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If WIMP mass M >> mW , isolation (M’-M >> mW) becomes generic.   Expand in mW/M, mW/(M’-M)  

Present null results of direct detection and colliders may
indicate large WIMP mass scale

→ or

This regime is a focus of future experiments in direct, indirect and collider probes 
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W,Z,...

nucleon

basic problem in SM physics: scattering of nucleon from 
SU(2)xU(1) source

nucleon

- discovery of SM-like higgs boson + necessary hadronic matrix 
elements: complete answer to this problem in principle, but a loop-
mediated, multi-scale problem

- MWIMP >> mW : WIMP phenomenology highly constrained and 
universal (analog of heavy quark spin-flavor symmetries).  Interesting 
features, e.g., heavy WIMP “transparency” to nucleon scattering

- complications in addition to QED/QCD analogs: EWSB, and 
SU(3)xSU(2)xU(1) vs. U(1) or SU(3) 
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DM-nucleus scattering: multi-scale problem

mW � mh � mt

mb , mc

�QCD

M

Enuclear

E

Standard model anatomy well studied in quark flavor and EDM 
problems.   [cf. morning talks of Buras, Lee]

Dark matter still in a relatively nascent stage.   Naively 
subleading corrections can have large effects, e.g. determining 
observability of motivated candidates.  
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Very active field.  Focus here on physics of direct detection 
above nuclear scale.  Other applications of effective theories: 

- Derivative suppressed single nucleon operators and 
nuclear responses. Lorentz invariance constraints
- Collider production via contact interactions and 
extensions.  Relate constraints in high scale theory (nf=5 or 
6) to low scale theory (nf=3 or 4) where direct detection and 
other observables are evaluated
- Annihilation, indirect detection. Large logs from SCET and 
consistent merging with nonperturbative enhancments 

χ χ

SM SM

SM

SM

χ

χ

SM

SM

χ

χ

HQET HQET, NRQCD, SCET 

- ... [work with M. Bauer, T. Cohen and M. Solon (not this talk)]
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SM + X

- consider one or two SU(2)xU(1) 
multiplets

- expand in mW/(mX’-mX)

- convergence may be good (cf. Λ/mb) or less good (cf. Λ/
mc), but a powerful handle on unknown dynamics 

FB!D(v0 = v) = 1 + . . .

�(�N ! �N) =?

- hydrogen spectroscopy 

- heavy meson transitions 

- DM interactions

mW � mh � mt

mb , mc

�QCD

M

Enuclear

En(H) = �1

2
me(Z↵)2 + . . . (meZ↵) ⌧ me

⇤QCD ⌧ mb,c

mW ⌧ m�
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4 E↵ective theory for one or two heavy electroweak multiplets

In place of a specified UV theory for DM, let us use heavy particle e↵ective theory to describe
extensions of the SM consisting of one or two electroweak multiplets with masses large compared to
the mass of electroweak-scale particles, M,M 0 � mW . The extension to more than two multiplets is
straightforward. We will construct the e↵ective theory describing interactions of such heavy WIMPs
with the SM in the regime |M 0 �M |, mW ⌧ M, M 0. In the case |M 0 �M | � mW the e↵ects of the
heavier multiplet appear as power corrections in the e↵ective theory for the lighter multiplet. For
notational clarity, below we omit the subscript v labeling a heavy-particle field.

Consider one or two multiplets of heavy-particle fields with arbitrary spin, transforming under
irreducible representations of electroweak SU(2)W ⇥ U(1)Y . Let us collect the heavy fields in a
column vector h, and their masses in a diagonal matrix M. The precise specification of M beyond
tree level is described in Sec. 5. At leading order in the 1/M expansion, the most general gauge- and
Lorentz-invariant lagrangian, bilinear in h, and written in terms of the building-blocks h, vµ, and
SM fields, takes the form

L = h̄ [iv ·D � �m� f(H)]h+O(1/M) , (4)

where iDµ = i@µ+ g
1

Y Bµ+ g
2

W a
µT

a, and f(H) is a linear matrix function of H (and H⇤). For pure
states, gauge invariance implies f(H) = . For mixed states, f(H) describes the possible mixing of
the pure-state constituents through the Higgs field. In terms of a reference mass M

ref

, the residual
mass matrix is

�m = M �M
ref

. (5)

Note that if the masses composing M are degenerate, as for a single “pure” electroweak multiplet,
we may choose M

ref

appropriately to set �m = . In the case of two “mixed” electroweak multiplets,
M will have non-degenerate entries in general.

Upon accounting for EWSB we may write (4) as

L = h̄


iv · @ + eQv ·A+

g
2

cW
v · Z(T 3 � s2WQ)

+
g
2p
2
(v ·W+T+ + v ·W�T�)� �M(v

wk

)� f(�)

�
h+O(1/M) , (6)

where T± = T 1 ± iT 2, the charge matrix is Q = T 3 + Y in units of the proton charge, and � denotes
the fluctuation of the Higgs field about hHi,

H =
v
wkp
2

 
0

1

!
+

 
�+

W
1p
2

(h+ i�Z)

!
. (7)

The residual mass matrix now includes EWSB contributions,

�M(v
wk

) = �m+ f(hHi), (8)

and in the mass eigenstate basis for �M(v
wk

), we will set the residual mass of the lightest, (assumed)
electrically neutral WIMP, �, to zero by appropriate choice of M

ref

. Other states may have non-
vanishing residual masses. In the following, we will suppress the subscript in v

wk

; the resulting v is
not to be confused with the velocity vµ.
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- consider 1 or 2 multiplets, lightest neutral component 
stabilized by Z2 symmetry (e.g., R parity, G parity) 

X 1 3 0
1 2 1/2X
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Low energy theory

Operator basis 

3.1 Mass correction from electroweak symmetry breaking

We may evaluate the heavy scalar self energy to obtain mass corrections,

�i�(p) =
W

p
+

Z
+

⇥

+ . . . . (14)

The shift in mass due to electroweak symmetry breaking appears as a nonvanishing value of
�(p) at v ·p = 0. We find at leading order in the 1/M expansion, and first order in perturbation
theory,

⇤M = �2mW

�
�1

2
J2 + sin2 ⌅W

2
J2
3

⇥
. (15)

In particular, with Q = J3 + Y = J3 for Y = 0, the mass of each charged state is lifted
proportional to its squared charge relative to the neutral component,

M(Q) �M(Q=0) = �2Q
2mW sin2 ⌅W

2
+O(1/M) ⇤ (170MeV)Q2 . (16)

Subleading corrections can be similarly evaluated in the e⇥ective theory. Since no additional
operators appear at O(1/M0), the result (16) is model independent.4

3.2 Operator basis

The e⇥ective theory after electroweak symmetry breaking will include: the heavy scalar QED
theory for each of the electric charge eigenstates, with mass determined as in (15);5 the
Standard Model lagrangian with W,Z, h, t integrated out; and interactions,

L = L�0 + LSM + L�0,SM + . . . , (17)

where the ellipsis denotes terms containing electrically charged heavy scalars. For the electri-
cally neutral scalar,

L�0 = ⇧�
v,Q=0

⇤
iv ·  �  2

⇥
2M(Q=0)

+O(1/m3
W )

⌅
⇧v,Q=0 . (18)

Note that enforcing the reality condition (7) implies the vanishing of cD (= cM).
Interactions with Standard Model fields begin at order 1/m3

W . We restrict attention to
quark and gluon operators (neglecting lepton and photon operators) and again focus on the
neutral ⇧v,Q=0 component, dropping the Q = 0 subscript in the following. Mixing with charged
scalars will become relevant at order 1/m4

W in nuclear scattering computations; similarly, we
restrict attention to flavor-singlet quark bilinears, since matrix elements of flavor-changing
bilinears are suppressed by additional weak coupling factors. Finally, we neglect operators

4The mass splitting (16) appears in limits of particular models, e.g. [1, 7, 8].
5We define the pole mass to include the contributions induced by electroweak symmetry breaking, as

opposed to introducing residual mass terms for di�erent charge eigenstates [9].
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+ = c1 + . . .

Figure 1: Matching condition for quark operators. Double lines denote heavy scalars, zigzag
lines denote W bosons, dashed lines denote Higgs bosons, single lines with arrows denote
quarks, and the solid square denotes an e�ective theory vertex. Diagrams with crossed W
lines are not displayed.

with derivatives acting on ⌃v or involving ⇥5, since these lead to spin-dependent interactions
that are suppressed for low-velocity scattering. The basis of operators is then

L⌃0,SM =
1

m3
W

⌃�
v⌃v

⇧⌥

q

⇤
c(0)1q O

(0)
1q + c(2)1q vµv⇧O

(2)µ⇧
1q

⌅
+ c(0)2 O(0)

2 + c(2)2 vµv⇧O
(2)µ⇧
2

⌃
+ . . . , (19)

where we have chosen QCD operators of definite spin,

O(0)
1q = mq q̄q , O(0)

2 = (GA
µ⇧)

2 ,

O(2)µ⇧
1q = q̄

�
⇥{µiD⇧} � 1

d
gµ⇧iD/

⇥
q , O(2)µ⇧

2 = �GAµ⇤GA⇧
⇤ +

1

d
gµ⇧(GA

�⇥)
2 . (20)

Here A{µB⇧} ⇥ (AµB⇧ + A⇧Bµ)/2 denotes symmetrization. We employ dimensional regu-
larization with d = 4 � 2⇤ the spacetime dimension. We use the background field method
for gluons in the e�ective theory thus ignoring gauge-variant operators, and assume that ap-
propriate field redefinitions are employed to eliminate operators that vanish by leading order
equations of motion. The matrix elements of the gluonic operators, O(S)

2 , are numerically
large, representing a substantial contribution of gluons to the energy and momentum of the
nucleon. To account for the leading contributions from both quark and gluon operators, we
compute the coe⌅cients c(S)2 through O(�s) and c(S)1q through O(�0

s).

4 Weak scale matching

The matching conditions for quark operators in the nf = 5 flavor theory at renormalization
scale µ = µt ⇤ mt ⇤ mW ⇤ mh are obtained from the diagrams in Fig. (1):

c(0)1U(µt) = C
⇤
� 1

x2
h

⌅
, c(0)1D(µt) = C

⇤
� 1

x2
h

� |VtD|2
xt

4(1 + xt)3

⌅
,

c(2)1U(µt) = C
⇤
2

3

⌅
, c(2)1D(µt) = C

⇤
2

3
� |VtD|2

xt(3 + 6xt + 2x2
t )

3(1 + xt)3

⌅
, (21)

where subscript U denotes u or c and subscript D denotes d, s or b. Here C = [⇧�2
2(µt)][J(J +

1)/2], xh ⇥ mh/mW and xt ⇥ mt/mW . We ignore corrections of order mq/mW for q =
u, d, s, c, b, and have used CKM unitarity to simplify the results.
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Heavy neutral scalar: 

SM interactions:

Convenient to choose basis of definite spin

cD=0 (reality constraint)

8



Universal mass shift induced by EWSB
3.1 Mass correction from electroweak symmetry breaking

We may evaluate the heavy scalar self energy to obtain mass corrections,

�i�(p) =
W

p
+

Z
+

⇥

+ . . . . (14)

The shift in mass due to electroweak symmetry breaking appears as a nonvanishing value of
�(p) at v ·p = 0. We find at leading order in the 1/M expansion, and first order in perturbation
theory,

⇤M = �2mW

�
�1

2
J2 + sin2 ⌅W

2
J2
3

⇥
. (15)

In particular, with Q = J3 + Y = J3 for Y = 0, the mass of each charged state is lifted
proportional to its squared charge relative to the neutral component,

M(Q) �M(Q=0) = �2Q
2mW sin2 ⌅W

2
+O(1/M) ⇤ (170MeV)Q2 . (16)

Subleading corrections can be similarly evaluated in the e⇥ective theory. Since no additional
operators appear at O(1/M0), the result (16) is model independent.4

3.2 Operator basis

The e⇥ective theory after electroweak symmetry breaking will include: the heavy scalar QED
theory for each of the electric charge eigenstates, with mass determined as in (15);5 the
Standard Model lagrangian with W,Z, h, t integrated out; and interactions,

L = L�0 + LSM + L�0,SM + . . . , (17)

where the ellipsis denotes terms containing electrically charged heavy scalars. For the electri-
cally neutral scalar,

L�0 = ⇧�
v,Q=0

⇤
iv ·  �  2

⇥
2M(Q=0)

+O(1/m3
W )

⌅
⇧v,Q=0 . (18)

Note that enforcing the reality condition (7) implies the vanishing of cD (= cM).
Interactions with Standard Model fields begin at order 1/m3

W . We restrict attention to
quark and gluon operators (neglecting lepton and photon operators) and again focus on the
neutral ⇧v,Q=0 component, dropping the Q = 0 subscript in the following. Mixing with charged
scalars will become relevant at order 1/m4

W in nuclear scattering computations; similarly, we
restrict attention to flavor-singlet quark bilinears, since matrix elements of flavor-changing
bilinears are suppressed by additional weak coupling factors. Finally, we neglect operators

4The mass splitting (16) appears in limits of particular models, e.g. [1, 7, 8].
5We define the pole mass to include the contributions induced by electroweak symmetry breaking, as

opposed to introducing residual mass terms for di�erent charge eigenstates [9].
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Different pole masses for each charge eigenstate in low-energy 
theory (residual mass terms)

⇥M = �(v · p = 0) = �2mW

�
�1

2
J2 + sin2

⇤W
2

J2
3

⇥
heavy particle Feynman rules

�i�2(v · p) = �g22

⇧
ddL

(2�)L
1

v · (L+ p)

⇤
J2 1

L2 �m2
W

+ J2
3

�
c2W

L2 �m2
Z

� 1

L2 �m2
W

+
s2W
L2

⇥⌅
+O(1/M)
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quark operators

gluon operators
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Figure 1: Matching condition for quark operators. Double lines denote heavy scalars, zigzag
lines denote W bosons, dashed lines denote Higgs bosons, single lines with arrows denote
quarks, and the solid square denotes an e�ective theory vertex. Diagrams with crossed W
lines are not displayed.

with derivatives acting on ⌃v or involving ⇥5, since these lead to spin-dependent interactions
that are suppressed for low-velocity scattering. The basis of operators is then
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where we have chosen QCD operators of definite spin,
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Here A{µB⇧} ⇥ (AµB⇧ + A⇧Bµ)/2 denotes symmetrization. We employ dimensional regu-
larization with d = 4 � 2⇤ the spacetime dimension. We use the background field method
for gluons in the e�ective theory thus ignoring gauge-variant operators, and assume that ap-
propriate field redefinitions are employed to eliminate operators that vanish by leading order
equations of motion. The matrix elements of the gluonic operators, O(S)

2 , are numerically
large, representing a substantial contribution of gluons to the energy and momentum of the
nucleon. To account for the leading contributions from both quark and gluon operators, we
compute the coe⌅cients c(S)2 through O(�s) and c(S)1q through O(�0

s).

4 Weak scale matching

The matching conditions for quark operators in the nf = 5 flavor theory at renormalization
scale µ = µt ⇤ mt ⇤ mW ⇤ mh are obtained from the diagrams in Fig. (1):
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where subscript U denotes u or c and subscript D denotes d, s or b. Here C = [⇧�2
2(µt)][J(J +

1)/2], xh ⇥ mh/mW and xt ⇥ mt/mW . We ignore corrections of order mq/mW for q =
u, d, s, c, b, and have used CKM unitarity to simplify the results.
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quarks, and the solid square denotes an e�ective theory vertex. Diagrams with crossed W
lines are not displayed.
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Figure 2: Matching condition onto gluon operators. The notation is as in Fig. 1.

Matching conditions onto gluon operators are from the diagrams of Fig. (2):
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There is no dependence of c(0)2 or c(2)2 on CKM matrix elements in the limit of vanishing
d, s, b quark masses. The renormalized coe⇤cients are computed in the MS scheme. We have
employed Fock-Schwinger (x · A = 0) gauge [10] to compute the full-theory amplitudes for
gluonic operators in Fig. 2. The e�ective theory subtractions are e⇤ciently performed in
a scheme with massless light quarks, using dimensional regularization as infrared regulator.
We have verified that the same results are obtained using finite masses and taking the limit
mq/mW ⇤ 0. Details of this computation will be presented elsewhere.

