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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix
A Parable: Scattering Amplitudes in Quantum Chromodynamics

Parke and Taylor’s Heroic Computation
In 1985, Parke and Taylor decided to compute the “leading contribution” to

the amplitude for gg→ gggg.

220 Feynman diagrams

, thousands of terms

used N = 2 supersymmetry to relate it to a

‘simpler’ amplitude: A(g+, g+, ϕ+, ϕ+, ϕ−, ϕ−)

employed the world’s best supercomputers

and the final formula: 8 pages long

Parke & Taylor, Nucl. Phys. B269
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Parke and Taylor’s Heroic Computation: Six Months Later
Six months later, they had come upon a “guess”, not only for their earlier

amplitude, but an infinite number of amplitudes! [PRL 56 (1986), 2459]

In modern notation, they suggested that:

A(2)
n (. . . , a−, . . . , b−, . . .)

=
〈1 2〉〈2 3〉 · · · 〈n 1〉

δ4(∑ pµa
)
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For massless external particles, we use spinor variables:

pµa 7→ pα α̇a ≡ pµaσ
α α̇
µ =

(
p0

a + p3
a p1

a − ip2
a

p1
a + ip2

a p0
a − p3

a

)

≡ λαa λ̃α̇a⇔ ‘a〉[a ’
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Notice that pµpµ = det(pαα̇).

For massless particles, det(pαα̇) = 0.
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Useful Lorentz-invariant scalars:

〈ab〉 ≡
∣∣∣∣ λ1
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This raises two (perhaps whimsical) questions:

• Is there any formalism where this simplicity is immediate?
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An Introduction to On-Shell Diagrams
Forbidding any reference to gauge-redundancies or virtual particles, we

are led to consider scattering-amplitudes (and amalgamations thereof)

Internal Particles:

(generalized) unitarity dictates that we must evaluate
all constituent amplitudes using the on-shell internal momentum λIλ̃I

(fixed by momentum-conservation),

sum-over all possible helicities (hI)

,

and integrate-over each internal particle’s on-shell phase-space:∫
d2λId2λ̃I

GL(1)
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fix the form of three-particle amplitudes

(to all loop-orders!).
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fix the form of three-particle amplitudes (to all loop-orders!).

=
〈23〉4

〈12〉〈23〉〈31〉
δ2×2(λ·λ̃)

λ’s are generic

λ ≡
(
λ1

1 λ1
2 λ1

3
λ2

1 λ2
2 λ2

3

)
λ̃⊂ λ⊥≡

(
〈23〉〈31〉〈12〉

)

=
[23]4

[12] [23] [31]
δ2×2(λ·λ̃)

λ̃’s are generic

λ̃ ≡

(
λ̃1̇

1 λ̃1̇
2 λ̃1̇

3

λ̃2̇
1 λ̃2̇

2 λ̃2̇
3

)
λ⊂ λ̃⊥≡

(
[23] [31] [12]

)
Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

An Introduction to On-Shell Diagrams: Building Blocks
Forbidding any reference to gauge-redundancies or virtual particles, we

are led to consider scattering-amplitudes (and amalgamations thereof)
Three-Particle Amplitudes: the basic building blocks

Amazingly, momentum-conservation and Poincarè-invariance uniquely
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α
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and introduces a new parameter α, in terms of which we may write:

f (. . . , a, b, . . .) =
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f0(. . . , â, b̂, . . .)
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λaλ̃a 7→ λâλ̃â = λaλ̃a −

α

λI λ̃I and λbλ̃b 7→ λb̂λ̃b̂ = λbλ̃b +

α

λI λ̃I ,

and introduces a new parameter α, in terms of which we may write:

f (. . . , a, b, . . .) =
dα
α

f0(. . . , â, b̂, . . .)
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dα
α
Ân(α)

We can use Cauchy’s theorem to trade the residue about α=0 for (minus)
the sum of residues away from the origin

—these come in two types:
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Ân(α)

We can use Cauchy’s theorem to trade the residue about α=0 for (minus)
the sum of residues away from the origin:

—these come in two types:
factorization-channels and forward-limits

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

The Analytic Boot-Strap: All-Loop Recursion Relations
Consider adding a BCFW bridge to the full n-particle scattering amplitude

the undeformed amplitude An is recovered as the residue about α=0:
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An = Ân(α→0) ∝
∮
α=0

dα
α
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An = Ân(α→0) ∝
∮
α=0

dα
α
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Ân(α)

