ± 0.21 0.37 ± 0.21
Gµ/c2 (95%) 8.4 ⇥ 10�7 9.7 ⇥ 10�7 9.3 ⇥ 10�7

NILC Lensing ISW 0.91 ± 0.36 – –
Di↵. PS⇥1028 1.16 ± 0.32 1.44 ± 0.34 1.44 ± 0.34
Cosmic strings 0.13 ± 0.20 0.46 ± 0.21 0.23 ± 0.21
Gµ/c2 (95%) 8.1 ⇥ 10�7 9.6 ⇥ 10�7 8.7 ⇥ 10�7

SEVEM Lensing ISW 0.6 ± 0.36 – –
Di↵. PS⇥1028 1.07 ± 0.35 1.33 ± 0.38 –
Cosmic strings 0.10 ± 0.20 0.38 ± 0.21 –
Gµ/c2 (95%) 7.9 ⇥ 10�7 9.3 ⇥ 10�7 –

ter ISW subtraction), meaning a joint analysis obtained fNL =
0.23 ± 0.21 (see Table 4).

We conclude, given our present understanding of point
sources and foregrounds, that there does not appear to be signif-
icant evidence for a string bispectrum signal in the Planck nom-
inal mission maps, so we infer the following post-recombination
bispectrum constraint on strings (from fNL = 0.30 ± 0.21):

Gµ/c2 < 8.8 ⇥ 10�7 (95% confidence) . (17)

The susceptibility of the string bispectrum to point source and
other foreground contamination deserves further investigation
and will require improved characterisation of the di↵use point
source bispectrum (beyond the simple Poisson model), as well
as identification of other foreground residuals generating a small
string bias.

The string bispectrum constraint Eq. (17) is a conservative
upper limit on the string tension Gµ/c2 because we have not in-
cluded recombination contributions. Although this constraint is
weaker than that from the power spectrum, it is an independent
test for strings and the first quantitative string bispectrum limit
to date. This should be considerably improved in future by in-
clusion of recombination physics and more precise foreground
analysis. A comparison with the power spectrum amplitude indi-
cates the string bispectrum should rise by (2)3/2, which, together
with the full mission data, would see the sensitivity improve by
a factor of two (allowing constraints around Gµ/c2 < 4 ⇥ 10�7).
We note that the bispectrum is not the optimal non-Gaussian test
for strings, because the string signal is somewhat suppressed by
symmetry (the bispectrum cancels for straight strings). This fact
motivates further study of the trispectrum, for which the Planck
sensitivity is forecast to be �Gµ/c2 ⇡ 1 ⇥ 10�7 (Fergusson et al.
2010b), as well as joint analysis of polyspectra.

4.3. Steerable wavelet searches for cosmic strings

Wavelets o↵er a powerful signal analysis tool due to their abil-
ity to localise signal content in scale (cf. frequency) and posi-
tion simultaneously. Consequently, wavelets are well-suited for
detecting potential CMB temperature contributions due to cos-

mic strings, which exhibit spatially localised signatures with dis-
tinct frequency content. Wavelets defined on the sphere are re-
quired to analyse full-sky Planck observations (see, for exam-
ple, Freeden & Windheuser 1997; Wiaux et al. 2005; Sanz et al.
2006; McEwen et al. 2006; Starck et al. 2006; Marinucci et al.
2008; Wiaux et al. 2008).

We perform an analysis using the steerable wavelets on the
sphere constructed by Wiaux et al. (2005). Here we exploit steer-
ability to dynamically adapt the orientations analysed to the un-
derlying data, performing frequentist hypothesis testing. We ap-
ply the first (1GD) and second (2GD) Gaussian derivative steer-
able wavelets, defined on the sphere through a stereographic
projection, in order to search for cosmic strings in the Planck
data. A steerable wavelet is a directional filter whose rotation by
� 2 [0, 2⇡) about itself can be expressed in terms of a finite lin-
ear combination of non-rotated basis filters. Thus, the analysis
of a signal with a given steerable wavelet  naturally identifies a
set of wavelet coe�cients, W (!0, �,R), which describe the lo-
cal features of the signal at each position !0 on the sphere, for
each orientation � and for each physical scale R. Several local
morphological properties can be defined in terms of the wavelet
coe�cients (Wiaux et al. 2008), including the signed-intensity,

I (!0,R) ⌘ W (!0, �0,R) . (18)

This quantity represents the value of the wavelet coe�cient at
the local orientation �0 (!0,R) that maximizes the absolute value
of the wavelet coe�cient itself.

The presence of a cosmic string signal in the CMB is ex-
pected to leave a non-Gaussian signature that induces a modifi-
cation in the distribution of I(!0,R) with respect to the lensed
Gaussian case. We calibrated the dependence of these signatures
on the string tension using four simulations of the cosmic string
contribution (Ringeval & Bouchet 2012) combined with a large
set of lensed Gaussian CMB realizations, along with a realistic
description of the Planck instrumental properties (refer to Planck
Collaboration XII (2013)).

A wide range of string tension values were explored,
Gµ/c2 2 [2.0 ⇥ 10�7, 1.0 ⇥ 10�6], considering several wavelet
scales, R = [4.0, 4.5, 5.0, 6.0, 8.0, 10.0] arcmin. We choose the
wavelet scale range as a trade o↵ between the signal-to-noise
ratio of the string contribution and the small scale foreground
contamination. In fact, the wavelet for the smallest scale con-
sidered in this analysis peaks at ` = 1300, while extending at
higher multipoles with a broad distribution. We use maps at an
HEALPix resolution of Nside = 2048, including multipoles till
`max = 2500. We analyse the simulations with the same U73
mask on the Planck CMB map (refer to Planck Collaboration
XII 2013), which masks both di↵use and compact foregrounds,
leaving 73% of the sky remaining for further analysis (refer to
discussion in Sect. 4.2.3).

The string non-Gaussian signatures are characterized in
terms of the kurtosis of the signed-intensity I(!0,R) in Eq. (18)
at the di↵erent scales R and for both the 1GD and 2GD wavelets.
The averaged results from the non-Gaussian simulations were
used to model the distribution of the kurtosis as functions of
Gµ/c2, i.e., K(R,Gµ/c2). Other statistics, such as the skewness
and the Higher-Criticism, have also been explored. We found
that the kurtosis sensitivity to the string tension is higher than
the alternative measures. In Fig. 13, we show the di↵erence be-
tween the average kurtosis at several Gµ/c2 values and the av-
erage kurtosis for Gµ/c2 = 0, normalized to the standard devi-
ation of the simulations. On the given range of scales, the 2GD
wavelet appears to be more sensitive to the string signal. The
final sensitivity of the method in recovering the string tension
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Planck Collaboration: Cosmic strings and other topological defects

The covariance matrix C is computed from 104 Gaussian simu-
lations3 because, given the existing stringent constraints on cos-
mic strings, this should be accurate without biasing results. The
cosmic string MF curve ȳ(Gµ/c2) is calibrated on 103 realistic
lensed Planck simulations, to which we have added a string com-
ponent at a specified level. These simulations take into account
the asymmetry of beams and the component separation process
(FFP6 simulations, see Planck Collaboration ES (2013) for a
detailed description). For the string component, we had at our
disposal only two high resolution string simulations (Ringeval
& Bouchet 2012), so our model is the averaged curve obtained
from this combination of Planck and string simulations.