5 RG evolution to hadronic scales

To account for perturbative corrections involving large logarithms, e.g. �s(µ0) logmt/µ0, we
employ renormalization group evolution to sum leading logarithms to all orders.

7

Matching (μ≈mW)

+ + +

= c2 + c1

⇤
+

⌅
+ . . .

Figure 2: Matching condition onto gluon operators. The notation is as in Fig. 1.

Matching conditions onto gluon operators are from the diagrams of Fig. (2):
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There is no dependence of c(0)2 or c(2)2 on CKM matrix elements in the limit of vanishing
d, s, b quark masses. The renormalized coe⇤cients are computed in the MS scheme. We have
employed Fock-Schwinger (x · A = 0) gauge [10] to compute the full-theory amplitudes for
gluonic operators in Fig. 2. The e�ective theory subtractions are e⇤ciently performed in
a scheme with massless light quarks, using dimensional regularization as infrared regulator.
We have verified that the same results are obtained using finite masses and taking the limit
mq/mW ⇤ 0. Details of this computation will be presented elsewhere.

5 RG evolution to hadronic scales

To account for perturbative corrections involving large logarithms, e.g. �s(µ0) logmt/µ0, we
employ renormalization group evolution to sum leading logarithms to all orders.
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mW � mh � mt

mb , mc

�QCD

M

Enuclear

The real parameters ai and bi are given by

a
1

=
1

2
Re(y + y0) , a

2

=
1

2
Im(y � y0) , b

1

=
1

2
Re(y � y0) , b

2

= �1

2
Im(y + y0) . (23)

We employ phase redefinitions of b,  L and  R to ensure that M
1

and M
2

are real and positive.5

The gauge generators have been given above in (16) (extended trivially to include the singlet), and
f(H) is the term surviving the projection resulting from the condition v/ h = h. The heavy particle
e↵ective theory (4) is extended to include Higgs field interactions,

L� L
SM

! h̄(iv · @ � �M + g
2

tav ·W a + g
1

Y v ·B � f(H))h+O(1/M) , (24)

corresponding to the tree-level field redefinition

� =
p
2e�i(M��M)v·x(h+H) . (25)

The residual mass matrix is �M = diag(�M
1

, �M
2 4

), where �M
1

= M
1

�M , �M
2

= M
2

�M , and
M is a reference mass scale to be determined.

The mass induced by electroweak symmetry breaking,

hHi = v
wkp
2

 
0

1

!
, (26)

is accounted for by the total residual mass matrix

�m(v
wk

) = �M + v
wk

0

BBBBBB@

0 a
1

(0, 1) a
2

(0, 1)

a
1

 
0

1

!

2 2

a
2

 
0

1

!

2 2

1

CCCCCCA
. (27)

The tree-level masses for the electrically charged states are unchanged, while for the neutral states
we find the eigenvalues (here we suppress the subscript in v

wk

; the resulting v is not to be confused
with the heavy particle velocity vµ)

�m(v)(0) = �M
2

, �m(v)(±) =
�M

2

+ �M
1

2
±
p
�2 + a2v2 , (28)

where we define

� ⌘ �M
1

� �M
2

2
, a ⌘

q
a2
1

+ a2
2

. (29)

By definition, a > 0. Regardless of the sign of �, the smallest eigenvalue is �m(�)

0

. The corresponding
normalized eigenvectors in the (b,�

0

,�0
0

) basis of electrically neutral states are

~v(0) =
1

a

0

B@
0

a
2

�a
1

1

CA , ~v(±) =
1

⇥
(�±p

�2 + a2v2)2 + a2v2
⇤ 1
2

0

B@
�±p

�2 + a2v2

a
1

v

a
2

v

1

CA . (30)

5An additional phase redefinition could be used to enforce the vanishing of one of a1, a2, b1 or b2.
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1 Introduction

Cosmological evidence for dark matter consistent with Weakly Interacting Massive Particles (WIMPs)
motivates laboratory searches for such particles interacting with nuclear targets. Search strategies
and detection potential are highly dependent on the WIMP interaction strength with nuclear matter.

In many interesting cases, determination of this interaction strength demands an intricate anal-
ysis of competing amplitudes mediated by Standard Model particles. In this paper we set out the
formalism for computing these amplitudes.

We present formalism for computing high scale matching coe�cients, reviewing relevant aspects
of techniques such as the background field method for computing matching onto gluon operators,
and the extension of the on-shell renormalization scheme for WIMP couplings to the electroweak
Standard Model.

We present the necessary ingredients to map high-scale matching coe�cients onto the low-energy
theory (nf = 3 or nf = 4 flavor QCD plus source terms) where hadronic matrix elements are evalu-
ated. We collect results for the requisite anomalous dimensions and threshold matching conditions,
and resum large logarithms.

We give a systematic overview of the hadronic input parameters required to compute nucleon
level amplitudes. Particular attention is paid to the impact of high-order perturbative corrections
when low, µ ⇠ 1GeV, scales are necessarily present to connect to nf = 3 flavor QCD. The impact of
a direct determination of the charm quark scalar matrix element is also investigated.

Although we aim for generality, for definiteness throughout the paper, we illustrate the numerical
implementation of formulas for the case where the lightest BSM field corresponds to a self-conjugate
particle (e.g., a Majorana fermion or real scalar) stablilized by a Z

2

symmetry, deriving from a theory
consisting of a small number (one or two) SU(2)L⇥U(1)Y multiplets beyond the SM particle content.
For this case, a scale separation between SM masses (⇠mW ) and the lightest BSM particle mass
(⇠M) may be used to establish an expansion in mW /M . The reality assumption further reduces
the operator basis required for weak-scale matching. While this case is su�cient for a wide range of
models, including in particular SUSY neutralino dark matter, and certain composite scenarios, we
discuss extensions in a concluding section. These examples, amongst others, demonstrate a strong
dependence of the cross section on the details of high-scale matching, renormalization running and
hadronic matrix elements. We treat each of these aspects in turn.

A concluding section surveys representative models, including neutralino-like dark matter, and
heavy mediator/contact interaction dark matter.

2 High scale matching

Our focus is on WIMP candidates that are part of a Standard Model extension containing particles of
mass parametrically larger than or of order the masses of weak-scale Standard Model particles, namely
the weak vector bosons W±, Z0, the top quark t, and the higgs boson h. Up to corrections of order
mb/mW , our first task is to match onto the e↵ective theory consisting of the heavy (M & mW ) dark
matter particle, plus nf = 5 flavor QCD. We will not be concerned here with leptonic interactions.
Specifically, the e↵ective lagrangian below the weak scale takes the form, in the one-WIMP sector
relevant for spin-independent WIMP-nucleon scattering,

L
WIMP�SM

= h̄vhv

⇢ X

q=u,d,s,c,b


c(0)
1q O

(0)

1q + c(2)
1q vµv⌫O

(2)µ⌫
1q

�
+ c(0)

2

O(0)

2

+ c(2)
2

vµv⌫O
(2)µ⌫
2

�
+ . . . , (1)

1
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E.g. full theory:

−m2
ux(1− x)(n · L)2

[

(−1)(1 + ε)(2 + ε)∆−3−ε
]

}

nµnνI
(2)µν
b = [cε]

1

3!

∫ 1

0

dx x364(1− ε)

{

(n · v)2

(3− ε)

[

(−1)
d(d+ 2)

4
∆−1−ε

]

+

[(

(1− x)−
(1− x)2

2− ε

)

(n · L)2

+
(n · v)2

2− ε
(1− x)2L2

] [

d

2
(1 + ε)∆−2−ε

]}

nµnνI
(2)µν
c = [cε]

∫ 1

0

dx x(1− x)32(1− 2ε)

[

−
1− ε

2− ε
(n · v)2

[

(−1)
d

2
∆−1−ε

]

+ x(1− x)

[

(n · v)2L2 −
ε

1− 2ε
(n · L)2

]

[

(1 + ε)∆−2−ε
]

]

(22)

Here

[cε] =
i

(4π)
d

2

Γ(1 + ε) . (23)

2 W loop

Using the heavy particle Feynman rules, and including uncrossed and crossed diagrams (charge
+ and charge − intermediate heavy particle), we have

iM = −g22

∫

(dL)

[

1

−v · L+ i0
+

1

v · L+ i0

]

1

(L2 −m2
W + i0)2

vµvνΠµν(L) . (24)

Note that gauge-dependent factors in the W propagator will lead to numerator factors involv-
ing v · L, giving vanishing contribution.

We will need the basic integral,

J(c) =

∫

(dL)

[

1

v · L− i0
+

1

−v · L− i0

]

1

(m2
W − L2 − i0)2

1

[(1− x)M2 − x(1− x)L2 − i0]c

=
i

(4π)
d

2

2
√
π

Γ(c+ 1
2 + ε)

Γ(c)
[x(1− x)]−c

∫ 1

0

dyyc−1(1− y)

(

y
M2

x
+ (1− y)m2

W

)

−c− 1

2
−ε

.

(25)

We also note that the integral

Hµν(c) =

∫

(dL)

[

1

v · L− i0
+

1

−v · L− i0

]

1

(m2
W − L2 − i0)2

1

[(1− x)M2 − x(1− x)L2 − i0]c
LµLν

L2 − i0
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Figure 2: Matching condition onto gluon operators. The notation is as in Fig. 1.

Matching conditions onto gluon operators are from the diagrams of Fig. (2):
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There is no dependence of c(0)2 or c(2)2 on CKM matrix elements in the limit of vanishing
d, s, b quark masses. The renormalized coe⇤cients are computed in the MS scheme. We have
employed Fock-Schwinger (x · A = 0) gauge [10] to compute the full-theory amplitudes for
gluonic operators in Fig. 2. The e�ective theory subtractions are e⇤ciently performed in
a scheme with massless light quarks, using dimensional regularization as infrared regulator.
We have verified that the same results are obtained using finite masses and taking the limit
mq/mW ⇤ 0. Details of this computation will be presented elsewhere.

5 RG evolution to hadronic scales

To account for perturbative corrections involving large logarithms, e.g. �s(µ0) logmt/µ0, we
employ renormalization group evolution to sum leading logarithms to all orders.
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electroweak polarizability tensor 
in background gluon field

1 Quark loop

Let us define the two-point function

Πνµ(L) =

(

g2Vud

2
√
2

)2

i

∫

ddx eiL·x〈T{d̄(x)γν(1− γ5)u(x)ū(0)γ
µ(1− γ5)d(0)〉

=

(

g2Vud

2
√
2

)2

i(−1)

∫

ddx eiL·xTr
[

γν(1− γ5)iS
(u)(x, 0)γµ(1− γ5)S

(d)(0, x)
]

=

(

g2Vud

2
√
2

)2

i

∫

ddp

(2π)d
Tr

[

γν(1− γ5)S
(u)(p)γµ(1− γ5)S̃

(d)(p− L)
]

, (1)

where

S(p) ≡
∫

ddx eip·xS(x, 0) ,

S̃(p) ≡
∫

ddx e−ip·xS(0, x) , (2)

and the superscript denotes the (mass eigenstate) quark flavor. Let us use the weak coupling
expansion,

iS(p) =
i

p/ −m
+ g

∫

(dq)
i

p/ −m
iA/ (q)

i

p/ − q/ −m

+ g2
∫

(dq1)(dq2)
i

p/ −m
iA/ (q1)

i

p/ − q/ 1 −m
iA/ (q2)

i

p/ − q/ 1 − q/ 2 −m
+ . . . ,

iS̃(p) =
i

p/ −m
+ g

∫

(dq)
i

p/ + q/ −m
iA/ (q)

i

p/ −m

+ g2
∫

(dq1)(dq2)
i

p/ + q/ 1 + q/ 2 −m
iA/ (q1)

i

p/ + q/ 2 − q/ 1 −m
iA/ (q2)

i

p/ −m
+ . . . . (3)

In Fock Schwinger gauge we have

A/ (q) = taγα

∫

(dx)eiq·xAa
α(x)

= taγα

[

−i

2

∂

∂qρ
Ga

ρα(0)(2π)
dδd(q) + . . .

]

, (4)

where the ellipsis denotes terms with derivatives acting on Ga
µν .

The two-gluon amplitude for both insertions on the up-quark line is

Πνµ
a =

(

g2Vud

2
√
2

)2

ig2
(

i

2

)2

Tr(tatb)Ga
ρα(0)G

b
σβ(0)

∫

(dp)
∂

∂qρ

∂

∂q′σ

1

Background gluon and Fock-Schwinger gauge (x.A=0):

vµ
�
gµµ� � (1� �)

LµLµ�

L2 � �m2
W

⇥
= vµ� +O(v · L)

Electroweak gauge invariance is immediate:

crossed and uncrossed diagrams cancel

+ g2
Z
(dq

1

)(dq
2

)
i

p/+ q/
1

+ q/
2

�m
iA/(q

1

)
i

p/+ q/
2

�m
iA/(q

2

)
i

p/�m
+ . . . , (72)

and upon insertion of these expressions into (69), the terms with two gluon fields are readily identified.
Furthermore, in Fock-Schwinger gauge the gluon field can be written as

A/(q) = ta�↵
Z

ddx eiq·xAa
↵(x)

= ta�↵
�i

2

@

@q⇢
Ga

⇢↵(0)(2⇡)
d�d(q) + . . .

�
, (73)

where the ellipsis denotes terms with derivatives acting on Ga
µ⌫ . Thus the amplitudes with gluon

emission are given directly in terms of field-strengths, and intermediate steps involving gauge-variant
combinations can be avoided.

In isolating the two-gluon amplitude, we may separately consider three cases depending on where
the gluons are attached. Contributions with both gluons attached to the upper quark line in (66) are
referred to as“a-type”, those with both gluons attached to the lower quark line in (66) are referred
to as “b-type”, and those with one gluon attached to each of the upper and lower quark lines are
referred to as “c-type”. We thus have

⇧̃(L) = ⇧̃a(L) + ⇧̃b(L) + ⇧̃c(L) , (74)

with
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where m
1

and m
2

are the masses of the quarks in the upper and lower lines in (66), respectively.

To project these onto the spin-0 and spin-2 QCD gluon operators, O(0)

g and O(2)
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and upon insertion of these expressions into (69), the terms with two gluon fields are readily identified.
Furthermore, in Fock-Schwinger gauge the gluon field can be written as
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where the ellipsis denotes terms with derivatives acting on Ga
µ⌫ . Thus the amplitudes with gluon

emission are given directly in terms of field-strengths, and intermediate steps involving gauge-variant
combinations can be avoided.

In isolating the two-gluon amplitude, we may separately consider three cases depending on where
the gluons are attached. Contributions with both gluons attached to the upper quark line in (66) are
referred to as“a-type”, those with both gluons attached to the lower quark line in (66) are referred
to as “b-type”, and those with one gluon attached to each of the upper and lower quark lines are
referred to as “c-type”. We thus have
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QCD evolution and threshold matching

- large effects of QCD renormalization and 
threshold matching 

- nontrivial mapping from high-scale coefficients to hadronic amplitudes

mW � mh � mt

mb , mc

�QCD

M

Enuclear
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N
N
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Figure 1: Spin-independent cross section for low-velocity scattering on the proton as a func-
tion of mh for the pure triplet. Labels refer to inclusion of LO, NLO, NNLO and NNNLO
corrections in the running from µc to µ0 and in the spin-0 gluon matrix element. Bands repre-
sent 1� uncertainty from neglected higher order pQCD corrections. Subleading perturbative
corrections significantly a↵ect the prediction near the region of strong cancellation.

simplicity we here denote ↵1 ⇠ ↵2 for the U(1)Y and SU(2)W couplings). For mixed states,
tree-level Higgs boson exchange is allowed, implying quark and gluon matching contributions
of O(↵0

s↵
1
2) and O(↵1

s↵
1
2), respectively. We systematically neglect subleading corrections in-

volving light quark masses and contributions to �m induced by electroweak symmetry breaking
(EWSB), which are suppressed by powers of 1/mW .

