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Organization and Outline

@ spiritus Movens
@ A Parable: Scattering Amplitudes in Quantum Chromodynamics

© The On-Shell Analytic S-Matrix
@ Basic Building Blocks of the S-Matrix: On-Shell Diagrams
@ On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
@ Combinatorial Classification of On-Shell Diagrams

e From On-Shell Physics to the (Positive) Grassmannian
From the Bottom-Up:
@ (Combinatorially) Constructing and Computing On-Shell Functions
From the Top-Down:
@ Grassmannian Geometry of (Generalized) Parke-Taylor ‘Amplitudes’

@ Status of and Prospects for the On-Shell Analytic S-Matrix
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A Parable: Scattering Amplitudes in Quantum Chromodynamics

Parke and Taylor’s Heroic Computation

In 1985, Parke and Taylor decided to compute the “leading contribution” to
the amplitude for gg — gggg.
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e employed the world’s best supercomputers

@ and the final formula: 8 pages long

Details of the calculation, together with a full exposition of our techniques, will
be given in a forthcoming article. Furthermore, we hope to obtain a simple analytic
form for the answer, making our result not only an experimentalist’s, but also a
theorist’s delight.
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A Parable: Scattering Amplitudes in Quantum Chromodynamics

Parke and Taylor’s Heroic Computation: Six Months Later

Six months later, they had come upon a “guess”, not only for their earlier
amplitude, but an infinite number of amplitudes! [PRL 56 (1986),2459]
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_ (ab)* 7
—<12><23>...<n1>54(ZPa) .

.|.
AD (a0,
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Parke and Taylor’s Heroic Computation: Six Months Later
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Parke and Taylor’s Heroic Computation: Six Months Later
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This raises two (perhaps whimsical) questions:

o [s there any formalism where this simplicity is immediate?
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Parke and Taylor’s Heroic Computation: Six Months Later
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This raises two (perhaps whimsical) questions:
o [s there any formalism where this simplicity is immediate?

e Can the Parke-Taylor formula be generalized to all amplitudes?
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An Introduction to On-Shell Diagrams

Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes
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Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)
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An Introduction to On-Shell Diagrams

Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)

Internal Particles:
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A Combinatorial Classification of On-Shell Diagrams

An Introduction to On-Shell Diagrams

Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)

Internal Particles: (generalized) unitarity dictates that we must evaluate

all constituent amplitudes using the on-shell internal momentum A
(fixed by momentum-conservation),
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Internal Particles: (generalized) unitarity dictates that we must evaluate

all constituent amplitudes using the on-shell internal momentum A
(fixed by momentum-conservation), sum-over all possible helicities (/)

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



The On-Shell Analytic S-Matrix Basic Building Blocks of the S-Matrix: On-Shell Diagrams
On-Shell, All-Loop Recursion Relations for Amplitudes
A Combinatorial Classification of On-Shell Diagrams

An Introduction to On-Shell Diagrams

Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)

Internal Particles: (generalized) unitarity dictates that we must evaluate
all constituent amplitudes using the on-shell internal momentum A
(fixed by momentum-conservation), sum-over all possible helicities (/;),
and integrate-over each internal particle’s on-shell phase-space:
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Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)

Three-Particle Amplitudes: /e basic building blocks
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An Introduction to On-Shell Diagrams: Building Blocks

Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)
Three-Particle Amplitudes: /e basic building blocks
Amazingly, momentum-conservation and Poincare-invariance uniquely
fix the form of three-particle amplitudes
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Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)
Three-Particle Amplitudes: /e basic building blocks
Amazingly, momentum-conservation and Poincare-invariance uniquely
fix the form of three-particle amplitudes (to all loop-orders!).
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Forbidding any reference to gauge-redundancies or virtual particles, we
are led to consider scattering-amplitudes (and amalgamations thereof)
Three-Particle Amplitudes: /e basic building blocks
Amazingly, momentum-conservation and Poincare-invariance uniquely
fix the form of three-particle amplitudes (to all loop-orders!).