Due to the nonlinear dependence of MFs on Gµ/c2 and the
small number of string simulations, the posterior distribution is
quite complex and noisy. For this reason, we evaluated the pos-
terior at nNL = 51 values of Gµ/c2, between 0 and 10 ⇥ 10�7, to
obtain our Planck estimate for Gµ/c2. This estimate is stable and
has been validated in realistic conditions with the Planck String
Challenges described above, and for which we found consistent
results with the underlying (unknown) Gµ/c2.

4.4.2. Minkowski functionals results

For the constraint on Gµ/c2, we analysed the foregrounds sepa-
rated SMICA map at Nside = 2048 and `max = 2000, using the
U73 mask ( fsky = 73% of the sky is unmasked). The small-
est point sources holes were inpainted. We applied two specific
Wiener filters to the map, designed to enhance the information
from the map itself (WM) and from the gradients of the map
(WD1 =

p
`(` + 1)WM). The filters are shown in Fig. 14.

Additionally, we estimated the average impact of some resid-
ual foregrounds and secondaries (FG) on Gµ/c2, using the linear
properties of MFs and foregrounds models processed through
the Planck simulation pipeline (FFP6 simulations, see Planck
Collaboration ES (2013)). Uncorrelated (Poissonian) unresolved
point sources (PS), Cosmic Infrared Background (CIB) and
Sunyaev-Zeldovich cluster4 (SZ) signals can be introduced as
a simple additive bias �ȳPS,... on MF curves following:

ŷ = ŷFGsubtracted + �ȳPS + �ȳCIB + �ȳSZ. (21)

These biases are obtained as an average from 100 simulations,
however, these do not comprehensively cover all the di↵erent
component contributions in the actual Planck data.

We eventually obtain the posterior distribution of Gµ/c2, and
we integrate it to report confidence intervals. Results are summa-
rized in Table 5, for raw data (lensing subtracted) and foreground
subtracted data (PS, CIB and SZ subtracted). The discrepancy
between the two filters can be explained because the derivative
filter WD1 scans smaller scales than WM so it is more easily bi-
ased by foreground residuals. Given the remaining foreground
uncertainties, we take the most conservative MF constraint for
the cosmic string contribution to the Planck data to be

Gµ/c2 < 7.8 ⇥ 10�7 at 95% C.L.

The corresponding posterior is presented in Fig. 15.
Some caveats need to be mentioned that may influence these

results. First, for the MF method itself, an important limitation
is the small number of string simulations used to calibrate the

3 The Gaussian simulations endeavour to incorporate realistic noise
from the Planck data, but only the e↵ective isotropic beam of the com-
ponent separation method.

4 The SZ signal does not include the SZ-lensing NG contribution.
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Fig. 15. Posterior distribution of the parameter Gµ/c2 obtained with
Minkowski functionals. This estimate takes into account the lensing of
the data, but not the e↵ects of foreground residuals.

Table 5. MFs constraints obtained on Gµ/c2, at the 95% C.L. These
results are obtained on the SMICAmap with the U73 mask ( fsky = 0.73).
The “Raw map” result includes only the lensing contribution to the data,
while the “Foreground subtracted map” includes the lensing, Poissonian
point sources, CIB and SZ clusters contributions.

Gµ/c2 WM WM +WD1

Raw map < 6.8 ⇥10�7 < 7.8 ⇥10�7

FG subtracted map < 6.0 ⇥10�7 < 3.6 ⇥10�7

estimator. The estimator appears to be mostly sensitive to low-
redshift strings (infinite strings, with redshifts between 0 and
30), and this is a↵ected by cosmic variance. As low-redshift
string simulations are much faster to produce than complete
simulations back to recombination, it should be possible to im-
prove the robustness of the constraint using these relatively soon.
Secondly, the impacts of the di↵erent point-source foreground
components (here, PS, CIB and SZ) have been evaluated by av-
eraging over 100 Planck simulation maps for which the mod-
elling is only partial. The precise contributions of these di↵er-
ent components needs to be investigated in more detail for the
Planck data. Fortunately, using the linearity of MFs for these
contributions it will be possible to jointly estimate these as their
characterisation improves in future studies. Finally, the impact of
Galactic residuals should also be assessed in further detail, espe-
cially for the filter WD1 that we have observed to be less robust
against residuals than the WM filter.

With advances in studying these experimental e↵ects there
are good prospects for the full mission data, the sensitivity
of the MFs estimator should improve substantially, with sim-
ulations forecasting possible MF cosmic string constraints of
Gµ/c2 < 3 ⇥ 10�7 at the 95% C.L. We note that further real
space analysis of string map simulations has been undertaken
with scaling indices of the pixel temperature distribution (see,
e.g., Räth et al. 2011). Extensions calculating a set of anisotropic
scaling indices along predefined directions appear to o↵er good
prospects fro string detection.
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Table 4. Modal bispectrum analysis of foreground-separated SMICA,
NILC and SEVEM maps showing fNL from strings, ISW-lensing and dif-
fuse point sources. Three values for fNL are given from independent
analysis, joint point source/string analysis after ISW-lensing subtrac-
tion, and joint analysis after both ISW-lensing and foreground residual
subtraction. Resulting 95% confidence limits for Gµ/c2 are also given.

Bispectrum Independent ISW subtract ISW/FG res.
Method signal type analysis fNL Joint fNL Joint fNL

SMICA Lensing ISW 0.75 ± 0.37 – –
Di↵. PS⇥1028 1.05 ± 0.32 1.35 ± 0.34 1.40 ± 0.34
Cosmic strings 0.19 ± 0.20 0.50 ± 0.21 0.37 ± 0.21
Gµ/c2 (95%) 8.4 ⇥ 10�7 9.7 ⇥ 10�7 9.3 ⇥ 10�7

NILC Lensing ISW 0.91 ± 0.36 – –
Di↵. PS⇥1028 1.16 ± 0.32 1.44 ± 0.34 1.44 ± 0.34
Cosmic strings 0.13 ± 0.20 0.46 ± 0.21 0.23 ± 0.21
Gµ/c2 (95%) 8.1 ⇥ 10�7 9.6 ⇥ 10�7 8.7 ⇥ 10�7

SEVEM Lensing ISW 0.6 ± 0.36 – –
Di↵. PS⇥1028 1.07 ± 0.35 1.33 ± 0.38 –
Cosmic strings 0.10 ± 0.20 0.38 ± 0.21 –
Gµ/c2 (95%) 7.9 ⇥ 10�7 9.3 ⇥ 10�7 –

ter ISW subtraction), meaning a joint analysis obtained fNL =
0.23 ± 0.21 (see Table 4).