We can use Cauchy’s theorem to trade the residue about α=0 for (minus)
the sum of residues away from the origin—these come in two types:
factorization-channels and forward-limits

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

The Analytic Boot-Strap: All-Loop Recursion Relations

Diagrams are characterized by ‘m’—the number of “minus-helicity” gluons:

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

The Analytic Boot-Strap: All-Loop Recursion Relations
Diagrams are characterized by ‘m’—the number of “minus-helicity” gluons:

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

The Analytic Boot-Strap: All-Loop Recursion Relations
Diagrams are characterized by ‘m’—the number of “minus-helicity” gluons:

m ≡ 2nB + nW − nI.

For the bridge terms, we have:

mL + mR = m + 1.

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

The Analytic Boot-Strap: All-Loop Recursion Relations
Diagrams are characterized by ‘m’—the number of “minus-helicity” gluons:

m ≡ 2nB + nW − nI.

For the bridge terms, we have:

mL + mR = m + 1.

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

The Analytic Boot-Strap: All-Loop Recursion Relations
Diagrams are characterized by ‘m’—the number of “minus-helicity” gluons:

m ≡ 2nB + nW − nI.

For the bridge terms, we have:

mL + mR = m + 1.

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

Exempli Gratia: On-Shell Representations of Amplitudes
The BCFW recursion relations realize an incredible ‘fantasy’:

it directly
gives the Parke-Taylor formula for all amplitudes with m=2, A(2)

n

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

Exempli Gratia: On-Shell Representations of Amplitudes
The BCFW recursion relations realize an incredible ‘fantasy’: it directly

gives the Parke-Taylor formula for all amplitudes with m=2, A(2)
n !

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
A Combinatorial Classification of On-Shell Diagrams

Exempli Gratia: On-Shell Representations of Amplitudes
The BCFW recursion relations realize an incredible ‘fantasy’: it directly

gives the Parke-Taylor formula for all amplitudes with m=2, A(2)
n !

The only (non-vanishing) contribution to A(2)
n is A(2)

n−1
⊗
A(1)

3 :

A(2)
4 =

=
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6 =
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n !

And it generates very concise formulae for all other amplitudes

—e.g. A(3)
6 :

A(3)
6 =

+ +

Observations regarding recursed representations of scattering amplitudes:

varying recursion ‘schema’ can generate many ‘BCFW formulae’

on-shell diagrams can often be related in surprising ways

How can we characterize and compute on-shell diagrams?
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These moves leave invariant a permutation defined by ‘left-right paths’

Starting from any leg a, turn:
left at each white vertex;
right at each blue vertex.

Let σ(a) denote where path terminates.
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Recall that different contributions to A(3)
6 were related by rotation:

left-right permutation σ

σ :
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↓ ↓ ↓ ↓ ↓ ↓
3 5 6 1 2 4

)
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On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
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Combinatorial Characterization of On-Shell Diagrams
Notice that the merge and square moves leave the number of ‘faces’ of an

on-shell diagram invariant.

Diagrams with different numbers of faces
can be related by ‘reduction’

—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

it leaves behind an overall factor of dα/α in the on-shell function
and it alters the corresponding left-right path permutation

Such factors of dα/α arising from bubble deletion encode loop integrands!
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
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Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:

it merely transposes the images of σ!
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Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Read the other way,

we can ‘peel-off’ bridges and thereby decompose
a permutation into transpositions according to σ = (a b) ◦ σ′
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always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f6 =
dα7

α7

dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 0 0
0 0 0 1 0 α8


(2 4) : c4 7→ c4 + α7 c2

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3
f4
f5

f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}

{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)

(2 4)
(4 6)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f5 =
dα6

α6

dα7

α7

dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3
f4

f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}

{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)

(4 5)
(2 4)
(4 6)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f4 =
dα5

α5
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3

f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}

{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)

(1 2)
(4 5)
(2 4)
(4 6)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f3 =
dα4

α4
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :
f0
f1
f2

f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}

{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)

(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f2 =
dα3

α3
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :
f0
f1

f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}

{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)

(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f1 =
dα2

α2
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :
f0

f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}

{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)

