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Warm	
  up:	
  Bundles	
  on	
  Calabi-­‐Yau	
  
•  The	
  moduli	
  space	
  of	
  a	
  Calabi-­‐Yau	
  
compac+fica+on	
  in	
  the	
  presence	
  of	
  a	
  gauge	
  
bundle	
  is	
  not	
  described	
  in	
  terms	
  of	
  

	
  

– It	
  is	
  described	
  in	
  terms	
  of	
  a	
  subspace	
  of	
  
these	
  cohomology	
  groups	
  determined	
  by	
  
the	
  kernel	
  of	
  certain	
  maps	
  

– Those	
  maps	
  are	
  determined	
  by	
  the	
  
supergravity	
  data	
  of	
  the	
  solu+on.	
  

•  To	
  see	
  this	
  we	
  can	
  analyze	
  the	
  supersymmetry	
  
condi+ons.	
  



•  The	
  condi+ons	
  for	
  the	
  gauge	
  field	
  to	
  be	
  
supersymmetric	
  are	
  the	
  Hermi+an	
  Yang-­‐Mills	
  
equa+ons	
  at	
  zero	
  slope:	
  

•  Study	
  perturba+ons	
  obeying	
  these	
  equa+ons:	
  

Perturb	
  the	
  complex	
  structure:	
  

and	
  the	
  gauge	
  field:	
  



•  Define	
  
	
  
	
  
and	
  rewrite	
  our	
  equa+on	
  in	
  a	
  more	
  usable	
  form	
  

•  And	
  work	
  out	
  the	
  perturbed	
  equa+on	
  to	
  first	
  
order:	
  	
  

This	
  equa+on	
  is	
  not	
  of	
  much	
  prac+cal	
  use…	
  



The	
  A+yah	
  class:	
  
•  There	
  is	
  a	
  descrip+on	
  of	
  this	
  in	
  terms	
  of	
  
cohomology	
  of	
  a	
  certain	
  bundle:	
  

Define:	
  

A+yah	
  states	
  that	
  the	
  moduli	
  are	
  not	
  

But	
  rather:	
  

How	
  do	
  we	
  +e	
  this	
  in	
  with	
  our	
  field	
  theory	
  analysis?	
  



•  Take	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  to	
  vanish	
  for	
  simplicity	
  
•  Look	
  at	
  the	
  long	
  exact	
  sequence	
  in	
  cohomology	
  
	
  
	
  
	
  
	
  
where	
  

•  Thus	
  we	
  see	
  A+yah	
  claims	
  the	
  moduli	
  are	
  given	
  by	
  



Non-­‐Kähler	
  Compac+fica+ons	
  

•  The	
  most	
  general	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  hetero+c	
  
compac+fica+on	
  with	
  maximally	
  symmetric	
  4d	
  
space:	
  
– Complex	
  manifold	
  

Hull,	
  Strominger	
  

Gillard,	
  Papadopoulos	
  and	
  Tsimpis	
  



Non-­‐Kähler	
  Compac+fica+ons	
  

•  The	
  most	
  general	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  hetero+c	
  
compac+fica+on	
  with	
  maximally	
  symmetric	
  4d	
  
space:	
  
– Complex	
  manifold	
  

Hull,	
  Strominger	
  

Gillard,	
  Papadopoulos	
  and	
  Tsimpis	
  



Non-­‐Kähler	
  Compac+fica+ons	
  

•  The	
  most	
  general	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  hetero+c	
  
compac+fica+on	
  with	
  maximally	
  symmetric	
  4d	
  
space:	
  
– Complex	
  manifold	
  

Hull,	
  Strominger	
  

Gillard,	
  Papadopoulos	
  and	
  Tsimpis	
  



•  Perturb	
  all	
  of	
  the	
  fields	
  just	
  as	
  we	
  did	
  in	
  the	
  Calabi-­‐
Yau	
  case:	
  

•  And	
  look	
  at	
  what	
  the	
  first	
  order	
  perturba+on	
  to	
  the	
  
supersymmetry	
  rela+ons	
  looks	
  like…	
  
	
  
In	
  what	
  follows	
  I	
  consider	
  manifolds	
  obeying	
  the	
  	
  

	
  	
  	
  	
  	
  	
  -­‐lemma	
  



•  For	
  the	
  perturba+on	
  analysis	
  the	
  A+yah	
  
computa+on	
  goes	
  through	
  unchanged.	
  

•  The	
  other	
  equa+ons	
  are	
  somewhat	
  more	
  messy:	
  

Lemma:	
  Let	
  	
  	
  	
  	
  	
  	
  be	
  a	
  compact	
  Kähler	
  manifold.	
  For	
  	
  	
  	
  	
  	
  a	
  	
  	
  
	
  	
  	
  -­‐closed	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  form,	
  the	
  following	
  statements	
  are	
  
equivalent.	
  	
  
	
  

For	
  some	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  .	
  