We conclude, given our present understanding of point
sources and foregrounds, that there does not appear to be signif-
icant evidence for a string bispectrum signal in the Planck nom-
inal mission maps, so we infer the following post-recombination
bispectrum constraint on strings (from fNL = 0.30 ± 0.21):

Gµ/c2 < 8.8 ⇥ 10�7 (95% confidence) . (17)

The susceptibility of the string bispectrum to point source and
other foreground contamination deserves further investigation
and will require improved characterisation of the di↵use point
source bispectrum (beyond the simple Poisson model), as well
as identification of other foreground residuals generating a small
string bias.

The string bispectrum constraint Eq. (17) is a conservative
upper limit on the string tension Gµ/c2 because we have not in-
cluded recombination contributions. Although this constraint is
weaker than that from the power spectrum, it is an independent
test for strings and the first quantitative string bispectrum limit
to date. This should be considerably improved in future by in-
clusion of recombination physics and more precise foreground
analysis. A comparison with the power spectrum amplitude indi-
cates the string bispectrum should rise by (2)3/2, which, together
with the full mission data, would see the sensitivity improve by
a factor of two (allowing constraints around Gµ/c2 < 4 ⇥ 10�7).
We note that the bispectrum is not the optimal non-Gaussian test
for strings, because the string signal is somewhat suppressed by
symmetry (the bispectrum cancels for straight strings). This fact
motivates further study of the trispectrum, for which the Planck
sensitivity is forecast to be �Gµ/c2 ⇡ 1 ⇥ 10�7 (Fergusson et al.
2010b), as well as joint analysis of polyspectra.

4.3. Steerable wavelet searches for cosmic strings

Wavelets o↵er a powerful signal analysis tool due to their abil-
ity to localise signal content in scale (cf. frequency) and posi-
tion simultaneously. Consequently, wavelets are well-suited for
detecting potential CMB temperature contributions due to cos-

mic strings, which exhibit spatially localised signatures with dis-
tinct frequency content. Wavelets defined on the sphere are re-
quired to analyse full-sky Planck observations (see, for exam-
ple, Freeden & Windheuser 1997; Wiaux et al. 2005; Sanz et al.
2006; McEwen et al. 2006; Starck et al. 2006; Marinucci et al.
2008; Wiaux et al. 2008).

We perform an analysis using the steerable wavelets on the
sphere constructed by Wiaux et al. (2005). Here we exploit steer-
ability to dynamically adapt the orientations analysed to the un-
derlying data, performing frequentist hypothesis testing. We ap-
ply the first (1GD) and second (2GD) Gaussian derivative steer-
able wavelets, defined on the sphere through a stereographic
projection, in order to search for cosmic strings in the Planck
data. A steerable wavelet is a directional filter whose rotation by
� 2 [0, 2⇡) about itself can be expressed in terms of a finite lin-
ear combination of non-rotated basis filters. Thus, the analysis
of a signal with a given steerable wavelet  naturally identifies a
set of wavelet coe�cients, W (!0, �,R), which describe the lo-
cal features of the signal at each position !0 on the sphere, for
each orientation � and for each physical scale R. Several local
morphological properties can be defined in terms of the wavelet
coe�cients (Wiaux et al. 2008), including the signed-intensity,

I (!0,R) ⌘ W (!0, �0,R) . (18)

This quantity represents the value of the wavelet coe�cient at
the local orientation �0 (!0,R) that maximizes the absolute value
of the wavelet coe�cient itself.

The presence of a cosmic string signal in the CMB is ex-
pected to leave a non-Gaussian signature that induces a modifi-
cation in the distribution of I(!0,R) with respect to the lensed
Gaussian case. We calibrated the dependence of these signatures
on the string tension using four simulations of the cosmic string
contribution (Ringeval & Bouchet 2012) combined with a large
set of lensed Gaussian CMB realizations, along with a realistic
description of the Planck instrumental properties (refer to Planck
Collaboration XII (2013)).

A wide range of string tension values were explored,
Gµ/c2 2 [2.0 ⇥ 10�7, 1.0 ⇥ 10�6], considering several wavelet
scales, R = [4.0, 4.5, 5.0, 6.0, 8.0, 10.0] arcmin. We choose the
wavelet scale range as a trade o↵ between the signal-to-noise
ratio of the string contribution and the small scale foreground
contamination. In fact, the wavelet for the smallest scale con-
sidered in this analysis peaks at ` = 1300, while extending at
higher multipoles with a broad distribution. We use maps at an
HEALPix resolution of Nside = 2048, including multipoles till
`max = 2500. We analyse the simulations with the same U73
mask on the Planck CMB map (refer to Planck Collaboration
XII 2013), which masks both di↵use and compact foregrounds,
leaving 73% of the sky remaining for further analysis (refer to
discussion in Sect. 4.2.3).

The string non-Gaussian signatures are characterized in
terms of the kurtosis of the signed-intensity I(!0,R) in Eq. (18)
at the di↵erent scales R and for both the 1GD and 2GD wavelets.
The averaged results from the non-Gaussian simulations were
used to model the distribution of the kurtosis as functions of
Gµ/c2, i.e., K(R,Gµ/c2). Other statistics, such as the skewness
and the Higher-Criticism, have also been explored. We found
that the kurtosis sensitivity to the string tension is higher than
the alternative measures. In Fig. 13, we show the di↵erence be-
tween the average kurtosis at several Gµ/c2 values and the av-
erage kurtosis for Gµ/c2 = 0, normalized to the standard devi-
ation of the simulations. On the given range of scales, the 2GD
wavelet appears to be more sensitive to the string signal. The
final sensitivity of the method in recovering the string tension
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Planck E-mode polarisation
The CMB is polarised at about the 10% level (~0.1μΚ)	

Series of acoustic peaks from plasma motions (out-of-phase with T)	

Additional reionisation ‘bump’ at small l  (associated with first stars)	
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 high precision in 2014	
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 Extra information about cosmological parameters (H0 etc to move)	

	
 Insight into the ionisation history of the Universe. 



Planck B-mode polarisation
Primordial gravitational waves will induce a B-mode signal	

!
!
!
!
!
!
!
!
!
!

!
Planck alone:  original BlueBook forecast r ~ 0.1 from reionization signal	

	
 	
 - but τ2 detection dependence drops to 2σ (because of fall in τ)	

	
 	
 - full-sky recombination bump 2.5σ possible,, but many systematics

Primordial gravitational waves in the CMB

Thanks: Anthony Challinor

TT

BB

Lensing
reionization

Horizon size at recombination

Line-of-sight redshifting

Decay to zero
sub-horizon

A. Lewis, 2014



Planck polarised foregrounds

143GHz 217GHz

353GHz

Primordial GWs should have a blackbody spectrum	

Distinguish from foreground contributions using frequency dependence:	
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!
Planck can extrapolate B-mode dust contamination in the BICEP2 field 
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Planck polarised foregrounds

• The map shown at the meeting seems to have had a CIB 
monopole contribution in it.

• This seems to be supported by the map in 1405.0871, which 
generally has higher polarization fractions.

Bernard’s polarization fraction

353GHz Polarisation fraction (arXiv:1405.0871)
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BICEP2 Revisited
First map of B-modes at 150GHz (previously upper limits) 	

with remarkable sensitivity of 87nK (Planck only at μΚ)	

!
!
!
!
!
!
!
!
!
!
!