(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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dα3

α3
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dα5

α5

dα6

α6

dα7

α7
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α8
f8
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dα1

α1
· · · dα8
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C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
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0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition
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f6
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f8
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1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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{7 6 3 5 8 10}
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{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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α5
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α7
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· · · dα8
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =

∫
dα1

α1
∧· · ·∧dαd

αd
δk×4(C(~α)·η̃

)
δk×2(C(~α)·λ̃

)
δ2×(n−k)(λ·C(~α)⊥

)
Measure-preserving diffeomorphisms leave the function invariant

, but—
via the δ-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 2 negative-helicity gluons

A(2)
n =

δ2×4
(
λ.η̃
)
δ2×2

(
λ.λ̃
)

〈1 2〉〈2 3〉〈3 4〉 · · · 〈n 1〉

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
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Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 2 negative-helicity gluons

A(2)
n =

δ2×4
(
λ.η̃
)
δ2×2

(
λ.λ̃
)

〈1 2〉〈2 3〉〈3 4〉 · · · 〈n 1〉

λ ≡
(
λ1

1 λ1
2 λ1

3 · · · λ1
n

λ2
1 λ2

2 λ2
3 · · · λ2

n

)
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λ ≡
(
λ1

1 λ1
2 λ1

3 · · · λ1
n

λ2
1 λ2

2 λ2
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n

?
=

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)

〈1 · · · m〉〈2 · · · m+1〉 · · · 〈n · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n

?
=

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)

〈1 · · · m〉〈2 · · · m+1〉 · · · 〈n · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n



In order for momentum conservation, δ2×2
(
λ·λ̃
)
, to be part of the

constraints, we must have that C⊃λ

, imposed via δ2×(n−m)
(
λ·C⊥

)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n

?
=
δm×4

(
C.η̃
)
δm×2

(
C.λ̃
)
δ2×(n−m)

(
λ.C⊥

)
〈1 · · · m〉〈2 · · · m+1〉 · · · 〈n · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n



In order for momentum conservation, δ2×2
(
λ·λ̃
)
, to be part of the

constraints, we must have that C⊃λ, imposed via δ2×(n−m)
(
λ·C⊥

)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 c1

4 c1
5 c1

6
c2

1 c2
2 c2

3 c2
4 c2

5 c2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 c1

4 c1
5 c1

6
c2

1 c2
2 c2

3 c2
4 c2

5 c2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


dim(C) = 3× 6− 3× 3 = 9

= 8 + 1
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
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dim(C) = 3× 6− 3× 3 = 9 = 8 + 1
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡
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dim(C) = 3× 6− 3× 3 = 9 = 8 + 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


dim(C) = 3× 6− 3× 3 = 9 = 8 + 1
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 c3
4 c3

5 c3
6
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈234〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
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5 λ2
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈345〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 0 0 0 c3
6
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈456〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3
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3 0 0 0
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈561〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 c3
2 c3

3 c3
4 0 0
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈612〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 c3
3 c3

4 c3
5 0
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3
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3 c3

4 c3
5 c3
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
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4 λ1
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6
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

1

〈2 3〉[5 6][6|(5 + 4)|3〉s4 5 6〈1|(6 + 5)|4][4 5]〈1 2〉
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
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)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
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λ.λ̃
)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
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From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)
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)
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The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:
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one-to-one correspondence with
on-shell functions of N = 4
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what are the possible contours of integration for Ln,m?
how are they classified?

how are they identified as on-shell diagrams?

what relations do they satisfy?

Grassmannian Correspondence:

The residues of Ln,m are in
one-to-one correspondence with
on-shell functions of N = 4
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From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)
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1 2 3 4 5 6 7 8 9

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
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dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃
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δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓

↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

7

5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓

↓ ↓ ↓ ↓ ↓ ↓ ↓

7 5

6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓

↓ ↓ ↓ ↓ ↓ ↓

7 5 6

10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓

↓ ↓ ↓ ↓ ↓

7 5 6 10

8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓

↓ ↓ ↓ ↓

7 5 6 10 8

9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓

↓ ↓ ↓

7 5 6 10 8 9

13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓

↓ ↓

7 5 6 10 8 9 13

11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

↓

7 5 6 10 8 9 13 11

12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 α1 0 0 0 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 α1 0 0 α2 α1 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 α3