•  Totally	
  an+-­‐holomorphic	
  part	
  of	
  	
  	
  	
  	
  	
  	
  eqn:	
  

•  Remaining	
  components:	
  

2.1.2 First order in ↵0

We now wish to add the first order Chern-Simons terms back into our analysis of (2.23). For this we
need to know the variation of a Chern-Simons term in an appropriate form:
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Naturally, we have similar expressions for !L
3

. Taking W to be the spin connection we have
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With these expressions in hand we can return to (2.23). Consider the āb̄c̄ component below:
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In the above we have used the vanishing of the (0, 2) component of the background field strength and
curvature two form2. This leads to the generalization of (2.35)
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where �B0 is a @ closed form. The only other component of (2.23), up to conjugation, is the abc one.
Making use of our previous analysis for the zeroth order pieces, and equations (2.45) and (2.47), we
find the following:
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[ā�B¯b]c + @c�Bā¯b � ↵0 1
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Here ⇤↵0
is the order ↵0 corrected version of the (1, 1) form ⇤ seen in the zeroth order result and we

have once again made use of the @@-lemma. This is the form of the perturbation equation (2.41),
corrected to order ↵0, that we will require in the rest of the paper.

2One easy way to see that the (0, 2) component of the curvature two form vanishes is via the ↵0 expansion and the
relation of the Levi-Civita and Chern connections. It is well known that the curvature of the H deformed connection
is a (1, 1) form (see [6] for an example of a discussion of this in the current context). The curvature of the Levi-Civita
connection is the same as this at zeroth order in ↵0. Therefore, in this term which is already order ↵0 we can take the
curvature two form to be zero while working to linear order.
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[ā�J¯b]c � �J d
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[ā�Jc̄¯b] . (2.48)

In the above we have used the vanishing of the (0, 2) component of the background field strength and
curvature two form2. This leads to the generalization of (2.35)

�B
¯bc̄ =

2

30
↵0

⇣
�Ay

[b
Ax

c]�xy
⌘
� 2↵0

⇣
�W↵�

[b
W �↵

c]

⌘
+

i

2
�J

¯bc̄ + �B 0̄
bc̄ , (2.49)

where �B0 is a @ closed form. The only other component of (2.23), up to conjugation, is the abc one.
Making use of our previous analysis for the zeroth order pieces, and equations (2.45) and (2.47), we
find the following:

2@
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Naturally, we have similar expressions for !L
3

. Taking W to be the spin connection we have
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With these expressions in hand we can return to (2.23). Consider the āb̄c̄ component below:
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In the above we have used the vanishing of the (0, 2) component of the background field strength and
curvature two form2. This leads to the generalization of (2.35)
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bc̄ , (2.49)

where �B0 is a @ closed form. The only other component of (2.23), up to conjugation, is the abc one.
Making use of our previous analysis for the zeroth order pieces, and equations (2.45) and (2.47), we
find the following:
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Here ⇤↵0
is the order ↵0 corrected version of the (1, 1) form ⇤ seen in the zeroth order result and we

have once again made use of the @@-lemma. This is the form of the perturbation equation (2.41),
corrected to order ↵0, that we will require in the rest of the paper.

2One easy way to see that the (0, 2) component of the curvature two form vanishes is via the ↵0 expansion and the
relation of the Levi-Civita and Chern connections. It is well known that the curvature of the H deformed connection
is a (1, 1) form (see [6] for an example of a discussion of this in the current context). The curvature of the Levi-Civita
connection is the same as this at zeroth order in ↵0. Therefore, in this term which is already order ↵0 we can take the
curvature two form to be zero while working to linear order.
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2.1.2 First order in ↵0

We now wish to add the first order Chern-Simons terms back into our analysis of (2.23). For this we
need to know the variation of a Chern-Simons term in an appropriate form:
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Here ⇤↵0
is the order ↵0 corrected version of the (1, 1) form ⇤ seen in the zeroth order result and we

have once again made use of the @@-lemma. This is the form of the perturbation equation (2.41),
corrected to order ↵0, that we will require in the rest of the paper.

2One easy way to see that the (0, 2) component of the curvature two form vanishes is via the ↵0 expansion and the
relation of the Levi-Civita and Chern connections. It is well known that the curvature of the H deformed connection
is a (1, 1) form (see [6] for an example of a discussion of this in the current context). The curvature of the Levi-Civita
connection is the same as this at zeroth order in ↵0. Therefore, in this term which is already order ↵0 we can take the
curvature two form to be zero while working to linear order.
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•  A+yah	
  analysis:	
  



•  How	
  do	
  we	
  interpret	
  this	
  result?	
  
– Proceed	
  by	
  analogy	
  with	
  the	
  A+yah	
  case:	
  

Define	
  a	
  bundle	
  	
  	
  	
  	
  :	
  

	
  

and	
  a	
  bundle	
  	
  	
  	
  	
  :	
  
	
  

	
  

We	
  claim	
  the	
  cohomology	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  precisely	
  
encapsulates	
  the	
  allowed	
  deforma+ons.	
  
	
  

Baraglia	
  and	
  Hekma+	
  1308.5159	
  



•  To	
  make	
  contact	
  with	
  the	
  field	
  theory	
  we	
  again	
  
look	
  at	
  the	
  associated	
  long	
  exact	
  sequences	
  in	
  
cohomology.	
  

and	
  

Do	
  the	
  sequence	
  chasing	
  and	
  you	
  find…	
  



•  This	
  is	
  a	
  subspace	
  of	
  

	
  

defined	
  by	
  maps	
  determined	
  by	
  the	
  supergravity	
  
data.	
  