B-modes at levels well above noise simulations for Λ-CDM (right)	


A map of B-modes
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BICEP2 B-mode power spectrum
If primordial, then inflationary GWs provide a good explanation	

!
!
!
!
!
!
!
!
!
!
But unexpectedly high at r = 0.2 (accentuating QG problems)	

Makes Planck large-scale power deficit worse (need running etc)	
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BICEP2 Foregrounds
How did BICEP2 eliminate foregrounds?	


• Put simply, they (mainly) used Planck data … 	

• ESLAB 2013 talk by Bernard released polarisation  

   fraction and angle maps (pre-publication)	

• Talk maps digitised for key DDM1/2 models

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

Effect of foregrounds

DETECTION OF B-MODES BY BICEP2 13
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FIG. 6.— Polarized dust foreground projections for our field using vari-
ous models available in the literature, and two new ones formulated using
publically available information from Planck. Dashed lines show autospec-
tra of the models, while solid lines show cross spectra between the models
and the BICEP2 maps. The cross spectra are consistent with zero, and the
DDM2 auto spectrum (at least) is noise biased high (and is hence truncated
to �< 200). The BICEP2 auto spectrum from Figure 2 is also shown with the
lensed-⇤CDM+r = 0.2 spectrum.
stant emissivity value of 1.6 and a constant temperature of
19.6 K. In our field these values agree both with the mean val-
ues shown by the Planck Collaboration in dust polarization31,
and with the median values of the recently delivered Planck
dust model (Planck Collaboration et al. 2013a). A uniform
5% sky polarization fraction is assumed in agreement with the
first all-sky images of dust polarization shown by the Planck
Collaboration32. The polarization angles are taken from the
PSM.
DDM2: “Data Driven Model 2” (DDM2) constructed us-
ing all publicly available information from Planck. Uses the
same dust model temperature map as DDM1, with polariza-
tion fractions and angles matching those shown by the Planck
Collaboration32.

All of the the models except FDS make explicit predictions
of the actual polarized dust pattern in our field — presumably
with varying probabilities of success. We can therefore search
for a correlation between the models and our signal by taking
cross spectra against the BICEP2 maps. Figure 6 shows the
resulting BB auto and cross spectra — note that the autospec-
tra are all well below the level of our observed signal and that
the cross spectra are consistent with zero33. We also note that
the DDM2 model auto spectrum (which is the highest) con-
tains uncorrected noise bias from the polarization fraction and
angle maps (which is why this curve in Figure 6 is truncated
to ⌅< 200).

9.2. Synchrotron
In our field and at angular scales of ⌅ > 30 the WMAP K-

band (23 GHz) maps are noise dominated. Extrapolating them

31http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session09_Data_Processing/47ESLAB_April_04_10_30_
Aumont.pdf

32http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session07_Galactic_Science/47ESLAB_April_04_11_25_
Bernard.pdf

33 The cross spectra between each model and real data are consistent with
the cross spectra between that model and (uncorrelated) lensed-LCDM+noise
simulations.

to our observing frequency using a spectral index of � = �3.3
derived from WMAP foreground products results in an upper
limit to synchrotron contamination equivalent to r = 0.003.
Taking the cross spectrum against our observed map indicates
that the true value is lower.

9.3. Point Sources
Extragalactic point sources might also potentially be a con-

cern. Using the 143 GHz fluxes for the sources in our field
from the Planck catalog (Planck Collaboration et al. 2013b),
together with polarization information from ATCA (Massardi
et al. 2011) we find that the contribution to the BB spectrum is
equivalent to r ⇥ 0.001. This is consistent with the projections
of Battye et al. (2011).

10. CROSS SPECTRA

10.1. Cross Spectra with BICEP1
BICEP1 observed essentially the same field as BICEP2 from

2006 to 2008. While a very similar instrument in many ways
the focal plane technology of BICEP1 was entirely different,
employing horn fed PSBs read out via neutron transmutation-
doped (NTD) germanium thermistors (see T10 for details).
The high-impedance NTD devices and readouts have differ-
ent susceptibility to microphonic pickup and magnetic fields,
and the shielding of unwanted RFI/EMI was significantly dif-
ferent from that of BICEP2. The beam systematics were also
quite different with a more conservative edge taper and a more
complex pattern of observed pair centroid offsets. BICEP1
had detectors at both 100 and 150 GHz.

Figure 7 compares the BICEP2 EE and BB auto spectra
with cross spectra taken against the 100 and 150 GHz maps
from BICEP1. For EE the correlation is extremely strong,
which simply confirms that the mechanics of the process are
working as expected. For BB the signal-to-noise is of course
much lower, but there appear to be positive correlations. To
test the compatibility of the BB auto and cross spectra we
take the differences and compare to the differences of lensed-
�CDM+noise+r = 0.2 simulations (which share common in-
put skies)34. Using bandpowers 1–5 the ⇤2 and ⇤ PTEs are
mid-range indicating that the spectra are compatible to within
the noise. (This is also true for EE.)

Calculating the BB ⇤2 and ⇤ statistics against the lensed-
�CDM model the BICEP2�BICEP1150 spectrum has PTEs
of 0.37 and 0.05 respectively. However, BICEP2�BICEP1100
has PTEs of 0.005 and 0.001 corresponding to ⇥ 3⇥ detec-
tion of power in the cross spectrum. While it may seem
surprising that one cross spectrum shows a stronger detec-
tion than the other, it turns out not to be unusual in lensed-
�CDM+noise+r = 0.2 simulations.

10.2. Spectral Index Constraint
We can use the BICEP2 auto and BICEP2�BICEP1100 spec-

tra shown in Figure 7 to constrain the frequency dependence
of the nominal signal. If the signal at 150 GHz were due to
synchrotron we would expect the frequency cross spectrum to
be much larger in amplitude than the BICEP2 auto spectrum.
Conversely if the 150 GHz power were due to polarized dust
emission we would not expect to see a significant correlation
with the 100 GHz sky pattern.

34For all spectral difference tests we compare against lensed-
⇤CDM+noise+r = 0.2 simulations as the cross terms between signal and
noise increase the variance even for perfectly common sky coverage.

Foreground models presented by BICEP

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

Effect of foregrounds
9

10. LCDM+ALENS

TABLE 9

r unsubtracted DDM2 cross DDM2 auto

BICEP2 0.2+0.07
�0.05 0.16+0.06

�0.05 0.12+0.05
�0.04

BICEP2�Keck 0.13+0.04
�0.03 0.10+0.04

�0.03 0.06+0.04
�0.03

Effect of foregrounds on tensor-to-scalar ratio

Not negligible, especially if one wants do discuss 
potential tensions with Planck.
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BICEP2 results exhibited non-negligible foreground  
dependence for tensor-to-scalar ratio r !
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stant emissivity value of 1.6 and a constant temperature of
19.6 K. In our field these values agree both with the mean val-
ues shown by the Planck Collaboration in dust polarization31,
and with the median values of the recently delivered Planck
dust model (Planck Collaboration et al. 2013a). A uniform
5% sky polarization fraction is assumed in agreement with the
first all-sky images of dust polarization shown by the Planck
Collaboration32. The polarization angles are taken from the
PSM.
DDM2: “Data Driven Model 2” (DDM2) constructed us-
ing all publicly available information from Planck. Uses the
same dust model temperature map as DDM1, with polariza-
tion fractions and angles matching those shown by the Planck
Collaboration32.