4 QCD analysis

Having encoded physics of the heavy WIMP sector in the matching coe�cients of (2), the
remaining analysis is independent of theM � mW assumption, and consists of renormalization
group running to a low scale µ0 < mc, matching at heavy quark thresholds, and evaluating
hadronic matrix elements. This module is systematically improvable in subleading corrections
and is applicable to generic direct detection calculations. Renormalization group evolution
accounts for perturbative corrections involving large logarithms, e.g., ↵s(µ0) logmt/µ0.

The cross section predictions are numerically insensitive to the choice of µ0, provided that
the running from µc to µ0 and the spin-0 gluon matrix element, linked to spin-0 quark matrix
elements by (neglecting 1/mq power corrections)

mN = (1� �m)
X

q

hN |mq q̄q|Ni+ �

2g
hN |(Ga

µ⌫)
2|Ni , (5)

are evaluated with NNNLO corrections. We include NLO corrections in the running from
µt to µc and in threshold matching for bottom and charm. Higher order pQCD corrections
are estimated by varying matching scales m2

W/2  µ2
t  2m2

t , m2
b/2  µ2

b  2m2
b , and

m2
c/2  µ2

c  2m2
c , adding uncertainties in quadrature. The cross section and fractional error

are significantly impacted by these subleading perturbative corrections as shown in Fig. 1.
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Figure 6: Renormalized coe�cients (with ⇡↵2

2

/m3

W extracted) for the singlet-doublet (upper panels)
and triplet-doublet (lower panels) mixtures as a function of the respective mass splittings � =
(MS �MD)/2 and � = (MT �MD)/2, in units of mW . The panels on the left (right) use a = g

2

/10

(a = g
2

/100). The negative coe�cients c(0)q and c(2)g are presented with opposite sign, as indicated

by (�1). The solid red, green, and blue lines are respectively for �c(0)U=u,c, �c(0)D=d,s, and �c(0)b . The

dashed red, green, and blue lines are respectively for c(2)U=u,c, c
(2)

D=d,s, and c(2)b . Some quark matching

coe�cients appear degenerate. The orange band with solid borders is c(0)g , and the orange band

with dashed borders is �c(2)g . The band thickness represents renormalization scale variation, taking
m2

W /2 < µ2

t < 2m2

t [6]. We indicate the pure-case limits at large |�|.

Appendix E. Depending on the value of a, the O(↵1

2

) tree-level Higgs exchange contribution to the
spin-0 coe�cients may dominate near � = 0. When mW /� suppression is significant, the O(↵2

2

) loop
contributions dominate. The curves approach the correct pure-case values upon taking the limits
described in Sec. 4.3. In particular, the coe�cients vanish in the pure singlet limit.

The contributions of these coe�cients to scattering cross sections depend on the detailed mapping
onto the low-energy nf = 3 flavor theory through renormalization group running and heavy quark
threshold matching, and on the evaluation of nucleon matrix elements at a low scale, µ ⇠ 1GeV.
These e↵ects enhance the contribution from certain coe�cients, upsetting the ↵s counting reflected in
the relative magnitudes of the high-scale coe�cients. One example is the enhancement of the spin-0
gluon contribution due both to a large anomalous dimension in the RG running, and to the large
nucleon matrix element of the scalar gluon operator [43]. Another example is the enhanced impact
of numerically subleading contributions due to a partial cancellation at leading order. The relative
signs between high-scale coe�cients in Fig. 6, combined with details of the mapping onto low-energy
coe�cients and evaluation of matrix elements, lead to a cancellation between the spin-0 and spin-2
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Figure 4: Breakdown of contributions to the matrix element Mp using the representative
values mh = 120GeV and ⌃lat

⇡N = 47(9)MeV. The labels u(S), d(S), s(S) and g(S) refer to spin-S
up, down, strange and gluon operator contributions, respectively. The thickness represents
the 1� uncertainty from perturbative QCD. The left-hand vertical band corresponds to the
lattice value ⌃lat

s = 50(8)MeV and the right-hand vertical band corresponds to the range
⌃s = 366(142)MeV deduced from ⌃⇡N and ⌃0 in Table 1.

grangian (4) through 1/M3, we demonstrated matching conditions for subleading operators in
a simple model. Using the e↵ective theory, we demonstrated universality of the mass splitting
induced by electroweak symmetry breaking, and of the cross section for scattering on nuclear
matter. Subleading terms in the 1/M expansion can be studied systematically using (4).

Our focus has been on the case of an isotriplet real scalar [1]. For this case, relic abun-
dance estimates [8] indicate that M . fewTeV in order to not overclose the universe. This
mass range, combined with the universal cross section, provides a target for future search
experiments.

We have presented a complete matching at first nonvanishing order in ↵s, and at leading
order in small ratios mW/M , mb/mW and ⇤QCD/mc. We performed renormalization group
improvement to sum leading logarithms to all orders. The residual dependence on the high
matching scale µt ⇠ mt ⇠ mW represents uncertainty due to uncalculated higher-order per-
turbative corrections. Assuming the hadronic input ⌃lat

s from Table 1, this scale variation is
the largest remaining uncertainty on the cross section; its reduction would require higher loop
order calculations.

Our high-scale matching results for quark operators (21) and spin-zero gluon operators
agree with mW/M ! 0 results presented by Hisano et al. [30], under the identification
µt = µb = µc, i.e., a one-step matching onto the nf = 3 theory.10 This approach neglects

10
To make the comparison to the scattering amplitude for a heavy Majorana fermion with � = �c

, we

use � =

p
2e�imv·x

(h
v

+ H
v

) =

p
2eimv·x

(hc

v

+ Hc

v

), where h
v

and H
v

are spinor fields with (1 � v/ )h
v

=

(1 + v/ )H
v

= 0.
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Solution to RG equations

+ = c1 + . . .

Figure 1: Matching condition for quark operators. Double lines denote heavy scalars, zigzag
lines denote W bosons, dashed lines denote Higgs bosons, single lines with arrows denote
quarks, and the solid square denotes an e�ective theory vertex. Diagrams with crossed W
lines are not displayed.

with derivatives acting on ⌃v or involving ⇥5, since these lead to spin-dependent interactions
that are suppressed for low-velocity scattering. The basis of operators is then

L⌃0,SM =
1

m3
W

⌃�
v⌃v

⇧⌥

q

⇤
c(0)1q O

(0)
1q + c(2)1q vµv⇧O

(2)µ⇧
1q

⌅
+ c(0)2 O(0)

2 + c(2)2 vµv⇧O
(2)µ⇧
2

⌃
+ . . . , (19)

where we have chosen QCD operators of definite spin,

O(0)
1q = mq q̄q , O(0)

2 = (GA
µ⇧)

2 ,

O(2)µ⇧
1q = q̄

�
⇥{µiD⇧} � 1

d
gµ⇧iD/

⇥
q , O(2)µ⇧

2 = �GAµ⇤GA⇧
⇤ +

1

d
gµ⇧(GA

�⇥)
2 . (20)

Here A{µB⇧} ⇥ (AµB⇧ + A⇧Bµ)/2 denotes symmetrization. We employ dimensional regu-
larization with d = 4 � 2⇤ the spacetime dimension. We use the background field method
for gluons in the e�ective theory thus ignoring gauge-variant operators, and assume that ap-
propriate field redefinitions are employed to eliminate operators that vanish by leading order
equations of motion. The matrix elements of the gluonic operators, O(S)

2 , are numerically
large, representing a substantial contribution of gluons to the energy and momentum of the
nucleon. To account for the leading contributions from both quark and gluon operators, we
compute the coe⌅cients c(S)2 through O(�s) and c(S)1q through O(�0

s).

4 Weak scale matching

The matching conditions for quark operators in the nf = 5 flavor theory at renormalization
scale µ = µt ⇤ mt ⇤ mW ⇤ mh are obtained from the diagrams in Fig. (1):

c(0)1U(µt) = C
⇤
� 1

x2
h

⌅
, c(0)1D(µt) = C

⇤
� 1

x2
h

� |VtD|2
xt

4(1 + xt)3

⌅
,

c(2)1U(µt) = C
⇤
2

3

⌅
, c(2)1D(µt) = C

⇤
2

3
� |VtD|2

xt(3 + 6xt + 2x2
t )

3(1 + xt)3

⌅
, (21)

where subscript U denotes u or c and subscript D denotes d, s or b. Here C = [⇧�2
2(µt)][J(J +

1)/2], xh ⇥ mh/mW and xt ⇥ mt/mW . We ignore corrections of order mq/mW for q =
u, d, s, c, b, and have used CKM unitarity to simplify the results.
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c(0)2 (µ) = c(0)2 (µt)
�
g [�s(µ)]
�
g [�s(µt)]

Spin 0:

Spin 2: 

c(0)1 (µ) = c(0)1 (µt)� 2[⇥m(µ)� ⇥m(µt)]
c(0)2 (µt)
�
g [�s(µt)]

5.1 Anomalous dimensions

The spin S = 0 and spin S = 2 operators mix amongst themselves, with
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ij Oj , (23)

where ⇤(S)
ij are (nf + 1)⇤ (nf + 1) anomalous dimension matrices. The leading terms are
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where ⇥ = dg/d log µ ⌃ �⇥0�s/4⇧, ⇤m = d logmq/d log µ ⌃ �8�s/4⇧, ⇤�
m ⌅ g ⇤m/ g,

(⇥/g)� ⌅ g (⇥/g)/ g, and ⇥0 = 11 � 2
3nf . It is straightforward to include subleading terms

for ⇤̂(0) [11, 12] and ⇤̂(2) [13, 14].

5.2 Integrating out heavy quarks

At the scale µ = µb ⇧ mb, we match onto an nf = 4 theory containing u, d, s, c quarks. The
matching equations are

c(0)2 (µb) = c̃(0)2 (µb)

�
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4ã

3
log
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� ã

3
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c(2)2 (µb) = c̃(2)2 (µb)�
4ã

3
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c̃(2)1b (µb) +O(ã2),

c(2)1q (µb) = c̃(2)1q (µb) +O(ã), (25)

where q = u, d, s, c and ã = �s(µb, nf = 5)/4⇧. Quantities without (with) tilde refer to the
nf = 4 (nf = 5) theory. The scheme dependence for heavy quark masses enters at higher order.
For definiteness we use pole masses for mb and mc, with values taken from [15]. Following

our power counting scheme, we consider one less order of �s in the matching for c(S)1q relative

to c(S)2 . For later use in the numerical analysis, we have included NLO QCD corrections in
the spin-0 matching [16, 17]. Similar to above, we evolve coe⇥cients in the nf = 4 theory to
the scale µ = µc ⇧ mc. Finally, we match onto nf = 3 and evolve to a low scale µ0 ⇧ 1GeV
independent of heavy quark masses.
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for ⇤̂(0) [11, 12] and ⇤̂(2) [13, 14].

5.2 Integrating out heavy quarks
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where q = u, d, s, c and ã = �s(µb, nf = 5)/4⇧. Quantities without (with) tilde refer to the
nf = 4 (nf = 5) theory. The scheme dependence for heavy quark masses enters at higher order.
For definiteness we use pole masses for mb and mc, with values taken from [15]. Following

our power counting scheme, we consider one less order of �s in the matching for c(S)1q relative

to c(S)2 . For later use in the numerical analysis, we have included NLO QCD corrections in
the spin-0 matching [16, 17]. Similar to above, we evolve coe⇥cients in the nf = 4 theory to
the scale µ = µc ⇧ mc. Finally, we match onto nf = 3 and evolve to a low scale µ0 ⇧ 1GeV
independent of heavy quark masses.
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Diagonalize anomalous dimension matrix 
(familiar from PDF analysis)

As check, can evaluated spin-2 matrix elements at high 
scale (spin-0 and spin-2 decoupled)

5.1 Anomalous dimensions

The spin S = 0 and spin S = 2 operators mix amongst themselves, with
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3nf . It is straightforward to include subleading terms

for ⇤̂(0) [11, 12] and ⇤̂(2) [13, 14].

5.2 Integrating out heavy quarks
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where q = u, d, s, c and ã = �s(µb, nf = 5)/4⇧. Quantities without (with) tilde refer to the
nf = 4 (nf = 5) theory. The scheme dependence for heavy quark masses enters at higher order.
For definiteness we use pole masses for mb and mc, with values taken from [15]. Following

our power counting scheme, we consider one less order of �s in the matching for c(S)1q relative

to c(S)2 . For later use in the numerical analysis, we have included NLO QCD corrections in
the spin-0 matching [16, 17]. Similar to above, we evolve coe⇥cients in the nf = 4 theory to
the scale µ = µc ⇧ mc. Finally, we match onto nf = 3 and evolve to a low scale µ0 ⇧ 1GeV
independent of heavy quark masses.
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Matching conditions onto gluon operators are from the diagrams of Fig. (2):
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There is no dependence of c(0)2 or c(2)2 on CKM matrix elements in the limit of vanishing
d, s, b quark masses. The renormalized coe⇤cients are computed in the MS scheme. We have
employed Fock-Schwinger (x · A = 0) gauge [10] to compute the full-theory amplitudes for
gluonic operators in Fig. 2. The e�ective theory subtractions are e⇤ciently performed in
a scheme with massless light quarks, using dimensional regularization as infrared regulator.
We have verified that the same results are obtained using finite masses and taking the limit
mq/mW ⇤ 0. Details of this computation will be presented elsewhere.

5 RG evolution to hadronic scales

To account for perturbative corrections involving large logarithms, e.g. �s(µ0) logmt/µ0, we
employ renormalization group evolution to sum leading logarithms to all orders.
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a scheme with massless light quarks, using dimensional regularization as infrared regulator.
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There is no dependence of c(0)2 or c(2)2 on CKM matrix elements in the limit of vanishing
d, s, b quark masses. The renormalized coe⇤cients are computed in the MS scheme. We have
employed Fock-Schwinger (x · A = 0) gauge [10] to compute the full-theory amplitudes for
gluonic operators in Fig. 2. The e�ective theory subtractions are e⇤ciently performed in
a scheme with massless light quarks, using dimensional regularization as infrared regulator.
We have verified that the same results are obtained using finite masses and taking the limit
mq/mW ⇤ 0. Details of this computation will be presented elsewhere.

5 RG evolution to hadronic scales

To account for perturbative corrections involving large logarithms, e.g. �s(µ0) logmt/µ0, we
employ renormalization group evolution to sum leading logarithms to all orders.
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Charm quark treated similarly (after running to mc)
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Nucleon matrix elements
- having evolved to 3-flavor QCD, appeal to lattice 
QCD or SU(3) chiral perturbation theory for 
matrix elements

mW � mh � mt

mb , mc

�QCD

M

Enuclear

6 Matrix elements and cross section

Having expressed the lagrangian in terms of operators renormalized at the scale µ0 ⇠ 1GeV,
we require hadronic matrix elements evaluated at this scale.

6.1 Hadronic inputs

Let us define the zero-momentum matrix elements of renormalized operators6

hN |O(0)
1q |Ni ⌘ mNf

(0)
q,N ,

�9↵s(µ)

8⇡
hN |O(0)

2 (µ)|Ni ⌘ mNf
(0)
G,N(µ) ,

hN |O(2)µ⌫
1q (µ)|Ni ⌘ 1

mN

✓
kµk⌫ � gµ⌫

4
m2

N

◆
f (2)
q,N(µ) ,

hN |O(2)µ⌫
2 (µ)|Ni ⌘ 1

mN

✓
kµk⌫ � gµ⌫

4
m2

N

◆
f (2)
G,N(µ) , (26)

where mN is the nucleon mass. Matrix elements refer to a definite (but arbitrary) spin state
of the nucleon.