•  All	
  maps	
  are	
  well	
  defined,	
  as	
  are	
  the	
  extensions.	
  
•  This	
  precisely	
  matches	
  the	
  supergravity	
  computa+on.	
  

our discussion in the case where H0(TX) 6= 0. In addition, we will show that the extension class
associated to (3.2), defined by the Strominger system, is indeed an element of the correct cohomology
group.

3.1.2 Well-definedness of the map in cohomology

We have established that the tangent to the moduli space of the Strominger system is a subspace of
H1(H) as given by (3.7) and (3.8). We must now demonstrate that the maps in these expressions, as
given by (2.54), (2.55) and (2.56), are good maps in cohomology. In the case of the Atiyah groupoid,
(3.8) and (2.55) and (2.56), this is already well known and established [2–4, 47]. Thus, we need only
focus on the map in (3.7) and (2.54).

For a map to be well defined between cohomologies the following properties should hold:

1. the image does not depend upon the representative used to describe the element of the source,

2. the image of a closed form is a closed form,

3. the map on cohomology is gauge invariant.

Zeroth order in ↵0

To zeroth order in ↵0 the structure is easy to verify. We reiterate the structure we are investigating
at this order here for ease of presentation.

H1(H) =

8
>><

>>:

ker

✓
ker{H1(TX)

[F ],[R]�! H2(End
0

(V ))�H2(End
0

(TX))} @J�! H2(TX_)
◆

�
H1(End

0

(V ))�H1(End
0

(TX))�H1(TX_) .

(3.16)

Note that the non-trivial maps acting on the bundle moduli and spin connection fluctuations are
order ↵0 in (2.54) and thus drop out above.

At this order in ↵0 the Bianchi identity is simply @@J = 0. From here it is trivial to see that
a form �Jc

a = ravc for some vc maps to an exact form, and thus the map image does not depend
upon the representative used in a given class. The same Bianchi identity also makes it clear that the
map @J always takes the source to closed forms. Finally the map is clearly gauge invariant under
all symmetries in the problem and thus, at zeroth order in ↵0, the maps we have obtained are well
defined between the cohomology groups.

First order in ↵0

At first order in ↵0 the map @J is replaced by M , as implicitly encoded in equations (3.13) and
(3.15). In addition the maps on �A0 in (3.9) appearing in (2.54), and the analogous structure for the
perturbations in H1(End

0

(TX)), are non-zero at this order in ↵0. Given all of this, the structure we
now have is as follows.

H1(H) =

8
>>>>>>>><

>>>>>>>>:

ker

✓
ker{H1(TX)

[F ],[R]�! H2(End
0

(V ))�H2(End
0

(TX))} M�! H2(TX_)
◆

�

ker

✓
H1(End

0

(V ))
� 4

30↵
0
[F ]

�! H2(TX_)
◆
� ker

✓
H1(End

0

(TX))
4↵0

[R]�! H2(TX_)
◆

�
H1(TX_) .

(3.17)
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A	
  few	
  comments	
  on	
  the	
  structure:	
  
•  One	
  can	
  easily	
  generalize	
  to	
  the	
  case	
  where	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  	
  

•  The	
  overall	
  volume	
  is	
  only	
  a	
  modulus	
  in	
  the	
  CY	
  case.	
  

•  Unlike	
  in	
  the	
  A+yah	
  story,	
  the	
  bundle	
  moduli	
  are	
  
constrained	
  by	
  the	
  map	
  structure	
  here.	
  

•  Mager	
  can	
  be	
  included	
  in	
  the	
  analysis,	
  simply	
  by	
  
thinking	
  of	
  it	
  as	
  the	
  moduli	
  of	
  an	
  E8	
  bundle.	
  

•  There	
  is	
  a	
  nice	
  mathema+cal	
  interpreta+on	
  of	
  all	
  of	
  
this…	
   Baraglia	
  and	
  Hekma+	
  1308.5159	
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Conclusions	
  
•  For	
  the	
  case	
  where	
  a	
  non-­‐Kähler	
  hetero+c	
  
compac+fica+on	
  obeys	
  the	
  	
  	
  	
  	
  	
  	
  -­‐lemma:	
  

– The	
  moduli	
  are	
  given	
  by	
  subgroups	
  of	
  the	
  usual	
  
sheaf	
  cohomology	
  groups.	
  

– The	
  subgroups	
  of	
  interest	
  are	
  determined	
  by	
  kernels	
  
and	
  cokernels	
  of	
  maps	
  determined	
  by	
  the	
  
supergravity	
  data	
  

– This	
  all	
  has	
  a	
  nice	
  mathema+cal	
  interpreta+on	
  in	
  
terms	
  of	
  Courant	
  algebroids	
  (transi+ve	
  and	
  exact)	
  
and	
  generalized	
  complex	
  structures	
  on	
  the	
  total	
  
space	
  of	
  certain	
  bundles	
  