All of the the models except FDS make explicit predictions
of the actual polarized dust pattern in our field — presumably
with varying probabilities of success. We can therefore search
for a correlation between the models and our signal by taking
cross spectra against the BICEP2 maps. Figure 6 shows the
resulting BB auto and cross spectra — note that the autospec-
tra are all well below the level of our observed signal and that
the cross spectra are consistent with zero33. We also note that
the DDM2 model auto spectrum (which is the highest) con-
tains uncorrected noise bias from the polarization fraction and
angle maps (which is why this curve in Figure 6 is truncated
to ⌅< 200).

9.2. Synchrotron
In our field and at angular scales of ⌅ > 30 the WMAP K-

band (23 GHz) maps are noise dominated. Extrapolating them

31http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session09_Data_Processing/47ESLAB_April_04_10_30_
Aumont.pdf

32http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session07_Galactic_Science/47ESLAB_April_04_11_25_
Bernard.pdf

33 The cross spectra between each model and real data are consistent with
the cross spectra between that model and (uncorrelated) lensed-LCDM+noise
simulations.

to our observing frequency using a spectral index of � = �3.3
derived from WMAP foreground products results in an upper
limit to synchrotron contamination equivalent to r = 0.003.
Taking the cross spectrum against our observed map indicates
that the true value is lower.

9.3. Point Sources
Extragalactic point sources might also potentially be a con-

cern. Using the 143 GHz fluxes for the sources in our field
from the Planck catalog (Planck Collaboration et al. 2013b),
together with polarization information from ATCA (Massardi
et al. 2011) we find that the contribution to the BB spectrum is
equivalent to r ⇥ 0.001. This is consistent with the projections
of Battye et al. (2011).

10. CROSS SPECTRA

10.1. Cross Spectra with BICEP1
BICEP1 observed essentially the same field as BICEP2 from

2006 to 2008. While a very similar instrument in many ways
the focal plane technology of BICEP1 was entirely different,
employing horn fed PSBs read out via neutron transmutation-
doped (NTD) germanium thermistors (see T10 for details).
The high-impedance NTD devices and readouts have differ-
ent susceptibility to microphonic pickup and magnetic fields,
and the shielding of unwanted RFI/EMI was significantly dif-
ferent from that of BICEP2. The beam systematics were also
quite different with a more conservative edge taper and a more
complex pattern of observed pair centroid offsets. BICEP1
had detectors at both 100 and 150 GHz.

Figure 7 compares the BICEP2 EE and BB auto spectra
with cross spectra taken against the 100 and 150 GHz maps
from BICEP1. For EE the correlation is extremely strong,
which simply confirms that the mechanics of the process are
working as expected. For BB the signal-to-noise is of course
much lower, but there appear to be positive correlations. To
test the compatibility of the BB auto and cross spectra we
take the differences and compare to the differences of lensed-
�CDM+noise+r = 0.2 simulations (which share common in-
put skies)34. Using bandpowers 1–5 the ⇤2 and ⇤ PTEs are
mid-range indicating that the spectra are compatible to within
the noise. (This is also true for EE.)

Calculating the BB ⇤2 and ⇤ statistics against the lensed-
�CDM model the BICEP2�BICEP1150 spectrum has PTEs
of 0.37 and 0.05 respectively. However, BICEP2�BICEP1100
has PTEs of 0.005 and 0.001 corresponding to ⇥ 3⇥ detec-
tion of power in the cross spectrum. While it may seem
surprising that one cross spectrum shows a stronger detec-
tion than the other, it turns out not to be unusual in lensed-
�CDM+noise+r = 0.2 simulations.

10.2. Spectral Index Constraint
We can use the BICEP2 auto and BICEP2�BICEP1100 spec-

tra shown in Figure 7 to constrain the frequency dependence
of the nominal signal. If the signal at 150 GHz were due to
synchrotron we would expect the frequency cross spectrum to
be much larger in amplitude than the BICEP2 auto spectrum.
Conversely if the 150 GHz power were due to polarized dust
emission we would not expect to see a significant correlation
with the 100 GHz sky pattern.

34For all spectral difference tests we compare against lensed-
⇤CDM+noise+r = 0.2 simulations as the cross terms between signal and
noise increase the variance even for perfectly common sky coverage.

Foreground models presented by BICEP

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

Effect of foregrounds
9

10. LCDM+ALENS

TABLE 9

r unsubtracted DDM2 cross DDM2 auto

BICEP2 0.2+0.07
�0.05 0.16+0.06

�0.05 0.12+0.05
�0.04

BICEP2�Keck 0.13+0.04
�0.03 0.10+0.04

�0.03 0.06+0.04
�0.03

Effect of foregrounds on tensor-to-scalar ratio

Not negligible, especially if one wants do discuss 
potential tensions with Planck.
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BICEP2 results exhibited non-negligible foreground  
dependence for tensor-to-scalar ratio r !



BICEP2 Foregrounds
How did BICEP2 eliminate foregrounds?	


• Put simply, they (mainly) used Planck data … 	

• ESLAB 2013 talk by Bernard released polarisation  

   fraction and angle maps (pre-publication)	

• Talk maps digitised for key DDM1/2 models

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

Effect of foregrounds
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FIG. 6.— Polarized dust foreground projections for our field using vari-
ous models available in the literature, and two new ones formulated using
publically available information from Planck. Dashed lines show autospec-
tra of the models, while solid lines show cross spectra between the models
and the BICEP2 maps. The cross spectra are consistent with zero, and the
DDM2 auto spectrum (at least) is noise biased high (and is hence truncated
to �< 200). The BICEP2 auto spectrum from Figure 2 is also shown with the
lensed-⇤CDM+r = 0.2 spectrum.
stant emissivity value of 1.6 and a constant temperature of
19.6 K. In our field these values agree both with the mean val-
ues shown by the Planck Collaboration in dust polarization31,
and with the median values of the recently delivered Planck
dust model (Planck Collaboration et al. 2013a). A uniform
5% sky polarization fraction is assumed in agreement with the
first all-sky images of dust polarization shown by the Planck
Collaboration32. The polarization angles are taken from the
PSM.
DDM2: “Data Driven Model 2” (DDM2) constructed us-
ing all publicly available information from Planck. Uses the
same dust model temperature map as DDM1, with polariza-
tion fractions and angles matching those shown by the Planck
Collaboration32.

All of the the models except FDS make explicit predictions
of the actual polarized dust pattern in our field — presumably
with varying probabilities of success. We can therefore search
for a correlation between the models and our signal by taking
cross spectra against the BICEP2 maps. Figure 6 shows the
resulting BB auto and cross spectra — note that the autospec-
tra are all well below the level of our observed signal and that
the cross spectra are consistent with zero33. We also note that
the DDM2 model auto spectrum (which is the highest) con-
tains uncorrected noise bias from the polarization fraction and
angle maps (which is why this curve in Figure 6 is truncated
to ⌅< 200).