6.1.1 Spin zero

We recall that the spin-0 operator matrix elements are not independent, being linked by the
relation [18]

mN = (1� �m)
X

q

hN |mq q̄q|Ni+ �

2g
hN |(Ga

µ⌫)
2|Ni , (27)

derived from the trace of the QCD energy-momentum tensor. Here N = p or n. Neglecting
�m, O(↵2

s) contributions to �(g), and power corrections in the above formula, the definitions

(26) ensure that f (0)
G,N(µ) ⇡ 1�P

q=u,d,s f
(0)
q,N . Corrections arising from (27) are included in the

numerical analysis.
For quark operators, define the scale-independent quantities,

⌃⇡N =
mu +md

2
hp|(ūu+ d̄d)|pi , ⌃0 =

mu +md

2
hp|(ūu+ d̄d� 2s̄s)|pi . (28)

In the numerical analysis, we will neglect the small contributions proportional to |Vtd|2 and

|Vts|2, so that c(0)1u = c(0)1d . Neglecting also the small contribution [19] (md�mu)hp|(ūu�d̄d)|pi ⇠
2MeV, and using approximate isospin symmetry, we then require, for N = p or n,

mN(f
(0)
u,N + f (0)

d,N) ⇡ ⌃⇡N , mNf
(0)
s,N =

ms

mu +md

(⌃⇡N � ⌃0) = ⌃s . (29)

6
We use nonrelativistic normalization for nucleon states, hN(p)|N(p0

)i = (2⇡)3�3(p� p0
).

9

6 Matrix elements and cross section

Having expressed the lagrangian in terms of operators renormalized at the scale µ0 ⇠ 1GeV,
we require hadronic matrix elements evaluated at this scale.

6.1 Hadronic inputs

Let us define the zero-momentum matrix elements of renormalized operators6

hN |O(0)
1q |Ni ⌘ mNf

(0)
q,N ,

�9↵s(µ)

8⇡
hN |O(0)

2 (µ)|Ni ⌘ mNf
(0)
G,N(µ) ,

hN |O(2)µ⌫
1q (µ)|Ni ⌘ 1

mN

✓
kµk⌫ � gµ⌫

4
m2

N

◆
f (2)
q,N(µ) ,

hN |O(2)µ⌫
2 (µ)|Ni ⌘ 1

mN

✓
kµk⌫ � gµ⌫

4
m2

N

◆
f (2)
G,N(µ) , (26)

where mN is the nucleon mass. Matrix elements refer to a definite (but arbitrary) spin state
of the nucleon.

6.1.1 Spin zero

We recall that the spin-0 operator matrix elements are not independent, being linked by the
relation [18]

mN = (1� �m)
X

q

hN |mq q̄q|Ni+ �

2g
hN |(Ga

µ⌫)
2|Ni , (27)

derived from the trace of the QCD energy-momentum tensor. Here N = p or n. Neglecting
�m, O(↵2

s) contributions to �(g), and power corrections in the above formula, the definitions

(26) ensure that f (0)
G,N(µ) ⇡ 1�P

q=u,d,s f
(0)
q,N . Corrections arising from (27) are included in the

numerical analysis.
For quark operators, define the scale-independent quantities,

⌃⇡N =
mu +md

2
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hp|(ūu+ d̄d� 2s̄s)|pi . (28)

In the numerical analysis, we will neglect the small contributions proportional to |Vtd|2 and

|Vts|2, so that c(0)1u = c(0)1d . Neglecting also the small contribution [19] (md�mu)hp|(ūu�d̄d)|pi ⇠
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where mN is the nucleon mass. Matrix elements refer to a definite (but arbitrary) spin state
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6.1.1 Spin zero

We recall that the spin-0 operator matrix elements are not independent, being linked by the
relation [18]

mN = (1� ⇤m)
⌅

q

⌃N |mq q̄q|N⌥+ ⇥

2g
⌃N |(Ga

µ⇥)
2|N⌥ , (27)

derived from the trace of the QCD energy-momentum tensor. Here N = p or n and mN is the
nucleon mass. Neglecting ⇤m, O(�2

s) contributions to ⇥(g), and power corrections in the above

formula, the definitions (26) ensure that f (0)
G,N(µ) ⌅ 1�

⇤
q=u,d,s f

(0)
q,N . Corrections arising from

(27) are included in the numerical analysis.
For quark operators, define the scale-independent quantities,

�⇤N =
mu +md

2
⌃p|(ūu+ d̄d)|p⌥ , �0 =

mu +md

2
⌃p|(ūu+ d̄d� 2s̄s)|p⌥ . (28)

In the numerical analysis, we will neglect the small contributions proportional to |Vtd|2 and

|Vts|2, so that c(0)1u = c(0)1d . Neglecting also the small contribution [19] (md�mu)⌃p|(ūu�d̄d)|p⌥ ⇤
2MeV, and using approximate isospin symmetry, we then require, for N = p or n,

mN(f
(0)
u,N + f (0)

d,N) ⌅ �⇤N , mNf
(0)
s,N =

ms

mu +md
(�⇤N � �0) = �s . (29)

6We use nonrelativistic normalization for nucleon states, ⌃N(p)|N(p�)⌥ = (2⇥)3�3(p� p�).
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Parameter Value Reference

|Vtd| ⇤ 0 -

|Vts| ⇤ 0 -

|Vtb| ⇤ 1 -

mu/md 0.49(13) [20]

ms/md 19.5(2.5) [20]

�lat
�N 0.047(9)GeV [21]

�lat
s 0.050(8)GeV [22]

��N 0.064(7)GeV [23]

�0 0.036(7)GeV [24]

mW 80.4GeV [20]

mt 172 GeV [15]

mb 4.75 GeV [15]

mc 1.4 GeV [15]

mN 0.94 GeV -

�s(mZ) 0.118 [20]

�2(mZ) 0.0338 [20]

Table 1: Inputs to the numerical analysis.

We consider “traditional” values ��N = 64 ± 7MeV [23] and �0 = 36 ± 7MeV [24], but
investigate also the lattice determinations, �lat

�N = 47±9MeV [21] and �lat
s = 50±8MeV [22].7

We adopt PDG values [20] for light-quark mass ratios. A summary of numerical inputs is
presented in Table 1.

6.1.2 Spin two

The matrix elements of spin-two operators can be identified as

f (2)
q,p (µ) =

⇥ 1

0

dx x[q(x, µ) + q̄(x, µ)] , (30)

where q(x, µ) and q̄(x, µ) are parton distribution functions evaluated at scale µ. Neglecting
power corrections, the sum of spin two operators in (20) is the traceless part of the QCD

energy momentum tensor, hence independent of scale we have f (2)
G,p(µ) ⌅ 1�

�
q=u,d,s f

(2)
q,p (µ).

Using approximate isospin symmetry we set

f (2)
u,n = f (2)

d,p , f (2)
d,n = f (2)

u,p , f (2)
s,n = f (2)

s,p . (31)

7The latter quantity arises from a naive averaging of �s = 31 ± 15MeV [21] and �s = 59 ± 10MeV [25].
See also [26, 27, 28].
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µ(GeV) f (2)
u,p(µ) f (2)

d,p (µ) f (2)
s,p (µ) f (2)

G,p(µ)

1.0 0.404(6) 0.217(4) 0.024(3) 0.36(1)

1.2 0.383(6) 0.208(4) 0.027(2) 0.38(1)

1.4 0.370(5) 0.202(4) 0.030(2) 0.40(1)

Table 2: Operator coe⌅cients derived from MSTW PDF analysis [15] at di⇥erent values of µ.

Table 2 lists coe⌅cient values for renormalization scales µ = 1GeV, µ = 1.2GeV and µ =
1.4GeV determined from the parameterization and analysis of [15].

6.2 Cross section

The low-velocity, spin-independent, cross section for WIMP scattering on a nucleus of mass
number A and charge Z may be written

⌃A,Z =
m2

r

⇧
|ZMp + (A� Z)Mn|2 ⇤

m2
rA

2

⇧
|Mp|2 , (32)

whereMp andMn are the matrix elements for scattering on a proton or neutron respectively8,
and mr = MmN/(M +mN ) denotes the reduced mass of the dark-matter nucleus system. As
described in Section 6.1, Mn ⇤ Mp up to corrections from numerically small CKM factors
and isospin violation in nucleon matrix elements. In the M ⌅ mN limit, the cross section
scales as A4. At finite velocity, a nuclear form factor modifies this behavior [29].

As a numerical benchmark, let us compute the cross section for low-momentum scattering
on a nucleon for a heavy real scalar in the isospin representation J = 1. Figure 3 displays
the result, as a function of the unknown Higgs boson mass. Using Table 1, we consider
separately the “traditional” inputs ��N and �0, as well as recent lattice determinations of
�lat

�N and �lat
s . For each case, separate bands represent the uncertainty due to neglected

perturbative QCD corrections, and due to the hadronic inputs. We estimate the impact of
higher order perturbative QCD corrections by varying matching scales m2

W/2 ⇥ µ2
t ⇥ 2m2

t ,
m2

b/2 ⇥ µ2
b ⇥ 2m2

b , m2
c/2 ⇥ µ2

c ⇥ 2m2
c , 1.0GeV ⇥ µ0 ⇥ 1.4GeV, adding the errors in

quadrature.
The renormalization group running and heavy quark matching for spin-2 operators are

evaluated at LO.9 For spin-0 operators, we find a large residual uncertainty at LO from
µ0, µc and µb scale variation. The RG running from µc to µ0 from (24) is thus evaluated
with NNNLO corrections, including contributions to ⇥/g through O(�4

s) and ⇤m through
O(�4

s). Accordingly, the spin-0 gluonic matrix element from (27) is also evaluated at NNNLO,
including contributions to ⇥/g through O(�4

s) and ⇤m through O(�3
s). The residual µ0 scale

8Explicitly, MN = m�3
W ⌥N |

�⇤
q=u,d,s

⌅
c(0)1q O

(0)
1q + c(2)1q vµv⇥O

(2)µ⇥
1q

⇧
+ c(0)2 O(0)

2 + c(2)2 vµv⇥O
(2)µ⇥
2

⇥
|N� .

9Up to power corrections and subleading O(�s) corrections, our evaluation is equivalent to an evaluation
in either the nf = 4 or nf = 5 flavors theories, taking the c- and b-quark momentum fractions of the proton
as input. We have verified that these results, with the matrix elements taken from [15], are within our error
budget.
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6 Matrix elements and cross section

Having expressed the lagrangian in terms of operators renormalized at the scale µ0 ⇤ 1GeV,
we require hadronic matrix elements evaluated at this scale.

6.1 Hadronic inputs

Let us define the zero-momentum matrix elements of renormalized operators6

⌃N |O(0)
1q |N⌥ ⇥ mNf

(0)
q,N ,

�9�s(µ)

8⇧
⌃N |O(0)

2 (µ)|N⌥ ⇥ mNf
(0)
G,N(µ) ,

⌃N |O(2)µ⇥
1q (µ)|N⌥ ⇥ 1

mN

�
kµk⇥ � gµ⇥

4
m2

N

⇥
f (2)
q,N(µ) ,

⌃N |O(2)µ⇥
2 (µ)|N⌥ ⇥ 1

mN

�
kµk⇥ � gµ⇥

4
m2

N

⇥
f (2)
G,N(µ) , (26)

where mN is the nucleon mass. Matrix elements refer to a definite (but arbitrary) spin state
of the nucleon.

6.1.1 Spin zero

We recall that the spin-0 operator matrix elements are not independent, being linked by the
relation [18]

mN = (1� ⇤m)
⌅

q

⌃N |mq q̄q|N⌥+ ⇥

2g
⌃N |(Ga

µ⇥)
2|N⌥ , (27)

derived from the trace of the QCD energy-momentum tensor. Here N = p or n and mN is the
nucleon mass. Neglecting ⇤m, O(�2

s) contributions to ⇥(g), and power corrections in the above

formula, the definitions (26) ensure that f (0)
G,N(µ) ⌅ 1�

⇤
q=u,d,s f

(0)
q,N . Corrections arising from

(27) are included in the numerical analysis.
For quark operators, define the scale-independent quantities,

�⇤N =
mu +md

2
⌃p|(ūu+ d̄d)|p⌥ , �0 =

mu +md

2
⌃p|(ūu+ d̄d� 2s̄s)|p⌥ . (28)

In the numerical analysis, we will neglect the small contributions proportional to |Vtd|2 and

|Vts|2, so that c(0)1u = c(0)1d . Neglecting also the small contribution [19] (md�mu)⌃p|(ūu�d̄d)|p⌥ ⇤
2MeV, and using approximate isospin symmetry, we then require, for N = p or n,

mN(f
(0)
u,N + f (0)

d,N) ⌅ �⇤N , mNf
(0)
s,N =

ms

mu +md
(�⇤N � �0) = �s . (29)

6We use nonrelativistic normalization for nucleon states, ⌃N(p)|N(p�)⌥ = (2⇥)3�3(p� p�).
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- strange quark scalar matrix element overestimated (central 
value) by SU(3) ch.p.t. 
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Figure 4: Breakdown of contributions to the matrix element Mp using the representative
values mh = 120GeV and ⌃lat

⇡N = 47(9)MeV. The labels u(S), d(S), s(S) and g(S) refer to spin-
S up, down, strange and gluon operator contributions, respectively. The thickness represents
the 1� uncertainty from perturbative QCD. The left-hand vertical band corresponds to the
lattice value ⌃lat

s = 50(8)MeV and the right-hand vertical band corresponds to the range
⌃s = 366(142)MeV deduced from ⌃⇡N and ⌃0 in Table 1.

induced by electroweak symmetry breaking, and of the cross section for scattering on nuclear
matter. Subleading terms in the 1/M expansion can be studied systematically using (4).

Our focus has been on the case of an isotriplet real scalar [1]. For this case, relic abun-
dance estimates [8] indicate that M . fewTeV in order to not overclose the universe. This
mass range, combined with the universal cross section, provides a target for future search
experiments.

We have presented a complete matching at first nonvanishing order in ↵s, and at leading
order in small ratios mW/M , mb/mW and ⇤QCD/mc. We performed renormalization group
improvement to sum leading logarithms to all orders. The residual dependence on the high
matching scale µt ⇠ mt ⇠ mW represents uncertainty due to uncalculated higher-order per-
turbative corrections. Assuming the hadronic input ⌃lat

s from Table 1, this scale variation is
the largest remaining uncertainty on the cross section; its reduction would require higher loop
order calculations.

Our high-scale matching results for quark operators (21) and spin-zero gluon operators
agree with mW/M ! 0 results presented by Hisano et al. [30], under the identification µt =
µb = µc, i.e., a one-step matching onto the nf = 3 theory.9 This approach neglects large
logarithms appearing in coe�cient functions; no attempt was made in [30] to estimate the
uncertainty on the obtained cross section. Our results for matching onto spin-two gluon

9
To make the comparison to the scattering amplitude for a heavy Majorana fermion with � = �c

, we use

� =

p
2e�imv·x

(h
v

+H
v

) =

p
2eimv·x

(hc

v

+Hc

v

), where h
v

and H
v

are spinor fields with (1�v/ )h
v

= (1+v/ )H
v

=

0.
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Figure 3: Cross section for low-velocity scattering on a nucleon for a heavy real scalar in the
isospin J = 1 representation of SU(2). The dark shaded region represents the 1� uncertainty
from perturbative QCD, estimated by varying factorization scales. The light shaded region
represents the 1� uncertainty from hadronic inputs.

heavy quark matching from µt to µc at NLO. Hadronic input uncertainties from each source
in Table 1 and Table 2 are added in quadrature. We have ignored power corrections appearing
at relative order ↵s(mc)⇤2

QCD/m
2
c ; typical numerical prefactors appearing in the coe�cients of

the corresponding power-suppressed operators [18] suggest that these e↵ects are small.
Due to a partial cancellation between spin-0 and spin-2 matrix elements, the total cross

section and the fractional error depend sensitively on subleading perturbative corrections and
on the Higgs mass parameter mh. We find

�p(mh = 120GeV) = 0.7±0.1+0.9
�0.3⇥10�47cm2 , �p(mh = 140GeV) = 2.4±0.2+1.5

�0.6⇥10�47cm2 ,
(33)

where the first error is from hadronic inputs, assuming ⌃lat
s and ⌃lat

⇡N from Table 1, and the
second error represents the e↵ect of neglected higher order perturbative QCD corrections. For
the illustrative value mh = 120GeV, and as a function of the scalar strange-quark matrix
element ⌃s, we display the separate contributions of each of the quark and gluon operators in
Fig. 4.