A\’s are generic
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Amazingly, momentum-conservation and Poincare-invariance uniquely
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Combinatorial Characterization of On-Shell Diagrams
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant.
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Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’
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Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an

on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:
Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
@ it leaves behind an overall factor of da/« in the on-shell function
@ and it alters the corresponding left-right path permutation

Such factors of dar/ v arising from bubble deletion encode loop integrands!
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Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positive) Grassmannian N N 5 . .
M nannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

7 24th July 2014 SUSY , Uni i f Ma er Scattering Amplitudes and the Positive Gras:



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positive) Grassmannian 5 3 N 5 . . .
’ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:

Scattering Amplitudes and the Positi assmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positive) Grassmannian 5 3 N 5 . . .
’ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:

Scattering Amplitudes and the Positi assmannian



Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

From On-Shell Physics to the (Positive) Grassmannian

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

From On-Shell Physics to the (Positive) Grassmannian

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

From On-Shell Physics to the (Positive) Grassmannian

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

From On-Shell Physics to the (Positive) Grassmannian

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
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Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
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From On-Shell Physics to the (Positive) Grassmannian

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way, we can ‘peel-off” bridges and thereby decompose
a permutation into transpositions according to o = (ab) o o’
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions

‘Bridge’ Decomposition

123456
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doy doo das doy dos dog docg dog

fo=———F—————f
Qp aa a3 a4 s Qg o7 O3 ‘Bridge’ Decomposition
o da N 1 23456
£ =20 S ()62 (0 X) 623 (M- Lo L L b 7
s asg
56 7 810
1 2 3 4 5 6 f2{65 7810}(12)
1 (@3+as Q0 6 7 5 810 (24)
C= 1 (a+ag) agay 6 5 810 (12)
I e ag 638 5101+
(12): o= ca+aze 6 510 (24)
(46)
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All on-shell diagrams, in terms of canonical coordinates, take the form:

/d()é]/\ /\dad 5k><4( ( ) )5k><2( ( )/\)52><(n k)(/\ C(O_Z) )
Qq

Measure-preserving diffeomorphisms leave the function invariant, but—
via the §-functions—can be recast variations of the kinematical data.
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Canonical Coordinates and the Manifestation of the Yangian

All on-shell diagrams, in terms of canonical coordinates, take the form:

d d
/O‘I/\ A Qd 5k><4( (@)- )5k><2( (a )/\)52><(n k)(/\ C(a) )
0%}
Measure-preserving diffeomorphisms leave the function invariant, but—
via the J-functions—can be recast variations of the kinematical data.
The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 2 negative-helicity gluons
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In order for momentum conservation, §2%2 ()\5\), to be part of the
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Amplitudes with m negative-helicity gluons:
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}’{ dr A CH) D)
(123)(1)-(234)(7)-(345) (1) - (456)(T)-(561)(7)-(612)(T)

l

AL AL AL AL ALyl

1

1
c=(x ¥ 8 N AN N

1

3 3 3 3 3
c ¢y, €3 Cy Cs Ce

dim(C) =3x6-3x3=9=8+1

Thursday, 24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0
(1) 7.
Mo M A b N .
c=(x A2 X2 2 o N

3 3 3
Cy c3 Co

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian . - - . " . .
M . Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
(123)(7)- +(345)(7)-(456)(7)- (561)(7)-(612)(7)

(234)=0

1 1 1 1 1 1 (1) IL
c={A ¥ N A4 A XN

Cl C5 C6

Thursday, 24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian . - - . " . .
M . Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
(123)(7)-(234)(7)- -(456)(7)-(561)(7) - (612)(7)
(345) =0
1
AN AN A 2 (2) -
C=(a A2 22 X2 a2 x ¢
i <

Thursday, 24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian . - - . " . .
M . Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
(123)(1)-(234)(7)-(345)(7)- (561)(7)-(612)(T)
(456) =0
1
AA AN A 2 (2) -
C=(x A2 22 X2 a2 x ¢
g g

1 1 1
6
2 6 2
5 5 3 5
4 4 543 3

Thursday, 24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

From On-Shell Physics to the (Positive) Grassmannian

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
(123)(7)- (234)(7)- (345) (7)- (456) (7)- (612)(7)
(561)=0
1
AN AN A 2 (2) -
C=(x A2 22 X2 a2 x ¢
3 3

5 a 6r . B

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
(123)(1)-(234)(7)-(345) (1) (456)(7)- (561)(T)-

(612) =0
1
)\1 /\1 Al )\1 )\1 )\l (0) IL
LT IR B (6)s o2)
c=(X N N A NN
R 5" ., "G

N

@

hed o
9]

N

o (3]
[9)]
[9%)

1 1 1
6
2
3 6 2 6 2
5 5 3
4 4 543

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
(123)(1)-(234)(7)-(345) (1) - (456)(T)-(561)(7)-(612)(T)

AN A AN A N 6) ° o2)
C= )\i )\é A% )\é )\§ A§ * °
] ¢ 3 o c3 Ce (5). .(3)

o

@

hed o
(9]