9.2. Synchrotron
In our field and at angular scales of ⌅ > 30 the WMAP K-

band (23 GHz) maps are noise dominated. Extrapolating them

31http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session09_Data_Processing/47ESLAB_April_04_10_30_
Aumont.pdf

32http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session07_Galactic_Science/47ESLAB_April_04_11_25_
Bernard.pdf

33 The cross spectra between each model and real data are consistent with
the cross spectra between that model and (uncorrelated) lensed-LCDM+noise
simulations.

to our observing frequency using a spectral index of � = �3.3
derived from WMAP foreground products results in an upper
limit to synchrotron contamination equivalent to r = 0.003.
Taking the cross spectrum against our observed map indicates
that the true value is lower.

9.3. Point Sources
Extragalactic point sources might also potentially be a con-

cern. Using the 143 GHz fluxes for the sources in our field
from the Planck catalog (Planck Collaboration et al. 2013b),
together with polarization information from ATCA (Massardi
et al. 2011) we find that the contribution to the BB spectrum is
equivalent to r ⇥ 0.001. This is consistent with the projections
of Battye et al. (2011).

10. CROSS SPECTRA

10.1. Cross Spectra with BICEP1
BICEP1 observed essentially the same field as BICEP2 from

2006 to 2008. While a very similar instrument in many ways
the focal plane technology of BICEP1 was entirely different,
employing horn fed PSBs read out via neutron transmutation-
doped (NTD) germanium thermistors (see T10 for details).
The high-impedance NTD devices and readouts have differ-
ent susceptibility to microphonic pickup and magnetic fields,
and the shielding of unwanted RFI/EMI was significantly dif-
ferent from that of BICEP2. The beam systematics were also
quite different with a more conservative edge taper and a more
complex pattern of observed pair centroid offsets. BICEP1
had detectors at both 100 and 150 GHz.

Figure 7 compares the BICEP2 EE and BB auto spectra
with cross spectra taken against the 100 and 150 GHz maps
from BICEP1. For EE the correlation is extremely strong,
which simply confirms that the mechanics of the process are
working as expected. For BB the signal-to-noise is of course
much lower, but there appear to be positive correlations. To
test the compatibility of the BB auto and cross spectra we
take the differences and compare to the differences of lensed-
�CDM+noise+r = 0.2 simulations (which share common in-
put skies)34. Using bandpowers 1–5 the ⇤2 and ⇤ PTEs are
mid-range indicating that the spectra are compatible to within
the noise. (This is also true for EE.)

Calculating the BB ⇤2 and ⇤ statistics against the lensed-
�CDM model the BICEP2�BICEP1150 spectrum has PTEs
of 0.37 and 0.05 respectively. However, BICEP2�BICEP1100
has PTEs of 0.005 and 0.001 corresponding to ⇥ 3⇥ detec-
tion of power in the cross spectrum. While it may seem
surprising that one cross spectrum shows a stronger detec-
tion than the other, it turns out not to be unusual in lensed-
�CDM+noise+r = 0.2 simulations.

10.2. Spectral Index Constraint
We can use the BICEP2 auto and BICEP2�BICEP1100 spec-

tra shown in Figure 7 to constrain the frequency dependence
of the nominal signal. If the signal at 150 GHz were due to
synchrotron we would expect the frequency cross spectrum to
be much larger in amplitude than the BICEP2 auto spectrum.
Conversely if the 150 GHz power were due to polarized dust
emission we would not expect to see a significant correlation
with the 100 GHz sky pattern.

34For all spectral difference tests we compare against lensed-
⇤CDM+noise+r = 0.2 simulations as the cross terms between signal and
noise increase the variance even for perfectly common sky coverage.

Foreground models presented by BICEP

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

• The map shown at the meeting seems to have had a CIB 
monopole contribution in it.

• This seems to be supported by the map in 1405.0871, which 
generally has higher polarization fractions.

Bernard’s polarization fraction

Planck galactic dust (arXiv:1405.0871)
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TABLE 9

r unsubtracted DDM2 cross DDM2 auto

BICEP2 0.2+0.07
�0.05 0.16+0.06

�0.05 0.12+0.05
�0.04

BICEP2�Keck 0.13+0.04
�0.03 0.10+0.04

�0.03 0.06+0.04
�0.03

Effect of foregrounds on tensor-to-scalar ratio

Not negligible, especially if one wants do discuss 
potential tensions with Planck.
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BICEP2 results exhibited non-negligible foreground  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BICEP2 Foregrounds
How did BICEP2 eliminate foregrounds?	


• Put simply, they (mainly) used Planck data … 	

• ESLAB 2013 talk by Bernard released polarisation  

   fraction and angle maps (pre-publication)	

• Talk maps digitised for key DDM1/2 models

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

Effect of foregrounds
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FIG. 6.— Polarized dust foreground projections for our field using vari-
ous models available in the literature, and two new ones formulated using
publically available information from Planck. Dashed lines show autospec-
tra of the models, while solid lines show cross spectra between the models
and the BICEP2 maps. The cross spectra are consistent with zero, and the
DDM2 auto spectrum (at least) is noise biased high (and is hence truncated
to �< 200). The BICEP2 auto spectrum from Figure 2 is also shown with the
lensed-⇤CDM+r = 0.2 spectrum.
stant emissivity value of 1.6 and a constant temperature of
19.6 K. In our field these values agree both with the mean val-
ues shown by the Planck Collaboration in dust polarization31,
and with the median values of the recently delivered Planck
dust model (Planck Collaboration et al. 2013a). A uniform
5% sky polarization fraction is assumed in agreement with the
first all-sky images of dust polarization shown by the Planck
Collaboration32. The polarization angles are taken from the
PSM.
DDM2: “Data Driven Model 2” (DDM2) constructed us-
ing all publicly available information from Planck. Uses the
same dust model temperature map as DDM1, with polariza-
tion fractions and angles matching those shown by the Planck
Collaboration32.

All of the the models except FDS make explicit predictions
of the actual polarized dust pattern in our field — presumably
with varying probabilities of success. We can therefore search
for a correlation between the models and our signal by taking
cross spectra against the BICEP2 maps. Figure 6 shows the
resulting BB auto and cross spectra — note that the autospec-
tra are all well below the level of our observed signal and that
the cross spectra are consistent with zero33. We also note that
the DDM2 model auto spectrum (which is the highest) con-
tains uncorrected noise bias from the polarization fraction and
angle maps (which is why this curve in Figure 6 is truncated
to ⌅< 200).

9.2. Synchrotron
In our field and at angular scales of ⌅ > 30 the WMAP K-

band (23 GHz) maps are noise dominated. Extrapolating them

31http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session09_Data_Processing/47ESLAB_April_04_10_30_
Aumont.pdf

32http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session07_Galactic_Science/47ESLAB_April_04_11_25_
Bernard.pdf

33 The cross spectra between each model and real data are consistent with
the cross spectra between that model and (uncorrelated) lensed-LCDM+noise
simulations.

to our observing frequency using a spectral index of � = �3.3
derived from WMAP foreground products results in an upper
limit to synchrotron contamination equivalent to r = 0.003.
Taking the cross spectrum against our observed map indicates
that the true value is lower.