7 Summary

We have presented the e↵ective theory for heavy, weakly interacting dark matter candidates
charged under electroweak SU(2). Having determined the general form of the e↵ective la-
grangian (4) through 1/M3, we demonstrated matching conditions for subleading operators in
a simple model. Using the e↵ective theory, we demonstrated universality of the mass splitting
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FIG. 8: Comparison and average of lattice QCD calculations of fs as described in the text. The
quoted uncertainties are taken as the statistical and systematic uncertainties added in quadrature
from a given reference. nf = 2 + 1 indicates a dynamical strange quarks as well as up and down.
SU(3) is used to indicate results which rely heavily on SU(3) baryon �PT. Some results are
excluded for various reasons but displayed to demonstrate their consistency: [21] was updated in
[22], the nf = 2 results were not averaged with the nf = 2 + 1 [14, 16], the results in [17] were
preliminary and not extrapolated to the physical pion mass, the results in [18] are preliminary and
only exists in a conference proceedings.

interesting to first compare our results with these;

mshN |s̄s|Ni[MeV] =

8
>>><

>>>:

59 ± 6 ± 8 Ref. [21]
54 ± 5 ± 6 Ref. [22]
43 ± 8 ± 6 Ref. [20]
49 ± 10 ± 15 present work

. (25)

In the literature, there is currently no determination of fs which considers all the available
results from lattice QCD, and so we take the opportunity to provide one here.4 We use an
approach similar to the FLAG working group of FLAVIANET which has provided lattice
determinations of various quantities important to low-energy hadronic physics [107]. In
particular, the FLAG working group has developed a scheme to judge the confidence to
place in various determinations, based upon standards such as the lightest pion mass used,
whether or not a continuum limit has been performed, and whether the infinite volume limit
has been performed. For each criterion, a green star (?) is awarded to results which meet
the strictest constraints, and orange circle (•) is given to results with room for improvement
and a red square (⌅) to those with room for significant improvement. This provides a useful

4 There is a recent review on the topic in Ref. [28], but a lattice average is not provided.
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FIG. 2: The spin-independent neutralino-nucleon scattering cross section as a function of ΣπN
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FIG. 3: The spin-independent neutralino-nucleon scattering cross section ratio along the WMAP-
allowed strips for tan β = 10 (left panel) and tan β = 50 (right panel) for several values of ΣπN .

Experimental constraints from CDMS and XENON10 are also shown.

estimates of the central value for ΣπN is far greater than the typically quoted uncertainty.
In view of this, we also include below some results for lower values of ΣπN .

In Figure 2, we show the ΣπN dependence of σχN,SI for the benchmark models, and
Table IV gives the σχN,SI values for those models for selected values of ΣπN . All the other
parameters are set at their fiducial values (Table I). From the minimal value for ΣπN (σ0 =

Ellis, Olive, Savage, PRD 77 065026 (2008)

mW � mh � mt

mb , mc

�QCD

M

Enuclear

- lattice still converging, but indicate small value 

- important impact on cross sections
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- new frontier: charm scalar matrix element
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Figure 3: Spin-independent cross sections for low-velocity scattering on the proton, evaluated
in the nf = 4 flavor theory as a function of the scalar charm content of the nucleon for the
pure triplet (purple) and pure doublet (green). Dark and light bands represent 1� uncertainty
from pQCD and hadronic inputs, respectively. The pink region corresponds to charm content
estimated from pQCD [11], while the regions between orange dashed lines and black dashed
lines correspond to the direct lattice determinations in [12] and [13], respectively.

Previous works [6] have neglected the contribution from spin-2 gluon operators. For pure
states, this leads to an O(10%) shift in the spin-2 amplitude1 and an O(70%) reduction of its
perturbative uncertainty. Given cancellations between spin-0 and spin-2 amplitudes, the spin-2
gluon contribution is at least an O(1) e↵ect in the cross section, and provides an indispensable
handle on the uncertainty from higher order ↵s(µt) corrections.

6 Mixed state cross sections

The e↵ects of an additional heavy SU(2)W ⇥U(1)Y multiplet (of mass M 0) are suppressed by
the mass splitting � ⌘ (M 0 �M)/2. However, the presence of a heavy partner can allow tree
level higgs exchange. Here we systematically analyze the resulting interplay of such power
and loop corrections in the heavy particle limit. The following e↵ective field theory analysis
is valid in the regime mW , |�| ⌧ M,M 0.

Consider a mixture of Majorana SU(2)W singlet of Y = 0 and Dirac SU(2)W doublet
of Y = 1

2 , with masses MS and MD, respectively. We again assume that higher dimension
operators split the Dirac state into Majorana mass eigenstates, D1 and D2. The heavy-particle
lagrangian is given by (1) in terms of the quintuplet of Majorana fermions hv = (hS, hD1 , hD2),
and gauge couplings

T a =

0

B@
0 · ·
· ta�taT

2 � i(ta+taT )
2

· i(ta+taT )
2

ta�taT

2

1

CA , Y =

0

B@
0 · ·
· 2 � i

2 2

· i
2 2 2

1

CA , (9)

1For comparison, neglecting the spin-2 quark contribution for bottom, charm, strange, down and up shifts
the spin-2 amplitude by O(1%), O(10%), O(10%), O(30%) and O(50%), respectively.
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- upper-bound ↔ prediction for some cross sections

Freeman et al [MILC] 1204.3866 

Gong et al. 1304.1194
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Some results 

(benchmark zero-velocity, heavy particle limit 
of single-nucleon cross section)

Triplet (e.g., wino) 

By heavy WIMP spin symmetry, same result for self-conjugate 
fermion (wino) as real scalar (e.g. weakly interacting stable pion)

2

(pure states), the above lagrangian is completely
specified by electroweak quantum numbers since
gauge-invariance implies f(H) = 0, and �m can be
chosen to vanish for degenerate heavy-particle states.
In particular, the first term in (1) does not depend
on the WIMP mass, spin or other properties beyond
the choice of gauge quantum numbers. Model de-
pendence is systematically encoded in operator co-
e�cients representing 1/M corrections. For exten-
sions with two electroweak multiplets (mixed states),
f(H) and �m are non-vanishing and depend on �,
the mass splitting of the multiplets, and , their cou-
pling strength mediated by the Higgs field.

Weak-scale matching. Interactions of the lightest,
electrically neutral, self-conjugate WIMP, �v, with
quarks and gluons, relevant for spin-independent (SI),
low-velocity scattering with a nucleon, are given at
energies E ⌧ mW by the EFT

L�v,SM =
1

m3
W

�̄v�v

⇢X

q


c(0)q O(0)

q +c(2)q vµv⌫O
(2)µ⌫
q

�

+ c(0)g O(0)
g + c(2)g vµv⌫O

(2)µ⌫
g

�
+ . . . , (2)

where q = u, d, s, c, b is an active quark flavor and
we have chosen QCD quark and gluon operators

of definite spin: O(0)
q = mq q̄q, O(0)

g = (GA
µ⌫)

2,

O(2)µ⌫
q = q̄

⇣
�{µiD⌫}

� � gµ⌫iD/ �/4
⌘
q, and O(2)µ⌫

g =

�GAµ�GA⌫
�+gµ⌫(GA

↵�)
2/4. Here D� ⌘ �!D� �D , and

A{µB⌫} ⌘ (AµB⌫ + A⌫Bµ)/2 denotes symmetriza-
tion. The ellipsis in Eq. 2 denotes higher-dimension
operators suppressed by powers of 1/mW .

We match EFTs (1) and (2) at reference scale
µt ⇠ mW ⇠ mt by integrating out weak scale par-
ticles W±, Z0, h0 and t. In the heavy WIMP limit,
matching coe�cients, ci, of (2) may be expanded as

ci = ci,0 + ci,1
mW

M
+ . . . . (3)

We compute the complete set of twelve matching co-
e�cients ci,0 at leading order in perturbation theory.

Weak-scale matching for mixed states requires
renormalization of the Higgs-WIMP vertex for a con-
sistent evaluation of loop-level amplitudes, and a gen-
eralized basis of heavy-particle loop integrals to ac-
count for non-vanishing residual masses. Details of
the matching computation can be found in [4].

QCD analysis. Having encoded physics of the
heavy WIMP sector in matching coe�cients of (2),
the remaining analysis is independent of the M �

N
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FIG. 1: SI cross section for low-velocity scattering on the
proton as a function of mh, for the pure-triplet case. La-
bels refer to inclusion of LO, NLO, NNLO and NNNLO
corrections in the RG running from µc to µ0 and in the
spin-0 gluon matrix element. Bands represent 1� uncer-
tainty from neglected higher order pQCD corrections.

mW assumption, and consists of renormalization
group (RG) running to a low scale µ0 < mc, matching
at heavy quark thresholds, and evaluating hadronic
matrix elements. This module is systematically im-
provable in subleading corrections and is applicable
to generic direct detection calculations. An extension
of the operator basis would allow robust connections
between contact interactions constrained at colliders
and low-energy observables of direct detection [7].
RG evolution accounts for perturbative corrections
involving large logarithms, e.g., ↵s(µ0) logmt/µ0.
Fig. 1 illustrates the impact of higher order pQCD
corrections. We collect in Refs. [3, 5] the details
of mapping high-scale matching coe�cients onto the
low-energy theory where hadronic matrix elements
are evaluated [23]. Cross sections for scattering on
the neutron and proton are numerically similar; we
present results for the latter.

Pure-state cross sections. Consider the situation
where the SM is extended by a single electroweak
multiplet. For definiteness let us take the cases of
a Majorana SU(2)W triplet of Y = 0, and a Dirac
SU(2)W doublet of Y = 1

2 . For the doublet we
assume that higher-dimension operators cause the
mass eigenstates after electroweak symmetry break-
ing (EWSB) to be self-conjugate combinations D1

andD2, thus forbidding a tree-level �̄v�vZ0 coupling,
and moreover that inelastic scattering is suppressed.

Upon performing weak-scale matching [4] and map-
ping to a low-energy theory for evaluation of matrix
elements [5], we obtain parameter-free cross section
predictions as illustrated in Fig. 2. The triplet cross
section is

�T
SI = 1.3+1.2

�0.5
+0.4
�0.3 ⇥ 10�47 cm2, (4)
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Figure 1: Spin-independent cross section for low-velocity scattering on the proton as a func-
tion of mh for the pure triplet. Labels refer to inclusion of LO, NLO, NNLO and NNNLO
corrections in the running from µc to µ0 and in the spin-0 gluon matrix element. Bands repre-
sent 1� uncertainty from neglected higher order pQCD corrections. Subleading perturbative
corrections significantly a↵ect the prediction near the region of strong cancellation.

simplicity we here denote ↵1 ⇠ ↵2 for the U(1)Y and SU(2)W couplings). For mixed states,
tree-level Higgs boson exchange is allowed, implying quark and gluon matching contributions
of O(↵0

s↵
1
2) and O(↵1

s↵
1
2), respectively. We systematically neglect subleading corrections in-

volving light quark masses and contributions to �m induced by electroweak symmetry breaking
(EWSB), which are suppressed by powers of 1/mW .

4 QCD analysis

Having encoded physics of the heavy WIMP sector in the matching coe�cients of (2), the
remaining analysis is independent of theM � mW assumption, and consists of renormalization
group running to a low scale µ0 < mc, matching at heavy quark thresholds, and evaluating
hadronic matrix elements. This module is systematically improvable in subleading corrections
and is applicable to generic direct detection calculations. Renormalization group evolution
accounts for perturbative corrections involving large logarithms, e.g., ↵s(µ0) logmt/µ0.

The cross section predictions are numerically insensitive to the choice of µ0, provided that
the running from µc to µ0 and the spin-0 gluon matrix element, linked to spin-0 quark matrix
elements by (neglecting 1/mq power corrections)

mN = (1� �m)
X

q

hN |mq q̄q|Ni+ �

2g
hN |(Ga

µ⌫)
2|Ni , (5)

are evaluated with NNNLO corrections. We include NLO corrections in the running from
µt to µc and in threshold matching for bottom and charm. Higher order pQCD corrections
are estimated by varying matching scales m2

W/2  µ2
t  2m2

t , m2
b/2  µ2

b  2m2
b , and

m2
c/2  µ2

c  2m2
c , adding uncertainties in quadrature. The cross section and fractional error

are significantly impacted by these subleading perturbative corrections as shown in Fig. 1.

3

perturbative uncertainty hadronic uncertainty

cf. dimensional estimate: 

amplitude contributions [5, 6]. Therefore, a robust determination of DM-nucleon scattering cross
sections demands a careful analysis of the complete set of leading operators in (3).

The coe�cient c(2)g has been omitted in previous works [3, 5]. Due to a cancellation between

spin-0 and spin-2 amplitude contributions to cross sections, the e↵ect of neglecting c(2)g ranges from
a factor of a few to an order of magnitude di↵erence in cross sections. For the pure-doublet and

pure-triplet states, neglecting c(2)g leads to an O(10� 20%) shift in the spin-2 amplitude, depending
on the choice of renormalization scale, and an underestimation of its perturbative uncertainty by

O(70%). For comparison, neglecting c(2)q for q = b, c, s, d, u shifts the spin-2 amplitude by O(1%),
O(10%), O(10%), O(30%), and O(50%), respectively.

8 Summary

The present analysis focused on weak-scale matching conditions necessary for robustly computing
WIMP-nucleon interactions, both in specified UV completions involving electroweak-charged DM,
and in the model-independent heavyWIMP limit. Careful computation of competing Standard Model
contributions is necessary to estimate the correct order of magnitude of scattering cross sections in
many simple and motivated models of DM. For example, a simple dimensional estimate of the cross
section for spin-independent, low-velocity scattering of a pure-state WIMP on a nucleon yields11

�
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⇠ ↵4

2

m4

N

m2

W

✓
1

m2

W

,
1

m2

h

◆
2

⇠ 10�45 cm2 . (111)

Cross sections of this order of magnitude are currently being probed by direct detection searches
(e.g., see Refs. [22] for detection prospects computed using tree-level cross sections). However, a
cancellation between spin-0 and spin-2 amplitude contributions leads to much smaller cross section
values for motivated candidates such as the pure wino (�

SI

⇠ 10�47 cm2) and the pure higgsino
(�

SI

. 10�48 cm2) of supersymmetric SM extensions. This cancellation demands a careful analysis of
perturbative contributions from weak-scale matching amplitudes presented here, e.g., the inclusion
of the spin-2 gluon contribution, and of remaining theoretical and input uncertainties, which will be
discussed in a companion paper [34]. Robust predictions for the cross sections of the pure triplet,
pure doublet, singlet-doublet admixture, and triplet-doublet admixture can be found in Refs. [6].
Given the matching coe�cients in (110), the cross sections for pure states with arbitrary electroweak
quantum numbers can also be computed.

Although we find that cancellations are generic, their severity depends on SM parameters and
on properties of DM such as its electroweak quantum numbers. The presence of additional low-lying
states could also have impact, and the formalism for weak-scale matching presented here can be
readily extended to investigate such scenarios. For example, including a second Higgs doublet in
the pure-state analysis simply requires modification of the vertices in the amplitudes computed in
Figs. 2 and 3. An extra Higgs boson modifies the spin-0 amplitude, and could potentially weaken
the cancellation between spin-0 and spin-2 amplitudes. The case where the second Higgs-like doublet
itself plays the role of DM (e.g., “inert Higgs DM” [7]) is related to the pure-doublet case in the
heavy WIMP limit by heavy particle universality.

While we have focused here on the case of a heavy, self-conjugate WIMP, deriving from one or two
electroweak multiplets, much of the formalism applies more generally. The construction of the heavy

11
Cross sections of this magnitude were obtained in previous estimates that missed the cancellation between spin-0

and spin-2 amplitude contributions (and ignored gluon contributions) [2].