[@))

o (3]
)]
[9%)

1 1 1
6
2
3 6 2 6 2
5 5 3
4 4 543

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

}’{ dr A CH) D)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

(1 L~
AL AL AL AL Lyl (%

c=[x N 2 2 A A
0O 0 O ci cg cg

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr FACH)  0PAN)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

(1 L~
AL AL AL L AL )l (:3

Melx 2 2 A2 2 A
0 0 0 [56] [64] [45]

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr FACH)  0PAN)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

AL AL AL ALl
Melx 2 2 A2 2 A
0 0 0 [56 [64] [45]

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr A CH)  AN)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

AAL AL AL Al
e A2 122 22 A2 | A2 A2
010 0 [56]|[64 [45]

23)[56]

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr FACH)  0PAN)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

AL CALLAL AL AL | A
Melx 2|2 2 2| X
0 0|0 [56] [64]|[45)

1 23)[56615 + 4)3)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr A CH)  AN)
-(234)(7)-(345) (1) (456)(7)-(561)(T)-(612)(T)

(123)=0

ALAL AL AL AL
Melx X2 2|2 2 A
0 0 0|[56] [64] [45]

1
! 235665 + 4)[3)s:56

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr A CH)  AN)
-(234)(7)-(345)(1)-(456)(7)- (561)(7)-(612)(T)

(123)=0

ATAL AL AL [l
Me| X2 2 2|2 A
00 0 [56][64 [45]

1
| (23)[56][6](5 +4)[3)sa56(1](6 4 5)4]

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr A CH)  AN)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)- (612)(T)

(123)=0

AL AL AL AL ] AL
Mex 22 A2 2| A
0 0|0 [56 [64]]45]

1
| (23)[56][6](5 +4)[3)sa56(1|(6 4 5)|4][4 5](12)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
}’{ dr FACH)  0PAN)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

AL AL AL ALl
Melx 2 2 A2 2 A
0 0 0 [56 [64] [45]

1
| (23)[56][6](5 +4)[3)sa56(1|(6 4 5)|4][4 5](1 2)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
f{ dr ((246)* W +... )P (AX)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

AL AL AL AL b
Melx 2 2 2 2 A
0 0 0 [56 [64 [45]

(2l +06)I5)*
| (23)[56][6](5 + 4)[3)s456(1](6 + 5)|4][4 5](1 2)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positivi jrassmannian . - - . " . .
om On-She ysics to the (Positive) Grassmannia Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,
f{ dr ((246)* e + ... )oP(A\N)
-(234)(7)-(345)(1)-(456)(7)-(561)(T)-(612)(T)

(123)=0

NECIEC I R
(Me M A A AL A5 A | € fizsersio (D
0 0 0 [56] [64] [45]

3 - 2 4 <2|(4+6)‘5]4
Ag>(+,1—,+m+r)—(1+’ ) B 6I615 + 4)3)ssse (116 + SIS (12)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



al Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positive) Grassmannia S : : 5 3 5
rom On-Shell Physics to the (Positive) Grassmannian an Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

49— f{ dr >4 Cm) F23(A-X)
6 (123)(7)-(234)(7)-(345)(7)-(456) (1) (561)(7)-(612)(T)

1 1 1 1 1 1 (1) IL
AL A A A Ay ) (6)e o(2)
e A2 A2 22 2 A2 A2
0 0 0 [56] [64] [45]

A (+, =+, —+,-) = (1)+(3)+(5) - - >
6 12 1 6 ; 2
A o
5 3
4 543

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



al Coordinates and Combinatorial Computation

From On-Shell Physics to the (Positive) Grassmannia S : : 5 3 5
rom On-Shell Physics to the (Positive) Grassmannian an Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

49— f{ dr >4 Cm) F23(A-X)
6 (123)(7)-(234)(7)-(345)(7)-(456) (1) (561)(7)-(612)(T)

1 1 1 1 1 1 (1) IL
AL A A A Ay ) (6)e o(2)
e A2 A2 22 2 A2 A2
0 0 0 [56] [64] [45]

A (+, =+, —+,-) = (1)+(3)+(5) - - >
6 12 1 6 ; 2
A o
5 3
4 543

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Canonical Coordinates and Combinatorial Computation
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

From On-Shell Physics to the (Positive) Grassmannian

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with 3 negative-helicity gluons—e.g.,