9.3. Point Sources
Extragalactic point sources might also potentially be a con-

cern. Using the 143 GHz fluxes for the sources in our field
from the Planck catalog (Planck Collaboration et al. 2013b),
together with polarization information from ATCA (Massardi
et al. 2011) we find that the contribution to the BB spectrum is
equivalent to r ⇥ 0.001. This is consistent with the projections
of Battye et al. (2011).

10. CROSS SPECTRA

10.1. Cross Spectra with BICEP1
BICEP1 observed essentially the same field as BICEP2 from

2006 to 2008. While a very similar instrument in many ways
the focal plane technology of BICEP1 was entirely different,
employing horn fed PSBs read out via neutron transmutation-
doped (NTD) germanium thermistors (see T10 for details).
The high-impedance NTD devices and readouts have differ-
ent susceptibility to microphonic pickup and magnetic fields,
and the shielding of unwanted RFI/EMI was significantly dif-
ferent from that of BICEP2. The beam systematics were also
quite different with a more conservative edge taper and a more
complex pattern of observed pair centroid offsets. BICEP1
had detectors at both 100 and 150 GHz.

Figure 7 compares the BICEP2 EE and BB auto spectra
with cross spectra taken against the 100 and 150 GHz maps
from BICEP1. For EE the correlation is extremely strong,
which simply confirms that the mechanics of the process are
working as expected. For BB the signal-to-noise is of course
much lower, but there appear to be positive correlations. To
test the compatibility of the BB auto and cross spectra we
take the differences and compare to the differences of lensed-
�CDM+noise+r = 0.2 simulations (which share common in-
put skies)34. Using bandpowers 1–5 the ⇤2 and ⇤ PTEs are
mid-range indicating that the spectra are compatible to within
the noise. (This is also true for EE.)

Calculating the BB ⇤2 and ⇤ statistics against the lensed-
�CDM model the BICEP2�BICEP1150 spectrum has PTEs
of 0.37 and 0.05 respectively. However, BICEP2�BICEP1100
has PTEs of 0.005 and 0.001 corresponding to ⇥ 3⇥ detec-
tion of power in the cross spectrum. While it may seem
surprising that one cross spectrum shows a stronger detec-
tion than the other, it turns out not to be unusual in lensed-
�CDM+noise+r = 0.2 simulations.

10.2. Spectral Index Constraint
We can use the BICEP2 auto and BICEP2�BICEP1100 spec-

tra shown in Figure 7 to constrain the frequency dependence
of the nominal signal. If the signal at 150 GHz were due to
synchrotron we would expect the frequency cross spectrum to
be much larger in amplitude than the BICEP2 auto spectrum.
Conversely if the 150 GHz power were due to polarized dust
emission we would not expect to see a significant correlation
with the 100 GHz sky pattern.

34For all spectral difference tests we compare against lensed-
⇤CDM+noise+r = 0.2 simulations as the cross terms between signal and
noise increase the variance even for perfectly common sky coverage.

Foreground models presented by BICEP

BICEP’s DDM1 and DDM2

• based on maps shown by Bernard at ESLAB meeting

BICEP’s foreground models

• The map shown at the meeting seems to have had a CIB 
monopole contribution in it.

• This seems to be supported by the map in 1405.0871, which 
generally has higher polarization fractions.

Bernard’s polarization fraction

Planck galactic dust (arXiv:1405.0871)

Bernard’s polarization fraction

strong dependence in low emission regions

Dependence on zero levels with low emission 
regions included (variation by                   )0.005MJy/sr

BICEP2 	

field
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TABLE 9

r unsubtracted DDM2 cross DDM2 auto

BICEP2 0.2+0.07
�0.05 0.16+0.06

�0.05 0.12+0.05
�0.04

BICEP2�Keck 0.13+0.04
�0.03 0.10+0.04

�0.03 0.06+0.04
�0.03

Effect of foregrounds on tensor-to-scalar ratio

Not negligible, especially if one wants do discuss 
potential tensions with Planck.
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BICEP2 results exhibited non-negligible foreground  
dependence for tensor-to-scalar ratio r !



Re-analysis using (digitised) Planck ESLAB talk maps	


• CIB subtracted polarisation maps (Bernard, 2013) 
indicates larger foreground contamination likely	

!
!
!
!
!
!
!
!

• Also H1 column density estimates (Aumont talk, 2013) 	

• 353 GHz Q and U maps with dust extrapolation  

for 100 GHz  BICEP2 field (Boulanger talk, 2013)	

!

CIB corrected foreground models

Foregrounds plus lensing contribution

BICEP2

BICEP2xKeck

BICEP2

BICEP2xKeck

BICEP2 Dust-up

Measured dust power spectrum scaled to 150 GHz

Measurement from Boulanger maps

preliminary

BICEP2

BICEP2xKeck

Flauger, Hill, Spergel	

arXiv:1405.5857

Estimate from HI column density

good agreement

BICEP2

BICEP2xKeck

BICEP2

BICEP2xKeck



BICEP2 Dust-up (cont.)
Joint Planck/BICEP2 analysis without polarisation assumptions	

	
 	
 	
 	
 	
 	
 	
 	
               (Mortonson & Seljak, arXiv:1405.5857)	

!
!
!
!
!
!
!
!
!
Likelihood constraints favour no gravitational waves with r < 0.11 (95%)	

(i.e.  null hypothesis with significant dust polarisation component). 	

Projects a combined Planck / BICEP2 constraint up to r < 0.05.

Figure 1. Left: Joint constraints (68% and 95% c.l.) on r and the amplitude of the dust polarization
spectrum at l = 100 from Planck+WP+BICEP2, assuming a flat prior on the dust amplitude. Right:
Constraints from the same combination of data in the r–ns plane (blue contours), compared with
constraints from Planck+WP alone (yellow contours). The 95% c.l. contour of Planck+WP can be
seen extending to larger values of r than the contours that include BICEP2. The plotted line shows
the relation between ns and r predicted by inflation models with φ2 potentials and the number of
e-folds varying from 50 to 65.

Since the PLA chains contain relatively few samples with r ∼ 0.2, importance sampling
is not expected to be accurate for such large values of r and combined constraints with large
r should be interpreted with caution. However, we find that most of our analyses limit r to
values ! 0.1 where importance sampling should be more reliable.

3 Impact of polarized dust on BICEP2 inflation constraints

We start with the most conservative analysis, where we assume only a weak prior on the pos-
sible range of dust polarization amplitudes and no specific knowledge of the dust polarization
in the BICEP2 field. The left panel of Figure 1 shows that there is a clear anticorrelation
in the resulting constraints on r and the dust polarization amplitude ∆2

BB,dust,100. The joint

constraints favor models with small r and ∆2
BB,dust,100 ≈ 0.01µK2. This amplitude is con-

sistent with the limited information about dust polarization in the BICEP2 field that is
currently publicly available.