43

Parameter Value Reference

|Vtd| ⇠ 0 -

|Vts| ⇠ 0 -

|Vtb| ⇠ 1 -

mu/md 0.49(13) [20]

ms/md 19.5(2.5) [20]

⌃lat
⇡N 0.047(9)GeV [21]

⌃lat
s 0.050(8)GeV [22]

⌃⇡N 0.064(7)GeV [23]

⌃0 0.036(7)GeV [24]

mW 80.4GeV [20]

mt 172 GeV [15]

mb 4.75 GeV [15]

mc 1.4 GeV [15]

mN 0.94 GeV -

↵s(mZ) 0.118 [20]

↵2(mZ) 0.0338 [20]

Table 1: Inputs to the numerical analysis.

We consider “traditional” values ⌃⇡N = 64 ± 7MeV [23] and ⌃0 = 36 ± 7MeV [24], but
investigate also the lattice determinations, ⌃lat

⇡N = 47±9MeV [21] and ⌃lat
s = 50±8MeV [22].7

We adopt PDG values [20] for light-quark mass ratios. A summary of numerical inputs is
presented in Table 1.

6.1.2 Spin two

The matrix elements of spin-two operators can be identified as

f (2)
q,p (µ) =

Z 1

0

dx x[q(x, µ) + q̄(x, µ)] , (30)

where q(x, µ) and q̄(x, µ) are parton distribution functions evaluated at scale µ. Neglecting
power corrections, the sum of spin two operators in (20) is the traceless part of the QCD

energy momentum tensor, hence independent of scale we have f (2)
G,p(µ) ⇡ 1�P

q=u,d,s f
(2)
q,p (µ).

Using approximate isospin symmetry we set

f (2)
u,n = f (2)

d,p , f (2)
d,n = f (2)

u,p , f (2)
s,n = f (2)

s,p . (31)

7
The latter quantity arises from a naive averaging of ⌃

s

= 31 ± 15MeV [21] and ⌃

s

= 59 ± 10MeV [25].

See also [26, 27, 28].
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Doublet (e.g. higgsino)

By heavy WIMP spin symmetry, same result for fermion 
(higgsino) as scalar (e.g. “inert higgs”)
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FIG. 2: SI cross sections for low-velocity scattering on
the proton as a function of mh, for the pure cases indi-
cated. Here and in the plots below, dark (light) bands
represent 1� uncertainty from pQCD (hadronic inputs).
The vertical band indicates the physical value of mh.

where the first (second) error represents 1� uncer-
tainty from pQCD (hadronic inputs). Subleading cor-
rections in ratiosmb/mW and ⇤QCD/mc are expected
to be within this error budget. Stronger cancellation
between spin-0 and spin-2 amplitudes in the doublet
case implies a smaller cross section,

�D
SI . 10�48 cm2 (95%C.L.) . (5)

We may also evaluate matrix elements in the nf =
4 flavor theory. Figure 3 shows the results as a func-
tion of the charm scalar matrix element. Cancella-
tion for the doublet is strongest near matrix element
values estimated from pQCD. Direct determination
of this matrix element could make the di↵erence be-
tween a prediction and an upper bound for this (al-
beit small) cross section.

Previous computations of WIMP-nucleon scatter-
ing have focused on a di↵erent mass regime where
other degrees of freedom are relevant [14], or have

neglected the contribution c(2)2 from spin-2 gluon op-
erators [2]. For pure states, this would lead to an
O(20%) shift in the spin-2 amplitude [24], with an
underestimation of the perturbative uncertainty by
O(70%). Due to amplitude cancellations, the result-
ing e↵ect on the cross sections in Fig. 2 ranges from
a factor of a few to an order of magnitude.

Mixed-state cross sections. Mixing with an ad-
ditional heavy electroweak multiplet (of mass M 0)
can allow for tree-level Higgs exchange, but with
coupling that may be suppressed by the mass split-
ting � ⌘ (M 0 � M)/2. We systematically analyze
the resulting interplay of mass-suppressed and loop-
suppressed contributions through an EFT analysis in
the regime mW , |�| ⌧ M,M 0.

Consider a mixture of Majorana SU(2)W singlet
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FIG. 3: SI cross sections for low-velocity scattering on
the proton, evaluated in the nf = 4 flavor theory as a
function of the charm scalar matrix element, for the pure
cases indicated. The pink region corresponds to charm
content estimated from pQCD [9]. The region between
orange (black) dashed lines correspond to direct lattice
determinations in [12] ([13]).

of Y = 0 and Dirac SU(2)W doublet of Y = 1
2 , with

respective masses MS and MD. The heavy-particle
lagrangian is given by (1), where hv = (hS , hD1 , hD2)
is a quintuplet of self-conjugate fields. The gauge
couplings are given in terms of Pauli matrices ⌧a,

T a =

0

B@
0 · ·
· ⌧a

4
�i⌧a

4

· i⌧a

4
⌧a

4

1

CA� c.c. , Y =

0

B@
0 · ·
· 02

�i12
2

· i12
2 02

1

CA . (6)

The couplings to the Higgs field and residual mass
matrix are respectively given by

f(H) =
g21p

2

0

B@
0 HT iHT

H 02 02

iH 02 02

1

CA+

"
iH ! H

1 ! 2

#
+ h.c. ,

�m = diag(MS ,MD14)�Mref15 , (7)

where Mref is a reference mass that may be conve-
niently chosen. Upon accounting for masses induced
by EWSB, we may present the lagrangian in terms of
mass eigenstate fields and derive the complete set of
heavy-particle Feynman rules; e.g., the Higgs-WIMP
vertex is given by ig22/

p
2 + (�/2mW )2 �̄v�vh0

with  ⌘
p
2
1 + 2

2 and � ⌘ (MS�MD)/2. We may
also consider a mixture of Majorana SU(2)W triplet
of Y = 0 and Dirac SU(2)W doublet of Y = 1

2 . Ex-
plicit details for the construction of the EFT for these
heavy admixtures can be found in [4].
Upon performing weak-scale matching [4] and map-

ping to a low-energy theory for evaluation of matrix
elements [5], we obtain the results pictured in Fig. 4.
For weakly coupled WIMPs, we consider  . 1. The
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FIG. 2: SI cross sections for low-velocity scattering on
the proton as a function of mh, for the pure cases indi-
cated. Here and in the plots below, dark (light) bands
represent 1� uncertainty from pQCD (hadronic inputs).
The vertical band indicates the physical value of mh.

where the first (second) error represents 1� uncer-
tainty from pQCD (hadronic inputs). Subleading cor-
rections in ratiosmb/mW and ⇤QCD/mc are expected
to be within this error budget. Stronger cancellation
between spin-0 and spin-2 amplitudes in the doublet
case implies a smaller cross section,

�D
SI . 10�48 cm2 (95%C.L.) . (5)

We may also evaluate matrix elements in the nf =
4 flavor theory. Figure 3 shows the results as a func-
tion of the charm scalar matrix element. Cancella-
tion for the doublet is strongest near matrix element
values estimated from pQCD. Direct determination
of this matrix element could make the di↵erence be-
tween a prediction and an upper bound for this (al-
beit small) cross section.

Previous computations of WIMP-nucleon scatter-
ing have focused on a di↵erent mass regime where
other degrees of freedom are relevant [14], or have

neglected the contribution c(2)2 from spin-2 gluon op-
erators [2]. For pure states, this would lead to an
O(20%) shift in the spin-2 amplitude [24], with an
underestimation of the perturbative uncertainty by
O(70%). Due to amplitude cancellations, the result-
ing e↵ect on the cross sections in Fig. 2 ranges from
a factor of a few to an order of magnitude.

Mixed-state cross sections. Mixing with an ad-
ditional heavy electroweak multiplet (of mass M 0)
can allow for tree-level Higgs exchange, but with
coupling that may be suppressed by the mass split-
ting � ⌘ (M 0 � M)/2. We systematically analyze
the resulting interplay of mass-suppressed and loop-
suppressed contributions through an EFT analysis in
the regime mW , |�| ⌧ M,M 0.

Consider a mixture of Majorana SU(2)W singlet
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FIG. 3: SI cross sections for low-velocity scattering on
the proton, evaluated in the nf = 4 flavor theory as a
function of the charm scalar matrix element, for the pure
cases indicated. The pink region corresponds to charm
content estimated from pQCD [9]. The region between
orange (black) dashed lines correspond to direct lattice
determinations in [12] ([13]).

of Y = 0 and Dirac SU(2)W doublet of Y = 1
2 , with

respective masses MS and MD. The heavy-particle
lagrangian is given by (1), where hv = (hS , hD1 , hD2)
is a quintuplet of self-conjugate fields. The gauge
couplings are given in terms of Pauli matrices ⌧a,

T a =

0

B@
0 · ·
· ⌧a

4
�i⌧a

4

· i⌧a

4
⌧a

4

1

CA� c.c. , Y =

0

B@
0 · ·
· 02

�i12
2

· i12
2 02

1

CA . (6)

The couplings to the Higgs field and residual mass
matrix are respectively given by

f(H) =
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where Mref is a reference mass that may be conve-
niently chosen. Upon accounting for masses induced
by EWSB, we may present the lagrangian in terms of
mass eigenstate fields and derive the complete set of
heavy-particle Feynman rules; e.g., the Higgs-WIMP
vertex is given by ig22/

p
2 + (�/2mW )2 �̄v�vh0

with  ⌘
p
2
1 + 2

2 and � ⌘ (MS�MD)/2. We may
also consider a mixture of Majorana SU(2)W triplet
of Y = 0 and Dirac SU(2)W doublet of Y = 1

2 . Ex-
plicit details for the construction of the EFT for these
heavy admixtures can be found in [4].
Upon performing weak-scale matching [4] and map-

ping to a low-energy theory for evaluation of matrix
elements [5], we obtain the results pictured in Fig. 4.
For weakly coupled WIMPs, we consider  . 1. The
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Mixed cases

With the scale separation M ≫ mW, “pure states” are generic: effects of higher states 
suppressed by mW/(M’-M)

Intricate interplay of mW/(M’-M) suppressed higgs exchange versus pure-state loop 
corrections

Again, analyze in the M,M’ ≫ mW limit. 
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WIMP-nucleon scattering with heavy WIMP e↵ective theory

Richard J. Hill⇤ and Mikhail P. Solon†
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The discovery of a Standard Model-like Higgs boson and the hitherto absence of evidence for
other new states may indicate that if WIMPs comprise cosmological dark matter, they are heavy
compared to electroweak scale particles, M � mW± ,mZ0 . In this limit, the absolute cross section
for a WIMP of given electroweak quantum numbers to scatter from a nucleon becomes computable
in terms of Standard Model parameters. We develop e↵ective field theory techniques to analyze
the heavy WIMP limit of WIMP-nucleon scattering, and present the first complete calculation of
the leading spin-independent cross section in Standard Model extensions consisting of one or two
electroweak SU(2)W ⇥ U(1)Y multiplets.

PACS numbers: 95.35.+d, 12.39.Hg, 11.10.Gh, 12.38.Bx, 14.80.Nb, 12.60.-i

Introduction. Cosmological evidence for dark mat-
ter consistent with Weakly Interacting Massive Parti-
cles (WIMPs) motivates laboratory searches for such
particles interacting with nuclear targets. Search
strategies and detection potential are highly depen-
dent on the WIMP’s properties including its spin, its
mass, M , and its Standard Model (SM) gauge quan-
tum numbers. In the absence of other signals to guide
the search for physics beyond the SM, it is important
to identify plausible cross section targets for next gen-
eration searches.

The discovery of a SM-like Higgs boson [1, 2]
and the hitherto absence of evidence for other new
states may suggest that a WIMP, if it exists, is
heavy compared to electroweak scale particles (M �
mW± ,mZ0). In this limit, heavy-particle methods
allow us to predict the absolute cross section for
a WIMP of given electroweak quantum numbers to
scatter from nucleons in terms of SM parameters.
This universality is similar to that underlying the pre-
dictions of heavy-quark spin symmetry (mb � ⇤QCD)
or nonrelativistic atomic spectra (me � 1/a1).

The SM exhibits a surprising transparency of nu-
cleons to WIMP scattering, due to a cancellation be-
tween spin-0 and spin-2 amplitude contributions [3,
4]. Robust cross section predictions demand a com-
plete treatment of both perturbative and hadronic
uncertainties, including resummation of large loga-
rithms in perturbative QCD (pQCD). In the heavy-
particle limit, there is also an intricate interplay be-
tween mass-suppressed mixed-state contributions and
loop-suppressed pure-state contributions. To analyze
these phenomena, we construct the e↵ective theory
for heavy particles interacting with SM Higgs and
electroweak gauge fields. We define an extension
of the onshell renormalization scheme for the elec-
troweak SM to relate lagrangian parameters to phys-

ical masses in the heavy sector, and evaluate a new
class of Feynman integrals emerging from the result-
ing heavy-particle Feynman rules. For the SM exten-
sions under consideration, we present the first com-
putation of the leading 1/M0 cross section including
matching at leading order in perturbation theory onto
the complete basis of operators at the electroweak
scale. We summarize here several phenomenological
results of this analysis. Details are presented in a
forthcoming paper [5].

Heavy WIMP e↵ective theory. A large class
of models, e.g., neutralinos of supersymmetric SM
extensions [6, 7], have a WIMP as the lightest
state of a new sector. In this situation, the SM
is extended at low energies by one or a few parti-
cles transforming under definite representations of
SM gauge groups. While our analysis is not wed-
ded to supersymmetry (SUSY), SUSY is one of the
most-studied SM extensions, and we adopt doublet
(“higgsino”) and triplet (“wino”) gauge representa-
tions as illustrations of “pure states”. We also con-
sider singlet-doublet (“bino-higgsino”) and triplet-
doublet (“wino-higgsino”) combinations as examples
of “mixed states”.

If particles of the new sector are heavy compared
to electroweak scale particles (M � mW ), we may
integrate out the mass scale M using heavy-particle
e↵ective theory. At leading order in the 1/M ex-
pansion, the heavy-particle lagrangian with time-like
reference vector vµ, is

L = h̄v [iv ·D � �m� f(H)]hv +O(1/M) , (1)

where hv is a heavy-particle field transforming in a
representation of electroweak SU(2)W and U(1)Y ,
with respective coupling constants g2 and g1. The
matrix f(H) describes linear coupling to the Higgs
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Inclusion of additional multiplets allows nontrivial residual mass 
and direct Higgs coupling
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FIG. 2: SI cross sections for low-velocity scattering on the
proton as a function of mh, for the pure triplet and dou-
blet cases. Dark (light) bands represent 1� uncertainty
from pQCD (hadronic inputs).

(1) for pure states. For the doublet, we assume (here
and in mixed states) that higher-dimension operators
cause the mass eigenstates after electroweak symme-
try breaking (EWSB) to be self-conjugate combina-
tions D1 and D2, thus forbidding a tree-level �̄v�vZ0

coupling. We further assume that the mass di↵erence
between D1 and D2 is large enough to suppress in-
elastic scattering, but small compared to mW so that
we may neglect its contribution to �m.

Weak scale matching for the pure triplet was pre-
sented in [4] as a function of the then-unknown Higgs
boson mass. Details of the pure doublet computa-
tion will be presented in [5]. Upon feeding high-scale
coe�cients into the QCD module described above,
we obtain parameter-free cross section predictions as
illustrated in Fig. 2. The triplet cross section is

�SI = 1.3+1.2
�0.5

+0.4
�0.3 ⇥ 10�47 cm2, (4)

where the first (second) error represents 1� uncer-
tainty from pQCD (hadronic inputs). Subleading cor-
rections in ratiosmb/mW and ⇤QCD/mc are expected
to be within this error budget. Stronger cancellation
between spin-0 and spin-2 amplitudes in the doublet
case implies a smaller cross section,

�SI . 10�48 cm2 (95%C.L.) . (5)

We may also evaluate matrix elements in the nf =
4 flavor theory. Fig. 3 shows the results as a function
of the charm scalar matrix element. For the dou-
blet, cancellation occurs near charm content values
estimated from pQCD. Direct determination of this
matrix element could make the di↵erence between a
prediction and an upper bound for this (albeit small)
cross section.