49— f{ dr >4 Cm) F23(A-X)
6 (123)(7)-(234)(7)-(345)(7)-(456) (1) (561)(7)-(612)(T)

(1) L~
ALl Al Al Al Al (6) (2)
Me A2 A2 A2 X2 a2 A * °
0 0 0 [56] [64] [45] (5) 3)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



, . . 4 . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian :

Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

Aglm) _ % dmxnc 5m><4(cl1"7’) 5m><2(CX) 52><(n—m)()\.ci)

vol(GL(m)) (12 +-- m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1 1
a2 3 n

m m m m

clt oy oy

24™ July 2014 SUSY 2014, Un

y of Manchester

Scattering Amplitudes and the Positive Grassmannian



, . . 4 . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian :

Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

. B % dmxnc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1ol 1
‘¢ G 4 Cn

m m m
o N e c,

24™ July 2014

7 of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M g Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1 1 Grassmannian Correspondence:
c=| : : : : : The residues of £, ,, are in
oy g e oy one-to-one correspondence with

on-shell functions of N = 4

24™ July 2014

7 of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . K Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M ) . Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

Grassmannian Correspondence:

S

The residues of £, ,, are in

one-to-one correspondence with
on-shell functions of N’ = 4

m m
(& CH C3 C

3
Sy

e what are the possible contours of integration for £, ,,?

24™ July 2014 SUSY 2014, Un

y of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . K Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M ) . Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

Grassmannian Correspondence:

S

The residues of £, ,, are in

one-to-one correspondence with
on-shell functions of N’ = 4

m m
(& CH C3 C

3
Sy

e what are the possible contours of integration for £, ,,?
o how are they classified?

24™ July 2014 SUSY 2014, Un

y of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . K Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M ) . Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

Grassmannian Correspondence:

S

The residues of £, ,, are in

one-to-one correspondence with
on-shell functions of N’ = 4

m m
(& CH C3 C

3
Sy

e what are the possible contours of integration for £, ,,?

o how are they classified? how are they identified as on-shell diagrams?

24™ July 2014 SUSY 2014, Un

y of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M g Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

1 Grassmannian Correspondence:
C= : : : : : The residues of £, ,, are in
oy g e oy one-to-one correspondence with
on-shell functions of N = 4
e what are the possible contours of integration for £, ,,?
o how are they classified? how are they identified as on-shell diagrams?
@ what relations do they satisfy?
24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M g Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

1 Grassmannian Correspondence:
C= : : : : : The residues of £, ,, are in
oy g e oy one-to-one correspondence with
on-shell functions of N = 4
e what are the possible contours of integration for £, ,,?
o how are they classified? how are they identified as on-shell diagrams?
@ what relations do they satisfy?
24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M g Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

1 Grassmannian Correspondence:
C= : : : : : The residues of £, ,, are in
oy g e oy one-to-one correspondence with
on-shell functions of N = 4
e what are the possible contours of integration for £, ,,?
o how are they classified? how are they identified as on-shell diagrams?
@ what relations do they satisfy?
24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M g Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

1 Grassmannian Correspondence:
C= : : : : : The residues of £, ,, are in
oy g e oy one-to-one correspondence with
on-shell functions of N = 4
e what are the possible contours of integration for £, ,,?
o how are they classified? how are they identified as on-shell diagrams?
@ what relations do they satisfy?
24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



\ . . . Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian q o . ¢ 3 B
M g Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues

Recall the natural desire to generalize the Parke-Taylor formula according to:
Amplitudes with m negative-helicity gluons:

P B % am=nc 5m><4(cﬁ)émXZ(CX)(st(n—m)()\Ci)

vol(GL(m)) (12 -~ m)(23 -+~ m+1)---(n 1--- m—1)

1 1 1

1 Grassmannian Correspondence:
C= : : : : : The residues of £, ,, are in
oy g e oy one-to-one correspondence with
on-shell functions of N = 4
e what are the possible contours of integration for £, ,,?
o how are they classified? how are they identified as on-shell diagrams?
@ what relations do they satisfy?
24th July 2014 SUSY 2014, University of Manchester

Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1234567289
= )

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

123456789)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

123456789
(3 )
75

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

N <
AN — W
—_

o+
0 <— W1
O <—

o
<0

No)
N—————

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

DN
N — W
—_

o
00 <— W
O
o
)
o <o
N—————

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(a)E €G+(479)