At 2σ in this 2D parameter space, the contours do not extend to dust-free r ≈ 0.2
models. In principle, the preference for small r could be driven by the Planck+WP constraints
which by themselves disfavor r = 0.2 at almost 3σ. However, we find that even when
considering the BICEP2 likelihood alone, models with r = 0 and a polarized dust component
fit the BICEP2 data better than models with r = 0.2. In fact, despite marginalizing over the
dust polarization amplitude, the joint constraint from Planck+WP+BICEP2 still imposes
a slightly stronger limit on the tensor-to-scalar ratio (r < 0.11) than Planck+WP alone
(r < 0.13), if we use the first 9 bandpowers of BICEP2. If we only use the first 5 bandpowers
then the constraints are unchanged relative to Planck.

In the right panel of Figure 1, we show the constraints in the r–ns plane from this
analysis compared with the constraints from Planck+WP alone. While the upper limit on r

– 4 –



BICEP2 outcomes
Impact on BICEP2 paper - original (18 March 2014): 
“Subtracting … foreground dust,  r = 0 is disfavored at 5.9σ.”	

!
To actual PRL 20th June 2014): 
“Accounting for foreground dust will shift this value downward by an amount 
which will be better constrained with upcoming data sets.”	

!
!
!
!
!
!
!
!
Interim summary: 
A phenomenal B-mode measurement, but arguably not a GWs detection yet?	




BICEP2 and Planck2
• Planck intermediate papers dust widespread with 8-10% polarisation 

fraction (arXiv:1405.0871)	


• Planck B-mode polarisation  
paper - coming very soon … 	

• Will describe B-modes in low  

contamination regions (incl.  
BICEP2 field but no detailed  
power spectrum analysis).	


• What will it say?  Hints only …  
Nature 20 June 2014:  “Puget reported that polarisation from interstellar dust grains  
plays a significant role and might account for much of the BICEP2 signal.	


!

Planck collaboration: The Planck dust polarization sky

Fig. 2. Planck 353 GHz polarized intensity (P) map at 1� resolution in log10 scale. The values shown have been bias corrected as
described in Sect. 2.3. The same mask as in Fig. 1 is applied. The full sky map of the unpolarized intensity I entering the calculation
of P is shown in Fig. 5.

vations have inherent limitations, as both Faraday rotation mea-
sures (RMs) and synchrotron (total and polarized) intensities are
quantities integrated over the line of sight (LOS), which depend
on the poorly constrained density distributions of thermal and
relativistic electrons, respectively. A promising avenue to obtain
a more complete and more robust picture of the GMF structure
is to complement the radio data with Planck 1 measurements of
the polarized thermal emission from interstellar dust, which is
independent of the electron densities.

A glance at the Planck all-sky intensity maps (Planck
Collaboration I 2014) reveals that, in addition to the mottled
structure of the cosmic microwave background (CMB) at high
Galactic latitudes, the dominant pattern is that of the emission
from our Galaxy. At the lowest frequencies, from the 30 GHz to
70 GHz bands of the Planck Low Frequency Instrument (LFI,
Bersanelli et al. 2010), synchrotron emission dominates; at the
highest frequencies, from the 100 GHz to 857 GHz bands of the
High Frequency Instrument (HFI, Lamarre et al. 2010), ther-
mal emission from interstellar dust is the dominant mechanism.
These foregrounds have to be understood and taken into account
for detailed CMB studies, but they also provide a unique oppor-
tunity to study the Galaxy’s ISM.

In particular, the thermal dust emission is linearly polarized
(e.g., Benoı̂t et al. 2004; Vaillancourt 2007). This polarized emis-
sion overpowers any other polarized signal at the higher Planck
frequencies (e.g., Tucci et al. 2005; Dunkley et al. 2009; Fraisse
et al. 2009). In addition to hindering the detection of the sought-
after, odd-parity, B-mode polarization of the CMB, the polarized

1 Planck (http://www.esa.int/Planck) is a project of the
European Space Agency (ESA) with instruments provided by two sci-
entific consortia funded by ESA member states (in particular the lead
countries France and Italy), with contributions from NASA (USA) and
telescope reflectors provided by a collaboration between ESA and a sci-
entific consortium led and funded by Denmark.

dust emission provides, in combination with the emission spec-
trum itself, a powerful constraint on the physical properties of
the dust and on the structure of the magnetic field in the Galaxy.

The linear polarization of the thermal dust emission arises
from a combination of two main factors. Firstly, a fraction of
the dust grain population is non-spherical, and this gives rise
to di↵erent emissivities for radiations with the electric vector
parallel or orthogonal to a grain’s long axis. Secondly, the rotat-
ing grains are aligned by the interstellar magnetic field, probably
with di↵ering e�ciencies depending on grain size and composi-
tion (Draine & Fraisse 2009). While the details of this process
remain unclear (Lazarian 2003, 2007), there is a consensus that
the angular momentum of a grain spun up by photon-grain in-
teractions (Dolginov & Mitrofanov 1976; Draine & Weingartner
1996, 1997; Lazarian & Hoang 2007; Hoang & Lazarian 2008)
becomes aligned with the grain’s short axis, and then with the
magnetic field via precession (e.g., Martin 1971). The end result
is that, if we look across magnetic field lines, the rotating grain
will have its long axis orthogonal to the field lines, and accord-
ingly dust emission will be linearly polarized with its electric
vector normal to the sky-projected magnetic field.

A related phenomenon occurs at near-UV/optical/NIR wave-
lengths, where the light from background sources becomes lin-
early polarized as a result of dichroic extinction by the aligned
dust grains (Davis & Greenstein 1951). Since extinction is
higher for light vibrating parallel to the grain’s long axis, i.e.,
perpendicular to the field lines, the incoming light will be
linearly polarized with its electric vector parallel to the sky-
projected magnetic field. In fact, historically, the optical polar-
ization caused by dust extinction led to the prediction that ther-
mal dust emission would be polarized in the millimetre and sub-
millimetre domains (Stein 1966).

Thus, polarized thermal dust emission carries important in-
formation on the interstellar magnetic field structure, on the
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Planck 353 GHz polarized intensity map

The B-mode future -	

• Planck / BICEP 2 will share data (announced late June 2014)	

	
 	
 - publication on the Planck second release timeframe (Nov 2014)	


• Keck Array 100GHz accumulating data with analysis soon	


• Many other B-mode experiments (looking at high-l 
lensing) shifting to tensors:  SPTpol (same patch)  
Polarbear, ACTpol, ABS, Spider, EBEX and Planck	


!

BICEP2                 KECK



Planck full mission data release - soon (Oct/Nov 2014)	


 More than double the temperature data still to be analysed	

 Analysis of the polarisation data to be included (joint BICEP2)	

 Power spectrum, bispectrum (and trispectrum) joint analysis	

 Improvements in methodology (final Planck analysis planned for late 2015)	

!
!
!
!
!
!
!
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!B-modes offer a new window on the Universe - many experiments  

    - Prism satellite proposed, spectrometer and imager	

Next generation of galaxy surveys (grav. lensing;  3D non-Gaussianity)

Future prospects


