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OVERVIEW OF TALK
• motivation

• The problem

• A solution

• what next?
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REAL-TIME EVOLUTION IN QUANTUM 
FIELD THEORY 

•Preheating
• Berges, Felder, Garcia-Bellido, Garcia-Perez,Gelfand, Gonzalez-Arroyo, Khlebnikov, Kofman, Linde, Micha, 

Mou, Prokopec, Pruschke, Roos, Tkachev

•Baryogenesis
• Bodecker, Grigoriev, Hu, Kusenko, Moore, Mou, Muller, Rummukainen, PMS, Shaposhnikov,, Smit, Tranberg

•FRW evolution
• Baacke, Covi, Heitmann, Kevlishvili, Patzold, Tranberg

•Soliton dynamics
• Berges,  Borsanyi, Hertzberg, Hindmarsh, Mou,PMS, Roth, TognarelliTranberg

•Thermalization
• Aarts, Attems, Berges, Bonini, Gelfand, Kurkela, Philipsen, Pruschke, Schlicting, Sexty, Shafer, Wagenbach, 

Wetterich, Zafeiropoulos

•Phase transitions
• Blaizot, Hatta, Rajantie, Sexty, Smit, Tranberg, Tsutsui

•Langevin
• Aarts, Scherzer, Seiler, Sexty, Stamatescu



THE PATH INTEGRAL

hOi =

R
D� OeiS/~R
D� eiS/~

<latexit sha1_base64="ffFEUWJ6n/vvBvwXheUh5Lls/9Y="></latexit>



THE PATH INTEGRAL

hOi =

R
D� OeiS/~R
D� eiS/~

<latexit sha1_base64="ffFEUWJ6n/vvBvwXheUh5Lls/9Y="></latexit>

Z
D� =

Z
d�(xµ1 )d�(x

µ
2 )d�(x

µ
3 )...

<latexit sha1_base64="kxm5CBvrV6dyZW38daGCF38aFMg="></latexit>
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THE PATH INTEGRAL

•It’s big: 
• use Monte Carlo sampling to evaluate the integrals
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THE PATH INTEGRAL

•It’s big: 
• use Monte Carlo sampling to evaluate the integrals

•It’s a phase:
• use Picard-Lefschetz (Cauchy’s theorem) to improve 
convergence

• Aarts, Alexandru, Basar, Bedaque, Christoforetti, , Feldbrugge, Fujii, Honda, Kato, Kikuwa, Komatsu, Lehners, Di Renzo, Ridgeway, 
Sano, Scorzato, Seiler, Sexty, Turok, Warrington, Witten,…
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• Yuya Taniizaki
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FINDING “THE” THIMBLE

• Yuya Taniizaki



GENERALIZED THIMBLE
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• Alexandru, Basar, Bedaque, Lamm, Lawrence.



WHAT WE WANT TO CALCULATE:
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Ô(t)⇢̂(t0)

⌘
=

Z
D�h��
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• Schwinger, Keldysh