_
[0%)
—_
-
SR
v

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(a)E €G+(479)

a 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

C(a)E €G+(479)

a — Q2 (] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

a — Q2 (] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

o — Q2 (] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 (0%

a — Q0 X] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 [0

o — Q] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 Qs
1 oy a7 0y
1 (67 (0%)
[e3] — Q) ] — Q7 Q) (] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 Q4 a7 04
1 (07 (0%)
| — Q) ] — Q7 Q) (] 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag (0%
1 Q4 Q7 04
Cla)= G+(4,9
(OJ) — a9 o 1 s a3 € +( ) )
— Q9 a — Q0 X] — 7 ) (X1 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 g [0
I o« oy o7 0
Cla)= €G+(4,9
( ) —ao o 1 s a3 +( ) )
— Q9 a — Q0 X] — 7 ) (X1 1

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag Qs Qg Qs
1 a0 Q4 a7 (4
C(o)= €G4+(4,9)
—aw a; 1 Qs Qas
— Q9 a a1 Qg —m o —a7on 1

1

23456789
iiiiiiii)
56108 9131112

Scattering Amplitudes and the Positive Grassmannian

SUSY 2014, University of Manchester

Thursday, 24th July 2014



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag as Qg Qs
Cla)= Lo o a7 €G.(4,9)
— Q9 Q3 1 (6773 (a3+a12 066)
— Q9 a Qg1 Qg —m o —a7on Qg 1

1

23456789
iiiiiiii)
56108 9131112

Scattering Amplitudes and the Positive Grassmannian

SUSY 2014, University of Manchester

Thursday, 24th July 2014



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 oag as Qa1 Qs
Cla)= I i lutaisa) arag £G4 (4,9)
— Q9 Q3 1 (6773 (a3+a12 066) ’
— Q9 aq aiq1 o — o —Q7a Q) 1

1

23456789
iiiiiiii)
56108 9131112

Scattering Amplitudes and the Positive Grassmannian

SUSY 2014, University of Manchester

Thursday, 24th July 2014



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 Qs (Oz5+0414 ch) ] Qs

— 1 [e310) (Oé4+(113 (X]o) a7 Q4
C(OJ) = — Q9 (3 1 (673 (a3+a12 066) €G+ (4’ 9)
—Q9 (o3} Q) —a —ara Q) 1

1

23456789
iiiiiiii)
56108 9131112

Scattering Amplitudes and the Positive Grassmannian

SUSY 2014, University of Manchester

Thursday, 24th July 2014



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 aglas+aisag) o as
1 [e310) (Oé4+(113 (X]o) a7 Q4
— Q9 Q3 1 (6773 (a3+a12 066)
— Q9 a a1 — Q0 X] — 7 ) (X1 1

€G(4,9)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 aglas+aisag) o as
1 [e310) (Oé4+(113 (X]o) a7 Q4
— Q9 Q3 1 (6773 (a3+a12 066)
— Q9 a a1 — Q0 X] — 7 ) (X1 1

€G(4,9)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 aglas+aisag) o as
1 [e310) (Oé4+(113 (X]o) a7 Q4
— Q9 Q3 1 (6773 (a3+a12 066)
— Q9 a a1 — Q0 X] — 7 ) (X1 1

€G(4,9)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 aglas+aisag) o as
1 [e310) (Oé4+(113 (X]o) a7 Q4
— Q9 Q3 1 (6773 (a3+a12 066)
— Q9 a a1 — Q0 X] — 7 ) (X1 1

€G(4,9)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 aglas+aisag) o as
1 [e310) (Oé4+(113 (X]o) a7 Q4
— Q9 Q3 1 (6773 (a3+a12 066)
— Q9 a a1 — Q0 X] — 7 ) (X1 1

€G(4,9)

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag (as+ais ag) oy as
— 1 [e310) (Oé4+(113 (X]o) a7 Q4
C(a)i — Q9 Q3 1 Qg (a3+a12 066) €G+(4’9)
—Q Qi Qi —moar —oron o 1

7 1 N
o

—
(O8]
—
—
p—
N

B d4X9C 5k><4(C.?])(;ka(C.X)éZx(n—k) ()\'CL)
fo:jq{GL(4) (1234)(2345)(3456)(4567)(5678)(6789)(7891)(8912)(9123)

oz

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag (as+ais ag) oy as
— 1 [e310) (Oé4+(113 (X]o) a7 Q4
C(a)i — Q9 Q3 1 Qg (a3+a12 066) €G+(4’9)
—Q Qi Qi —moar —oron o 1