Previous computations of WIMP-nucleon scatter-
ing have focused on a di↵erent mass regime where
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FIG. 3: SI cross sections for low-velocity scattering on
the proton, evaluated in the nf = 4 flavor theory as a
function of the charm scalar matrix element, for the pure
triplet and doublet cases. Dark (light) bands represent 1�
uncertainty from pQCD (hadronic inputs). The pink re-
gion corresponds to charm content estimated from pQCD
[12]. The region between orange (black) dashed lines cor-
respond to direct lattice determinations in [15] ([16]).

other degrees of freedom are relevant [17], or have

neglected the contribution c(2)2 from spin-2 gluon op-
erators [3]. For pure states, this would lead to an
O(20%) shift in the spin-2 amplitude [27], with an
underestimation of the perturbative uncertainty by
O(70%). Due to amplitude cancellations, the result-
ing e↵ect on the cross sections in Fig. 2 ranges from
a factor of a few to an order of magnitude.

Mixed-state cross sections. The e↵ects of an ad-
ditional heavy SU(2)W ⇥ U(1)Y multiplet (of mass
M 0) are suppressed by the mass splitting � ⌘ (M 0 �
M)/2. However, the presence of a heavy partner can
allow tree level Higgs exchange. Here we use heavy-
particle e↵ective theory to systematically analyze the
resulting interplay of such mass-suppressed and loop-
suppressed contributions. The e↵ective field theory
analysis is valid in the regime mW , |�| ⌧ M,M 0.

Consider a mixture of Majorana SU(2)W singlet
of Y = 0 and Dirac SU(2)W doublet of Y = 1

2 , with
respective masses MS and MD. The heavy-particle
lagrangian is given by (1), where hv = (hS , hD1 , hD2)
is a quintuplet of self-conjugate fields. The gauge
couplings are given in terms of Pauli matrices ⌧a,
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and the couplings to the Higgs field are

f(H) =
g21p

2

0

B@
0 HT iHT
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iH ! H
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#
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(7)
The residual mass matrix is M + �m =
diag(MS ,MD14), and upon accounting for EWSB,
�m is diagonalized to

�m = 2mWdiag

✓
tan

⇢

2
,

2

sin ⇢
, 0, tan

⇢

2
, tan

⇢

2

◆
,

(8)
where the residual mass of �v is zero by appropri-
ate choice of the reference mass M . Above, sin ⇢ ⌘
/

p
2 + (�/2mW )2,  ⌘

p
2
1 + 2

2, � ⌘ (MS �
MD)/2, and the charge matrix is Q = diag(03, 1,�1).

Weak scale matching for mixed states requires a
generalized basis of heavy-particle loop integrals to
account for non-vanishing residual masses. In ad-
dition to pure-state diagrams, there are O(↵1

2) dia-
grams from the vertex ig2 sin ⇢ �̄v�vh0, and O(↵2

2)
ultraviolet-divergent diagrams from integrating out
the Higgs boson and, in a covariant gauge, Goldstone
bosons. To renormalize, we introduce gauge invari-
ant counterterms �MS , �MD, �1, �2, �Zh in (1).
We generalize the on-shell renormalization scheme for
the electroweak SM, enforcing renormalization condi-
tions such that physical masses in the neutral sector
are given in terms of renormalized quantities by (8).
Details will be presented in [5].

We neglect O(↵2
2) contributions from O(↵1

2) correc-
tions to the ⇠ h0q̄q and ⇠ h0(GA

µ⌫)
2 SM couplings.

This gauge invariant subclass of diagrams is always
loop-suppressed relative to O(↵1

2) contributions from
tree-level Higgs exchange.

We may also consider a mixture of Majorana
SU(2)W triplet of Y = 0 and Dirac SU(2)W dou-
blet of Y = 1

2 , with respective masses MT and MD.
The heavy-particle lagrangian is given by (1), where
hv = (hT , hD1 , hD2) is a septuplet of self-conjugate
fields. The gauge couplings are analogous to (6), re-
placing the singlet subspace with a 3 ⇥ 3 subspace
generated by the SU(2) adjoint representation. The
couplings to the Higgs field are analogous to (7), re-
placing H with (⌧1, ⌧2, ⌧3)H. The residual mass is
M + �m = diag(MT 13,MD14), and upon account-
ing for EWSB and choosing the reference mass M
appropriately, �m is diagonalized to

�m = 2mWdiag

✓
tan

⇢

2
,

2

sin ⇢
, 0,

2
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, 0,

2
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FIG. 4: SI cross sections for low-velocity scattering on
the proton as a function of �/[(4⇡)2mW ], for singlet-
doublet and doublet-triplet mixtures. We indicate pure
case limits at large |�|. Dark (light) bands represent 1�
uncertainty from pQCD (hadronic inputs). Each curve is
labelled with the  value used. Inset plots use the same
units.

where ⇢ and  are as previously defined, but re-
placing MS with MT . The charge matrix is Q =
diag(03, 12,�12), and �v has zero residual mass.
The results are displayed in Fig. 4. For weakly cou-

pled WIMPs, we consider  . 1. The limit of large
positive (negative) � corresponds to the pure dou-
blet (singlet or triplet) case. The presence of a scale
separation M,M 0 � mW , implies that the partner
state contributes at leading order when |�|/mW =
O(1), or more precisely |�|/[(4⇡)2mW ] = O(1).
Within this regime, the purely spin-0 O(↵1

2) con-
tributions from tree-level Higgs exchange can dom-
inate (cf. [18]). However, when mW /� suppression is
significant, O(↵2

2) loop-induced contributions become
relevant, and the opposite signs of spin-0 and spin-2
amplitudes lead to cancellations in the -� plane. In
the decoupling limit of SUSY,  depends on tan� and
the sign of µ, taking values   tan ✓W /2 (  1/2)
for a bino-higgsino (wino-higgsino) mixture.

Discussion. We constructed the e↵ective field the-
ory for heavy WIMPs interacting with SM gauge
and Higgs bosons, providing definite predictions with
minimal model dependence, for cross sections to be
probed in future dark matter search experiments.
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Tree level mass diagonalization

The real parameters ai above are given by a
1

= 1

2

Re(y + y0) and a
2

= 1

2

Im(y � y0). Operators
involving �5 are forced to vanish by the projection constraint of the heavy field, v/h = h.

The residual mass matrix is �m = diag (MS , MD 4

)�M
5

, where M is the extracted reference
mass. The gauge couplings are obtained by extending (7) trivially to include the singlet. This
completely specifies the heavy-particle lagrangian (1).

The mass induced by electroweak symmetry breaking, hHi = vwkp
2
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, is accounted for by the

total residual mass matrix
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In the following, we use subscripts to denote the electric charge and bracketed superscripts to label
the mass eigentstate. For neutral states we find the eigenvalues (we suppress the subscript in v

wk

,
the resulting v is not to be confused with the velocity vµ)
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By definition a > 0, and regardless of the sign of �, the smallest eigenvalue is �m(v)(�)

0

. We may set
this eigenvalue to zero by appropriately choosing M . The corresponding normalized eigenvectors in
the (hS , h0, h0

0

) basis of electrically neutral states are
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We may construct the unitary matrix (on the three dimensional neutral subspace),
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and thus find
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The tree-level masses for the electrically charged sector are unchanged, given by �m(v)(0)± = �m(v)(0)
0

.
The charge eigenstates are obtained through
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The final basis consists of the column vector
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where the lightest, electrically neutral state is h(�)

0

⌘ �. The lagrangian is given by (2) with
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The tree-level masses for the electrically charged sector are unchanged, given by �m(v)(0)± = �m(v)(0)
0

.
The charge eigenstates are obtained through
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The final basis consists of the column vector
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where the lightest, electrically neutral state is h(�)
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mass eigenstate basis: 

The real parameters ai above are given by a
1

= 1

2

Re(y + y0) and a
2

= 1

2

Im(y � y0). Operators
involving �5 are forced to vanish by the projection constraint of the heavy field, v/h = h.

The residual mass matrix is �m = diag (MS , MD 4

)�M
5

, where M is the extracted reference
mass. The gauge couplings are obtained by extending (7) trivially to include the singlet. This
completely specifies the heavy-particle lagrangian (1).

The mass induced by electroweak symmetry breaking, hHi = vwkp
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In the following, we use subscripts to denote the electric charge and bracketed superscripts to label
the mass eigentstate. For neutral states we find the eigenvalues (we suppress the subscript in v

wk

,
the resulting v is not to be confused with the velocity vµ)
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By definition a > 0, and regardless of the sign of �, the smallest eigenvalue is �m(v)(�)
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. We may set
this eigenvalue to zero by appropriately choosing M . The corresponding normalized eigenvectors in
the (hS , h0, h0
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U(v) =
⇣
~v(0)
0

~v(+)

0

~v(�)

0

⌘
, (16)

and thus find
0

B@
h(0)
0

h(+)

0

h(�)

0

1

CA = U(v)

0

B@
hS

h
0

h0
0

1

CA , U †(v)[�m+ f(hHi)]U(v) = diag
⇣
�m(v)(0)

0

, �m(v)(+)

0

, �m(v)(�)

0

⌘
.

(17)

4

where we have introduced
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. (21)

Note that sin ⇢ is positive, and that cos ⇢ can have either sign depending on the hierarchy between
MS and MD. The Feynman rules for the heavy bino-higgsino WIMP are given in Figs. ??,7,??.

2.4 Mixed triplet-doublet

Consider an admixture of the self-conjugate heavy triplet (mass MT ) and doublet fields introduced
above. Let us collect these fields into a column vector,
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Using ⌧ = (⌧1, ⌧2, ⌧3) and the conjugate representation ⌧̄ = �(⌧1T , ⌧2T , ⌧3T ), the renormalizable
gauge-invariant interactions involving the Higgs field can be written as
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The real parameters ai are given by a
1

= 1

2

Re(y � y0) and a
2

= 1

2

Im(y + y0). Operators involving �5

are forced to vanish by the projection constraint of the heavy field, v/h = h.
We employ phase redefinitions of hT , hD1 and hD2 to ensure that MT and MD are real and posi-

tive3. The residual mass matrix is �m = diag (MT 3

, MD 4

)�M
7

, where M is the reference mass.
The gauge couplings are obtained by extending (7) trivially to include the 3⇥ 3 subspace generated
by the adjoint representation of SU(2). This completely specifies the heavy-particle lagrangian (1).

3An additional phase redefinition could be used to enforce the vanishing of a1 or a2.
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Figure 4: Feynman rules for heavy bino-higgsino WIMP coupling to Standard Model gauge bosons.
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The Feynman rules for the heavy wino-higgsino WIMP are given in Figs. ??,??,??.

3 On-shell renormalization scheme

A consistent evaluation of amplitudes at the one-loop level demands renormalization of the Higgs-
WIMP vertex. We define an extension of the on-shell renormalization scheme for the electroweak
Standard Model by expressing the vertex amplitude in terms of physical masses in the SM and dark
sectors. We begin by studying the singlet-doublet system, and will later quote the analogous results
for the triplet-doublet system.

3.1 Singlet-doublet counterterm lagrangian

Here we denote the residual masses by µ and the residual mass counterterms by �µ. Let us write the
bare lagrangian as the sum of renormalized and counterterm contributions

L = h̄bare
h
iv ·D � µbare � fbare(H)

i
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= h̄ [iv ·D � µ� f(H)]h+ h̄ [�Zhiv ·D � �µ� �f(H)]h , (35)

where the bare quantities are given by
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Onshell renormalization
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The Feynman rules for the heavy wino-higgsino WIMP are given in Figs. ??,??,??.

3 On-shell renormalization scheme

A consistent evaluation of amplitudes at the one-loop level demands renormalization of the Higgs-
WIMP vertex. We define an extension of the on-shell renormalization scheme for the electroweak
Standard Model by expressing the vertex amplitude in terms of physical masses in the SM and dark
sectors. We begin by studying the singlet-doublet system, and will later quote the analogous results
for the triplet-doublet system.

3.1 Singlet-doublet counterterm lagrangian

Here we denote the residual masses by µ and the residual mass counterterms by �µ. Let us write the
bare lagrangian as the sum of renormalized and counterterm contributions

L = h̄bare
h
iv ·D � µbare � fbare(H)

i
hbare

= h̄ [iv ·D � µ� f(H)]h+ h̄ [�Zhiv ·D � �µ� �f(H)]h , (35)

where the bare quantities are given by

µbare = diag(µbare

S , µbare

D , µbare

D , µbare

D , µbare

D ) ,

fbare =
abare
1p
2
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W,Z h,�W ,�Z

Figure 1: One-loop corrections to two-point functions.

We compute the one-loop corrections to the amputated two-point function from virtual Z0, W±,
h, �Z and �W exchange, as illustrated in Fig. 1. Results are for Feynman-t’Hooft gauge, expressed
in terms of the basic integrals of Appendix C:

�i[⌃
2

(0)]
11

= � g2
2

4c2W
cos2

�

2
I
3

(�(�)

0

,mZ)� g2
2

4c2W
sin2

�

2
I
3

(�(+)

0

,mZ)� g2
2

2
I(�±,mW )

+ a2 cos2
�

2
I
3

(�(+)

0

,mZ) + a2 sin2
�

2
I
3

(�(�)

0

,mZ) ,

�i[⌃
2

(0)]
22

= � g2
2

4c2W
sin2

�

2
I
3

(�(0)
0

,mZ)� g2
2

2
sin2

�

2
I
3

(�±,mW ) + a2 sin2 �I
3

(�(+)

0

,mh)

+ a2 cos2 �I
3

(�(�)

0

,mh) + a2 cos2
�

2
I
3

(�(0)
0

,mZ) + 2a2 cos2
�

2
I
3

(�±,mW ) ,

�i[⌃
2

(0)]
33

= � g2
2

4c2W
cos2

�

2
I
3

(�(0)
0

,mZ)� g2
2

2
cos2

�

2
I
3

(�±,mW ) + a2 sin2 �I
3

(�(�)

0

,mh)

+ a2 cos2 �I
3

(�(+)

0

,mh) + a2 sin2
�

2
I
3

(�(0)
0

,mZ) + 2a2 sin2
�

2
I
3

(�±,mW ) ,

�i[⌃
2

(0)]
44

= �i[⌃
2

(0)]
55

= �e2I
3

(�±,�)� g2
2

4c2W
(1� 2s2w)

2I
3

(�±,mZ)� g2
2

4
I
3

(�(0)
0

,mW )

� g2
2

4
sin2

�

2
I
3

(�(+)

0

,mW )� g2
2

4
cos2

�

2
I
3

(�(�)

0

,mW ) + a2 cos2
�

2
I
3

(�(+)

0

,mW )

+ a2 sin2
�

2
I
3

(�(�)

0

,mW ). (40)

Nonvanishing o↵-diagonal elements are

�i[⌃
2

(0)]
23

= � g2
2

8c2W
sin�I

3

(�(0)
0

,mZ)� g2
2

4
sin�I

3

(�±,mW ) + a2 sin� cos�I
3

(�(+)

0

,mh)

� a2 sin� cos�I
3

(�(�)

0

,mh)� 1

2
a2 sin�I

3

(�(0)
0

,mZ)� a2 sin�I
3

(�±,mW ) . (41)

3.3 Renormalization conditions

Let us fix �a
1

, �a
2

, �µS , �µD and �ZS by enforcing that the physical masses are given by the
renormalized parameters of the lagrangian:

[�µ]
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+Re[⌃
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(�m(v)(+)
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)]
22

� �m(v)(+)
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11
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= 0 ,
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0

[�Zh]11 = 0 , (42)

and that the lightest mass eigenstate is proportional to the vector (0, 0, 1, 0, 0):
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[�µ]
23

+Re[⌃
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23

= 0 . (43)

Note that the presence of �ZS 6= �ZD is required to maintain the orientation of the lightest mass
eigenstate under renormalization. We are using
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0
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Solving for the counterterms, we find from [�M ]
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Solving the system of equations for [�M ]
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then yields
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We note that the degeneracy between mass of the �(0)

0

state and the �± states is lifted by a finite
amount, predicted in terms of renormalized parameters as:

M(�±)�M(�(0)

0
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2

(�±)]44 � [⌃
2

(�(0)
0
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(47)

where we use that [�M ]
11

= [�M ]
44

, [�Z]
11

= [�Z]
44

and �(0)
0

= �±.