REAL-TIME EVOLUTION 
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• Alexandru, Basar, Bedaque, Warrington
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<latexit sha1_base64="m+SRtHQeryXYr7M7ZtaXEjt6FX4=">AAACKHicbVDLSsNAFJ3UV62vqEs3wSJUaktSBd0Ui25cVrAPaGKZTCft0MmjMxOhhHyOG3/FjYgi3folTpMstPXAMGfOuZc799gBJVzo+kzJrayurW/kNwtb2zu7e+r+QZv7IUO4hXzqs64NOabEwy1BBMXdgGHo2hR37PHt3O88YcaJ7z2IaYAtFw494hAEhZT66rUZjMhjhGhcNx0GUWTEUS0uJWq5nFyV0zNzMgnhIHlN6qlXSb2+WtSregJtmRgZKYIMzb76bg58FLrYE4hCznuGHggrgkwQRHFcMEOOA4jGcIh7knrQxdyKkkVj7UQqA83xmTye0BL1d0cEXc6nri0rXShGfNGbi/95vVA4V1ZEvCAU2EPpICekmvC1eWragDCMBJ1KAhEj8q8aGkGZl5DZFmQIxuLKy6Rdqxrn1dr9RbFxk8WRB0fgGJSAAS5BA9yBJmgBBJ7BK/gAn8qL8qZ8KbO0NKdkPYfgD5TvHywlpgE=</latexit>
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<latexit sha1_base64="+bv3jFcqKuOxT7Gyrk9TIuonuuo=">AAACGXicbVDLSsNAFJ34rPUVdekmWARBLEkVFNwU3bisYB/QxDCZTpuhk0mYuRFK299w46+4caGIS135N07TLLT1wMDhnHO5c0+QcKbAtr+NhcWl5ZXVwlpxfWNza9vc2W2oOJWE1knMY9kKsKKcCVoHBpy2EklxFHDaDPrXE7/5QKVisbiDQUK9CPcE6zKCQUu+abscix6nbhIy374/vgTfHrkhBleG8ShXTyaqK7Ogb5bssp3BmidOTkooR803P91OTNKICiAcK9V27AS8IZbACKfjopsqmmDSxz3a1lTgiCpvmF02tg610rG6sdRPgJWpvyeGOFJqEAU6GWEI1aw3Ef/z2il0L7whE0kKVJDpom7KLYitSU1Wh0lKgA80wUQy/VeLhFhiArrMoi7BmT15njQqZee0XLk9K1Wv8joKaB8doCPkoHNURTeohuqIoEf0jF7Rm/FkvBjvxsc0umDkM3voD4yvHwt/oFE=</latexit>
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<latexit sha1_base64="m+SRtHQeryXYr7M7ZtaXEjt6FX4=">AAACKHicbVDLSsNAFJ3UV62vqEs3wSJUaktSBd0Ui25cVrAPaGKZTCft0MmjMxOhhHyOG3/FjYgi3folTpMstPXAMGfOuZc799gBJVzo+kzJrayurW/kNwtb2zu7e+r+QZv7IUO4hXzqs64NOabEwy1BBMXdgGHo2hR37PHt3O88YcaJ7z2IaYAtFw494hAEhZT66rUZjMhjhGhcNx0GUWTEUS0uJWq5nFyV0zNzMgnhIHlN6qlXSb2+WtSregJtmRgZKYIMzb76bg58FLrYE4hCznuGHggrgkwQRHFcMEOOA4jGcIh7knrQxdyKkkVj7UQqA83xmTye0BL1d0cEXc6nri0rXShGfNGbi/95vVA4V1ZEvCAU2EPpICekmvC1eWragDCMBJ1KAhEj8q8aGkGZl5DZFmQIxuLKy6Rdqxrn1dr9RbFxk8WRB0fgGJSAAS5BA9yBJmgBBJ7BK/gAn8qL8qZ8KbO0NKdkPYfgD5TvHywlpgE=</latexit>
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<latexit sha1_base64="90EPWM0G/1kNpG7aeD49uAKEAIM=">AAACD3icbVBNS8NAEN34bf2KevQSLIoXS1IFvQiiF48K9gOaGibbSbt0swm7G6GE/AMv/hUvHhTx6tWb/8Zt7UFbHww83pthZl6Ycqa0635ZM7Nz8wuLS8ulldW19Q17c6uukkxSrNGEJ7IZgkLOBNY00xybqUSIQ46NsH859Bv3KBVLxK0epNiOoStYxChoIwX2vgjSMz+SQHOvyPEu93shSD+JsQtB6oeooTj0isAuuxV3BGeaeGNSJmNcB/an30loFqPQlINSLc9NdTsHqRnlWJT8TGEKtA9dbBkqIEbVzkf/FM6eUTpOlEhTQjsj9fdEDrFSgzg0nTHonpr0huJ/XivT0Wk7ZyLNNAr6syjKuKMTZxiO02ESqeYDQ4BKZm51aA9MONpEWDIheJMvT5N6teIdVao3x+Xzi3EcS2SH7JID4pETck6uyDWpEUoeyBN5Ia/Wo/VsvVnvP60z1nhmm/yB9fENkUic/A==</latexit>
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<latexit sha1_base64="+bv3jFcqKuOxT7Gyrk9TIuonuuo=">AAACGXicbVDLSsNAFJ34rPUVdekmWARBLEkVFNwU3bisYB/QxDCZTpuhk0mYuRFK299w46+4caGIS135N07TLLT1wMDhnHO5c0+QcKbAtr+NhcWl5ZXVwlpxfWNza9vc2W2oOJWE1knMY9kKsKKcCVoHBpy2EklxFHDaDPrXE7/5QKVisbiDQUK9CPcE6zKCQUu+abscix6nbhIy374/vgTfHrkhBleG8ShXTyaqK7Ogb5bssp3BmidOTkooR803P91OTNKICiAcK9V27AS8IZbACKfjopsqmmDSxz3a1lTgiCpvmF02tg610rG6sdRPgJWpvyeGOFJqEAU6GWEI1aw3Ef/z2il0L7whE0kKVJDpom7KLYitSU1Wh0lKgA80wUQy/VeLhFhiArrMoi7BmT15njQqZee0XLk9K1Wv8joKaB8doCPkoHNURTeohuqIoEf0jF7Rm/FkvBjvxsc0umDkM3voD4yvHwt/oFE=</latexit>
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Z =

Z
D� exp

⇢
�1

~

Z
ddp

(2⇡)d
!p


(�cl

0 )
2

2np + 1
+

(�q
0)

2

4
(2np + 1)

�
+

i

~

Z

C
dt L

�

<latexit sha1_base64="TEv9dseCwba3x+6xDTbV8pksEoQ="></latexit>

np =
1

e~!p� � 1
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<latexit sha1_base64="4/EzrMixdmYt8NxLsj+evCDOKHw="></latexit>
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<latexit sha1_base64="4/EzrMixdmYt8NxLsj+evCDOKHw="></latexit>