7 1 N
o

—
(O8]
—
—
p—
N

B d4X9C 5k><4(C.?])(;ka(C.X)éZx(n—k) ()\'CL)
fo:jq{GL(4) (1234)(2345)(3456)(4567)(5678)(6789)(7891)(8912)(9123)

oz

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag (as+ais ag) oy as
— 1 [e310) (Oé4+(113 (X]o) a7 Q4
C(a)i — Q9 Q3 1 Qg (a3+a12 066) €G+(4’9)
—Q Qi Qi —moar —oron o 1

7 1 N
o

—
(O8]
—
—
p—
N

B d4X9C 5k><4(C.?])(;ka(C.X)éZx(n—k) ()\'CL)
fo:jq{GL(4) (1234)(2345)(3456)(4567)(5678)(6789)(7891)(8912)(9123)

oz

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag (as+ais ag) oy as
— 1 [e310) (Oé4+(113 (X]o) a7 Q4
C(a)i — Q9 Q3 1 Qg (a3+a12 066) €G+(4’9)
—Q Qi Qi —moar —oron o 1

7 1 N
o

—
(O8]
—
—
p—
N

B d4X9C 5k><4(C.?])(;ka(C.X)éZx(n—k) ()\'CL)
fo:jq{GL(4) (1234)(2345)(3456)(4567)(5678)(6789)(7891)(8912)(9123)

oz

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

The Combinatorics and Geometry of On-Shell Physics

1 ag (as+ais ag) oy as
— 1 [e310) (Oé4+(113 (X]o) a7 Q4
C(a)i — Q9 Q3 1 Qg (a3+a12 066) €G+(4’9)
—Q Qi Qi —moar —oron o 1

7 1 N
o

—
(O8]
—
—
p—
N

B d4X9C 5k><4(C.?])(;ka(C.X)éZx(n—k) ()\'CL)
fo:jq{GL(4) (1234)(2345)(3456)(4567)(5678)(6789)(7891)(8912)(9123)

oz

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

Scattering Amplitudes and the Positi assmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:
e a combinatorial(?) classification of non-planar on-shell functions

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries
e a combinatorial(?) classification of oriented on-shell functions

24th July 2014 S , U 7 of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries
e a combinatorial(?) classification of oriented on-shell functions

@ A purely homological definition of amplitudes—i.e. the amplituhedron

24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries

e a combinatorial(?) classification of oriented on-shell functions
@ A purely homological definition of amplitudes—i.e. the amplituhedron
@ Loop integration in the Grassmannian:

24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries

e a combinatorial(?) classification of oriented on-shell functions
@ A purely homological definition of amplitudes—i.e. the amplituhedron
@ Loop integration in the Grassmannian:

e evaluating (and regulating the divergences of) loop integrals

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries

e a combinatorial(?) classification of oriented on-shell functions
@ A purely homological definition of amplitudes—i.e. the amplituhedron
@ Loop integration in the Grassmannian:

e evaluating (and regulating the divergences of) loop integrals
e polylogarithms, elliptic integrals, and motivic cohomology

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

Open Directions for Further Research

Further applications and directions for future research:

@ Applications to non-planar field theories:

e a combinatorial(?) classification of non-planar on-shell functions
e homological understanding of identities among on-shell functions

@ Applications to theories with A <4 supersymmetries

e a combinatorial(?) classification of oriented on-shell functions
@ A purely homological definition of amplitudes—i.e. the amplituhedron
@ Loop integration in the Grassmannian:

e evaluating (and regulating the divergences of) loop integrals
e polylogarithms, elliptic integrals, and motivic cohomology

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude




Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude




Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



Status of and Prospects for the On-Shell Analytic S-Matrix

A Contribution to the 40-Particle Scattering Amplitude

Thursday, 24th July 2014 SUSY 2014, University of Manchester Scattering Amplitudes and the Positive Grassmannian



	A Parable: Scattering Amplitudes in Quantum Chromodynamics
	The On-Shell Analytic S-Matrix
	Basic Building Blocks of the S-Matrix: On-Shell Diagrams
	On-Shell, All-Loop Recursion Relations for (Planar) Amplitudes
	Combinatorial Classification of On-Shell Diagrams

	From On-Shell Physics to the (Positive) Grassmannian    
	-27.5pt     From the Bottom-Up:   (Combinatorially) Constructing and Computing On-Shell Functions   
	-27.5pt   From the Top-Down:   Grassmannian Geometry of (Generalized) Parke-Taylor `Amplitudes'

	Status of and Prospects for the On-Shell Analytic S-Matrix