3.4 Extension to triplet-doublet

The extension to the wino-higgsino system is straightforward. We have in this case,

Zh = 1 + �Zh = diag(ZT , ZD 4

) ,

M + �M = Z
1
2
h M
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2
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with fi introduced previously. [Refine.] In the mass eigenstate basis of the non-counterterm
lagrangian, the mass counterterm becomes

�M =

0

B@
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0 0

0 �M
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0 0 �M
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1

CA , (49)
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Let us enforce the renormalization conditions in the neutral sector,
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as well as the vanishing of o↵-diagonal elements,
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The remainder of the renormalization program proceeds as for the bino-higgsino system.
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Additional states in the dark sector

singlet-doublet (e.g., bino-higgsino) 

interplay of mass-suppressed (tree level) and loop 
suppressed contributions
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FIG. 4: SI cross sections for low-velocity scattering on the
proton for the singlet-doublet and doublet-triplet admix-
tures, as a function of the mass splitting between pure-
state constituents, �/[(4⇡)2mW ] (in conveniently cho-
sen units such that interesting features of the curves with
di↵erent  may be displayed on the same scale). We in-
dicate pure case limits and label each curve with the 
value used. Inset plots use the same units.

presence of a scale separation M,M 0 � mW , im-
plies that the partner state contributes at leading
order when |�| . mW , or more precisely |�| .
mW (4⇡)2. Within this regime, the purely spin-
0 contributions from tree-level Higgs exchange can
dominate (cf. [18]). However, when mW /� suppres-
sion is significant, loop-induced contributions become
relevant, and the opposite signs of spin-0 and spin-2
amplitudes lead to cancellations in the -� plane. In
the decoupling limit of SUSY,  depends on t� and
the sign of µ, taking values   tan ✓W /2 (  1/2)
for a bino-higgsino (wino-higgsino) mixture.

Extended gauge and Higgs sectors. A sim-
ple dimensional estimate of the pure-state cross sec-
tion yields �SI ⇠ (↵2mN/mW )4 ⇠ 10�45 cm2 [25].
However, destructive interference between spin-0 and
spin-2 amplitudes leads to anomalously small cross
sections. The degree of cancellation depends on SM
parameters such as mh in Fig. 2, and on the choice
of WIMP quantum numbers. Extending our compu-
tation to pure states of arbitrary isospin, J , and hy-
percharge, Y , the resulting cross section is minimum
for (J, Y ) = ( 12 ,

1
2 ) corresponding to the doublet, and
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FIG. 5: SI cross sections for low-velocity scattering on
the proton as a function of ⌘ ⌘ t� cos(� � ↵), for pure
states with quantum numbers (J, Y ) indicated. The re-
gions |⌘|, |⌘ � 2| . 0.5 are phenomenologically allowed.
Cross sections assuming only a SM-like Higgs are at ⌘ = 0.

increases for larger J at fixed Y ; e.g., the result for

Y = 0 is �(J,0)
SI = [J(J + 1)/2]2�T

SI.

Additional structure in the Higgs sector may also
have impact. We illustrate this with a second CP-
even Higgs of mass mH > mh = 126GeV, aris-
ing in the context of the type-II two-Higgs-doublet
model. Upon including diagrams with both Higgses,
we obtain pure-state cross sections in terms of mH ,
t� ⌘ tan� and ⌘ ⌘ t� cos(� � ↵) (choosing vari-
ables suitable for parameterizing departures from the
“alignment limit” [15]). For t� � 1 and |⌘|  O(1),
the couplings of the SM-like Higgs to W±, Z0, u, c, t
are given by 1 + O(1/t2�), while those to d, s, b are

given by (1� ⌘) +O(1/t2�), measured relative to SM
values. Existing phenomenological constraints are
not sensitive to the sign of the latter, allowing for
values ⌘ ⇡ 0, 2 where the magnitude is near the SM
value. Figure 5 shows cross section predictions for
pure states with quantum numbers (J, Y ) indicated,
including (2, 0), the smallest representation for which
WIMP decay by dimension five operators is forbidden
by gauge invariance [16]. The results do not change
appreciably for mH & 500 and t� & 5 since the lead-
ing corrections are proportional to ⌘(1 � m2

h/m
2
H)

with subleading corrections of O(1/t2�).

Discussion. We constructed the EFT for heavy
WIMPs interacting with SM gauge and Higgs bosons,
and used it to compute predictions with minimal
model dependence for cross sections to be probed
in future DM search experiments. We presented
absolute predictions for WIMPs transforming un-
der irreducible representations of SU(2)W ⇥ U(1)Y
(Fig. 2), and considered the impact of additional
WIMPs (Fig. 4) and of an extended Higgs sector
(Fig. 5). We also demonstrated the significance of
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proton for the singlet-doublet and doublet-triplet admix-
tures, as a function of the mass splitting between pure-
state constituents, �/[(4⇡)2mW ] (in conveniently cho-
sen units such that interesting features of the curves with
di↵erent  may be displayed on the same scale). We in-
dicate pure case limits and label each curve with the 
value used. Inset plots use the same units.

presence of a scale separation M,M 0 � mW , im-
plies that the partner state contributes at leading
order when |�| . mW , or more precisely |�| .
mW (4⇡)2. Within this regime, the purely spin-
0 contributions from tree-level Higgs exchange can
dominate (cf. [18]). However, when mW /� suppres-
sion is significant, loop-induced contributions become
relevant, and the opposite signs of spin-0 and spin-2
amplitudes lead to cancellations in the -� plane. In
the decoupling limit of SUSY,  depends on t� and
the sign of µ, taking values   tan ✓W /2 (  1/2)
for a bino-higgsino (wino-higgsino) mixture.

Extended gauge and Higgs sectors. A sim-
ple dimensional estimate of the pure-state cross sec-
tion yields �SI ⇠ (↵2mN/mW )4 ⇠ 10�45 cm2 [25].
However, destructive interference between spin-0 and
spin-2 amplitudes leads to anomalously small cross
sections. The degree of cancellation depends on SM
parameters such as mh in Fig. 2, and on the choice
of WIMP quantum numbers. Extending our compu-
tation to pure states of arbitrary isospin, J , and hy-
percharge, Y , the resulting cross section is minimum
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increases for larger J at fixed Y ; e.g., the result for

Y = 0 is �(J,0)
SI = [J(J + 1)/2]2�T

SI.

Additional structure in the Higgs sector may also
have impact. We illustrate this with a second CP-
even Higgs of mass mH > mh = 126GeV, aris-
ing in the context of the type-II two-Higgs-doublet
model. Upon including diagrams with both Higgses,
we obtain pure-state cross sections in terms of mH ,
t� ⌘ tan� and ⌘ ⌘ t� cos(� � ↵) (choosing vari-
ables suitable for parameterizing departures from the
“alignment limit” [15]). For t� � 1 and |⌘|  O(1),
the couplings of the SM-like Higgs to W±, Z0, u, c, t
are given by 1 + O(1/t2�), while those to d, s, b are

given by (1� ⌘) +O(1/t2�), measured relative to SM
values. Existing phenomenological constraints are
not sensitive to the sign of the latter, allowing for
values ⌘ ⇡ 0, 2 where the magnitude is near the SM
value. Figure 5 shows cross section predictions for
pure states with quantum numbers (J, Y ) indicated,
including (2, 0), the smallest representation for which
WIMP decay by dimension five operators is forbidden
by gauge invariance [16]. The results do not change
appreciably for mH & 500 and t� & 5 since the lead-
ing corrections are proportional to ⌘(1 � m2

h/m
2
H)

with subleading corrections of O(1/t2�).

Discussion. We constructed the EFT for heavy
WIMPs interacting with SM gauge and Higgs bosons,
and used it to compute predictions with minimal
model dependence for cross sections to be probed
in future DM search experiments. We presented
absolute predictions for WIMPs transforming un-
der irreducible representations of SU(2)W ⇥ U(1)Y
(Fig. 2), and considered the impact of additional
WIMPs (Fig. 4) and of an extended Higgs sector
(Fig. 5). We also demonstrated the significance of

triplet-doublet (e.g., wino-higgsino) 

Δ: mass splitting of multiplets, in units where tree/
loop crossover occurs at ~1
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Additional states in the Higgs sector

E.g., 2HDM
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FIG. 4: SI cross sections for low-velocity scattering on the
proton for the singlet-doublet and doublet-triplet admix-
tures, as a function of the mass splitting between pure-
state constituents, �/[(4⇡)2mW ] (in conveniently cho-
sen units such that interesting features of the curves with
di↵erent  may be displayed on the same scale). We in-
dicate pure case limits and label each curve with the 
value used. Inset plots use the same units.

presence of a scale separation M,M 0 � mW , im-
plies that the partner state contributes at leading
order when |�| . mW , or more precisely |�| .
mW (4⇡)2. Within this regime, the purely spin-
0 contributions from tree-level Higgs exchange can
dominate (cf. [18]). However, when mW /� suppres-
sion is significant, loop-induced contributions become
relevant, and the opposite signs of spin-0 and spin-2
amplitudes lead to cancellations in the -� plane. In
the decoupling limit of SUSY,  depends on t� and
the sign of µ, taking values   tan ✓W /2 (  1/2)
for a bino-higgsino (wino-higgsino) mixture.

Extended gauge and Higgs sectors. A sim-
ple dimensional estimate of the pure-state cross sec-
tion yields �SI ⇠ (↵2mN/mW )4 ⇠ 10�45 cm2 [25].
However, destructive interference between spin-0 and
spin-2 amplitudes leads to anomalously small cross
sections. The degree of cancellation depends on SM
parameters such as mh in Fig. 2, and on the choice
of WIMP quantum numbers. Extending our compu-
tation to pure states of arbitrary isospin, J , and hy-
percharge, Y , the resulting cross section is minimum
for (J, Y ) = ( 12 ,
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FIG. 5: SI cross sections for low-velocity scattering on
the proton as a function of ⌘ ⌘ t� cos(� � ↵), for pure
states with quantum numbers (J, Y ) indicated. The re-
gions |⌘|, |⌘ � 2| . 0.5 are phenomenologically allowed.
Cross sections assuming only a SM-like Higgs are at ⌘ = 0.

increases for larger J at fixed Y ; e.g., the result for

Y = 0 is �(J,0)
SI = [J(J + 1)/2]2�T

SI.

Additional structure in the Higgs sector may also
have impact. We illustrate this with a second CP-
even Higgs of mass mH > mh = 126GeV, aris-
ing in the context of the type-II two-Higgs-doublet
model. Upon including diagrams with both Higgses,
we obtain pure-state cross sections in terms of mH ,
t� ⌘ tan� and ⌘ ⌘ t� cos(� � ↵) (choosing vari-
ables suitable for parameterizing departures from the
“alignment limit” [15]). For t� � 1 and |⌘|  O(1),
the couplings of the SM-like Higgs to W±, Z0, u, c, t
are given by 1 + O(1/t2�), while those to d, s, b are

given by (1� ⌘) +O(1/t2�), measured relative to SM
values. Existing phenomenological constraints are
not sensitive to the sign of the latter, allowing for
values ⌘ ⇡ 0, 2 where the magnitude is near the SM
value. Figure 5 shows cross section predictions for
pure states with quantum numbers (J, Y ) indicated,
including (2, 0), the smallest representation for which
WIMP decay by dimension five operators is forbidden
by gauge invariance [16]. The results do not change
appreciably for mH & 500 and t� & 5 since the lead-
ing corrections are proportional to ⌘(1 � m2

h/m
2
H)

with subleading corrections of O(1/t2�).

Discussion. We constructed the EFT for heavy
WIMPs interacting with SM gauge and Higgs bosons,
and used it to compute predictions with minimal
model dependence for cross sections to be probed
in future DM search experiments. We presented
absolute predictions for WIMPs transforming un-
der irreducible representations of SU(2)W ⇥ U(1)Y
(Fig. 2), and considered the impact of additional
WIMPs (Fig. 4) and of an extended Higgs sector
(Fig. 5). We also demonstrated the significance of

departure from “alignment” limit
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di↵erent  may be displayed on the same scale). We in-
dicate pure case limits and label each curve with the 
value used. Inset plots use the same units.
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mW (4⇡)2. Within this regime, the purely spin-
0 contributions from tree-level Higgs exchange can
dominate (cf. [18]). However, when mW /� suppres-
sion is significant, loop-induced contributions become
relevant, and the opposite signs of spin-0 and spin-2
amplitudes lead to cancellations in the -� plane. In
the decoupling limit of SUSY,  depends on t� and
the sign of µ, taking values   tan ✓W /2 (  1/2)
for a bino-higgsino (wino-higgsino) mixture.

Extended gauge and Higgs sectors. A sim-
ple dimensional estimate of the pure-state cross sec-
tion yields �SI ⇠ (↵2mN/mW )4 ⇠ 10�45 cm2 [25].
However, destructive interference between spin-0 and
spin-2 amplitudes leads to anomalously small cross
sections. The degree of cancellation depends on SM
parameters such as mh in Fig. 2, and on the choice
of WIMP quantum numbers. Extending our compu-
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increases for larger J at fixed Y ; e.g., the result for

Y = 0 is �(J,0)
SI = [J(J + 1)/2]2�T

SI.

Additional structure in the Higgs sector may also
have impact. We illustrate this with a second CP-
even Higgs of mass mH > mh = 126GeV, aris-
ing in the context of the type-II two-Higgs-doublet
model. Upon including diagrams with both Higgses,
we obtain pure-state cross sections in terms of mH ,
t� ⌘ tan� and ⌘ ⌘ t� cos(� � ↵) (choosing vari-
ables suitable for parameterizing departures from the
“alignment limit” [15]). For t� � 1 and |⌘|  O(1),
the couplings of the SM-like Higgs to W±, Z0, u, c, t
are given by 1 + O(1/t2�), while those to d, s, b are

given by (1� ⌘) +O(1/t2�), measured relative to SM
values. Existing phenomenological constraints are
not sensitive to the sign of the latter, allowing for
values ⌘ ⇡ 0, 2 where the magnitude is near the SM
value. Figure 5 shows cross section predictions for
pure states with quantum numbers (J, Y ) indicated,
including (2, 0), the smallest representation for which
WIMP decay by dimension five operators is forbidden
by gauge invariance [16]. The results do not change
appreciably for mH & 500 and t� & 5 since the lead-
ing corrections are proportional to ⌘(1 � m2
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with subleading corrections of O(1/t2�).

Discussion. We constructed the EFT for heavy
WIMPs interacting with SM gauge and Higgs bosons,
and used it to compute predictions with minimal
model dependence for cross sections to be probed
in future DM search experiments. We presented
absolute predictions for WIMPs transforming un-
der irreducible representations of SU(2)W ⇥ U(1)Y
(Fig. 2), and considered the impact of additional
WIMPs (Fig. 4) and of an extended Higgs sector
(Fig. 5). We also demonstrated the significance of

phenomenologically allowed

cf. Carena et al. 1310.2248

(J,Y) of SU(2)xU(1)

:

tan� = 5, mH = 500GeV

1 +O(1/t2�)

1� ⌘ +O(1/t2�)

coupling of h to W,Z,u,c,t :

coupling of h to d,s,b :
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can the amplitude cancellation be avoided ?  



Summary

• Indications of MNew Physics >> mW imply constrained but challenging 
WIMP phenomenology 

• Heavy WIMP effective theory used to give first complete matching 
onto full basis of operators at the weak scale at leading order in 
perturbation theory: application to SM extensions consisting of 1 
and 2 electroweak multiplets 

• Systematic treatment of QCD perturbation theory and scale 
uncertainties (significant residual perturbative uncertainty)

• Important inputs from lattice (strange scalar matrix element), and 
potential impact of charm scalar matrix element

• Much work to do: power corrections, detailed nuclear modeling, 
interface with indirect detection
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