For a given              there is a unique critical point
�I
��

= 0
<latexit sha1_base64="VA8iUYv5oqTbyoebmyvWOeEdY6I=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKbnRXwT6gM5RMJtOGZjJDckcow3yAG3/FjQtF3PoB7vwb03YW2nogcHLOuST3+IngGmz721paXlldWy9tlDe3tnd2K3v7bR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6Hridx6Y0jyW9zBOmBeRgeQhpwSM1K9U3VARmrkBE0AylxKBb/O8uLvJkOeXtknZNXsKvEicglRRgWa/8uUGMU0jJoEKonXPsRPwMqKAU8HysptqlhA6IgPWM1SSiGkvmy6T42OjBDiMlTkS8FT9PZGRSOtx5JtkRGCo572J+J/XSyG88DIukxSYpLOHwlRgiPGkGRxwxSiIsSGEKm7+iumQmHbA9Fc2JTjzKy+Sdr3mnNbqd2fVxlVRRwkdoiN0ghx0jhroBjVRC1H0iJ7RK3qznqwX6936mEWXrGLmAP2B9fkDO+KbuA==</latexit>
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�
<latexit sha1_base64="5w58RX58TA1qeJ9xmDSPbOtSwUM=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWkDJTBV0W3bisYB/QqSWTZjqhmcyQ3BHK0E9w46+4caGIW5fu/BvTdhbaeiBw7jn3cnOPFwuuwba/rdzS8srqWn69sLG5tb1T3N1r6ihRlDVoJCLV9ohmgkvWAA6CtWPFSOgJ1vKG1xO/9cCU5pG8g1HMuiEZSO5zSsBIveKxK5gPZezGAe/Z9ykV49NZ4UwL7Co+COCkVyzZFXsKvEicjJRQhnqv+OX2I5qETAIVROuOY8fQTYkCTgUbF9xEs5jQIRmwjqGShEx30+lBY3xklD72I2WeBDxVf0+kJNR6FHqmMyQQ6HlvIv7ndRLwL7spl3ECTNLZIj8RGCI8SQf3uWIUxMgQQhU3f8U0IIpQMBkWTAjO/MmLpFmtOGeV6u15qXaVxZFHB+gQlZGDLlAN3aA6aiCKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sD5/AG79nDY=</latexit>
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<latexit sha1_base64="ErOAV3CmVtMZiYUjiR2RatLcyyU=">AAACEHicbZA9SwNBEIb3/IzxK2ppsxjECBLuVNBGEG0sIxgVcmfY25tLlux9uDsnhCM/wca/YmOhiK2lnf/GzZlCoy8sPLwzw+y8fiqFRtv+tCYmp6ZnZktz5fmFxaXlysrqpU4yxaHJE5moa59pkCKGJgqUcJ0qYJEv4crvnQ7rV3egtEjiC+yn4EWsE4tQcIbGale2XAkh1qiLQgbgpl1xk3M52Cno9simrhKdLm63K1W7bheif8EZQZWM1GhXPtwg4VkEMXLJtG45dopezhQKLmFQdjMNKeM91oGWwZhFoL28OGhAN40T0DBR5sVIC/fnRM4irfuRbzojhl09Xhua/9VaGYaHXi7iNEOI+feiMJMUEzpMhwZCAUfZN8C4EuavlHeZYhxNhmUTgjN+8l+43K07e/Xd8/3q8ckojhJZJxukRhxyQI7JGWmQJuHknjySZ/JiPVhP1qv19t06YY1m1sgvWe9f5G2cfA==</latexit>
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<latexit sha1_base64="QeT3wv+h6t4/r7EBkn1lZEzw9wQ="></latexit>

One critical point

One thimble

Well-behaved Monte Carlo
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CONCLUSIONS + OUTLOOK

•Can solve the Lorentzian path integral using 
Picard-Lefschetz and Monte Carlo (scalar field)

•Solves the sign problem

•Can we do fermions, gauge fields?

•How does this scale with dimension?
•Is it practical for out of equilibrium studies?



CLASSICAL-STATISTICAL



CRITICAL POINT
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<latexit sha1_base64="OhSLE0xu7Fq5BJiv5RUdd20f4as="></latexit>

E contains only odd powers of �q
<latexit sha1_base64="uSBE3bx25fTpW3IcYrNyO504GkM=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbBT0WvXisYD+gXUs2zbax2WRNskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpH11O/9USVZlLcmXFCgxgPBIsYwcZKzW4yZPePPbfsVbwZ0DLxc1KGHPWe+9XtS5LGVBjCsdYd30tMkGFlGOF0UuqmmiaYjPCAdiwVOKY6yGbXTtCJVfooksqWMGim/p7IcKz1OA5tZ4zNUC96U/E/r5Oa6DLImEhSQwWZL4pSjoxE09dRnylKDB9bgoli9lZEhlhhYmxAJRuCv/jyMmlWK/5ZpXp7Xq5d5XEU4QiO4RR8uIAa3EAdGkDgAZ7hFd4c6bw4787HvLXg5DOH8AfO5w+cD48m</latexit>
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<latexit sha1_base64="traNNNsb/gD0Spf8KvBsnENd1IA="></latexit>



REAL-TIME EVOLUTION 



REAL-TIME EVOLUTION 



REAL-TIME EVOLUTION 