0 0 α1 0 0 α2 α1 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 0 0 0 0 0 0 0
0 0 0 1 0 α4 0 0 0
0 0 0 0 0 0 1 0 α3

0 0 α1 0 0 α2 α1 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 α5 0 0 0 0 0 0
0 0 0 1 0 α4 0 0 0
0 0 0 0 0 0 1 0 α3

0 0 α1 0 0 α2 α1 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 α5 0 0 0 0 0 0
0 0 0 1 0 α4 0 0 0
0 0 0 0 0 0 1 α6 α3

0 0 α1 0 0 α2 α1 0 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 0 α5 0 0 0 0 0 0
0 0 0 1 0 α4 α7 α4 0 0
0 0 0 0 0 0 1 α6 α3

0 0 α1 0 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 α5 0 0 0 0 0 0
0 0 0 1 0 α4 α7 α4 0 0
0 0 0 0 0 0 1 α6 α3

0 0 α1 0 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 α5 0 0 0 0 0 0
0 0 0 1 0 α4 α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 α3

α9 0 α1 0 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 α5 0 0 0 0 0 0
0 0 0 1 α10 α4 α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 α3

α9 0 α1 0 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 α5 α11 α5 0 0 0 0 0
0 0 0 1 α10 α4 α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 α3

α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 α5 α11 α5 0 0 0 0 0
0 0 0 1 α10 α4 α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 α5 α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)
Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)
Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)
Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)
Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∫

dα1

α1
∧· · ·∧ dα14

α14
δk×4(C(α)·η̃

)
δk×2(C(α)·λ̃

)
δ2×(n−k)(λ·C(α)⊥

)
Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∮
σ

d4×9C
GL(4)

δk×4
(
C·η̃

)
δk×2

(
C·λ̃

)
δ2×(n−k)

(
λ·C⊥

)
〈1234〉〈2345〉〈3456〉〈4567〉〈5678〉〈6789〉〈7891〉〈8912〉〈9123〉

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∮
σ

d4×9C
GL(4)

δk×4
(
C·η̃

)
δk×2

(
C·λ̃

)
δ2×(n−k)

(
λ·C⊥

)
〈1234〉〈2345〉〈3456〉〈4567〉〈5678〉〈6789〉〈7891〉〈8912〉〈9123〉

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∮
σ

d4×9C
GL(4)

δk×4
(
C·η̃

)
δk×2

(
C·λ̃

)
δ2×(n−k)

(
λ·C⊥

)
〈1234〉〈2345〉〈3456〉〈4567〉〈5678〉〈6789〉〈7891〉〈8912〉〈9123〉

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∮
σ

d4×9C
GL(4)

δk×4
(
C·η̃

)
δk×2

(
C·λ̃

)
δ2×(n−k)

(
λ·C⊥

)
〈1234〉〈2345〉〈3456〉〈4567〉〈5678〉〈6789〉〈7891〉〈8912〉〈9123〉

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(α)≡


1 α8 (α5 +α14 α8)α11 α5 0 0 0 0 0
0 0 0 1 α10 (α4 +α13 α10) α7 α4 0 0
α9 α3 0 0 0 0 0 1 α6 (α3 +α12 α6)
α9 0 α1 α11 α1 0 α2 α1 α7 α2 α1 0 1

∈G+(4, 9)

(
1 2 3 4 5 6 7 8 9
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
7 5 6 10 8 9 13 11 12

)

fσ≡
∮
σ

d4×9C
GL(4)

δk×4
(
C·η̃

)
δk×2

(
C·λ̃

)
δ2×(n−k)

(
λ·C⊥

)
〈1234〉〈2345〉〈3456〉〈4567〉〈5678〉〈6789〉〈7891〉〈8912〉〈9123〉

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix
From On-Shell Physics to the (Positive) Grassmannian

Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

Applications to non-planar field theories:
a combinatorial(?) classification of non-planar on-shell functions
homological understanding of identities among on-shell functions

Applications to theories with N <4 supersymmetries
a combinatorial(?) classification of oriented on-shell functions

A purely homological definition of amplitudes—i.e. the amplituhedron
Loop integration in the Grassmannian:

evaluating (and regulating the divergences of) loop integrals
polylogarithms, elliptic integrals, and motivic cohomology
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