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Figure 139: NLO cross section prediction for pp → tH−+X at the LHCwith 8 TeV for a 2HDMwith tanβ = 30:
5FS (upper panel), 4FS (middle panel) and Santander matched predictions (lower panel). Shown is the central
prediction together with an estimate of the theoretical uncertainties as described in the text.
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prediction together with an estimate of the theoretical uncertainties as described in the text.
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Figure 139: NLO cross section prediction for pp → tH−+X at the LHCwith 8 TeV for a 2HDMwith tanβ = 30:
5FS (upper panel), 4FS (middle panel) and Santander matched predictions (lower panel). Shown is the central
prediction together with an estimate of the theoretical uncertainties as described in the text.
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Dittmaier, Häfliger, Krämer, 
   Spira, Walser ’14

Peng et al. ’05
Hollik, Rauch ’06
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Santander matching

RH, Krämer, Schumacher ’11

Maltoni, Ridolfi, Ubiali ’12see also: 
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resummation: 1
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→
Carena, Garcia, Nierste, Wagner ’99

SUSY particle effects:
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QCD corrections for this MSSM scenario to a large extent, thus leaving a moderate total
correction to the cross sections as shown in Fig. 3b. The dependence of the K factors on
the LHC CM energy is weaker than in the scalar Higgs case (cf. Fig. 2b).

For Higgs-boson radiation off bottom quarks, we calculate the NLO cross section
according to

σφ
NLO = σφ

0 × (1 + δφSUSY)× (1 + δφQCD + δφSUSY−rem), (5)

where σφ
0 denotes the LO cross section evaluated with LO αs and PDFs, with the Yukawa

coupling parametrized in terms of the running b-quark mass mb(µ), but without resum-
mation of the tgβ-enhanced terms. The correction δφSUSY comprises the tgβ-enhanced
terms according to Eq. (1), including their resummation. The remainder of the genuine
SUSY-QCD corrections is denoted by δφSUSY−rem.

The results for scalar Higgs-boson radiation off bottom quarks are shown in Fig. 4a
(total cross section) and Fig. 4b (K factor). Here we identify the LO cross section with σφ

0 ,
which does not include the tgβ-enhanced resummation effects. The observed moderate
NLO corrections in this MSSM scenario, thus, results from a compensation of the large
QCD corrections by large SUSY-QCD corrections. The smallness of the SUSY-QCD
remainder, however, shows that the full NLO SUSY-QCD corrections are approximated
extremely well by the tgβ-enhanced terms.

Some numerical results for the SUSY-QCD corrections to the process pp → bb̄h have
been presented in Ref. [55]. However, only scatter plots are shown in [55], but no definite
values for cross sections or SUSY-QCD corrections for a reference input. It is thus not
possible to quantitatively compare our results to those of Ref. [55].

Pseudoscalar Higgs radiation off bottom quarks exhibits the same qualitative features
as scalar Higgs production, as can be inferred from Fig. 5a for the total cross section and
from Fig. 5b for theK factor. The CM energy dependence of theK factor for pseudoscalar
Higgs production is similar to that of scalar Higgs production. The pseudoscalar-Higgs-
boson cross section at NLO coincides with the scalar cross sections for the same Higgs
mass values within a few per cent apart from the regions where the light (heavy) scalar
Higgs boson is close to its upper (lower) mass bound.

In Table 2 we show the individual contributions to the NLO cross sections for heavy
scalar and pseudoscalar Higgs radiation off bottom quarks. The relative pure QCD cor-
rections δφQCD (φ = H,A), the tgβ-enhanced SUSY-QCD corrections δφSUSY, and the re-

mainders of the SUSY-QCD corrections δφSUSY−rem are defined according to Eq. (5). As

already observed in the corresponding figures, the sizable QCD corrections δφQCD are to

a large extent compensated by the SUSY-QCD corrections δφSUSY, thus leaving a small
remainder δφSUSY−rem of the SUSY-QCD corrections below the per-cent level for all Higgs
masses in the SPS1b scenario.

In order to quantify the accuracy of the ∆b approximation of Eq. (1) we display
the effect of the tgβ resummation and the corresponding remainders of the SUSY-QCD
corrections for various values of tgβ in Table 3. For these numbers we have chosen the
Snowmass point SPS1b, but set MA = 200 GeV and vary tgβ between 3 ≤ tgβ ≤ 30. The
results demonstrate that the ∆b approximation for the genuine SUSY-QCD corrections is

10

Dittmaier, Häfliger, Krämer, Spira, Walser ’14

not covered by

1
1+Δb

4FS
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NLO+NLL:
RH, Kulesza, Theeuwes, Zirke
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consider ratio:    σWH/σZH

• very weak dependence on PDFs
• very weak dependence on αS

• reduced experimental uncertainties

RH, Liebler, Zirke ’13
see also: Englert, McCullough, Spannowsky ’13

2HDM
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Djouadi ’98
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Gluon fusion

exact through NLO

b

b

h/H/A

(a)

h/H/A

g

g

b

b

(b)
Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =

(
gMSSM
t

gSMt

)2

σtt(gg → φ) +

(
gMSSM
b

gSMb

)2

σbb(gg → φ)

48

+
gMSSM
t

gSMt

gMSSM
b

gSMb
σtb(gg → φ), (5)

where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0

NLO

σ0
LO

, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while

49
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achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,
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where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0
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, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,
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where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0
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NNLO have been calculated by GGH@NNLO. The additional part
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where the individual cross sections σ0
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NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =
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where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by
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where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =
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where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0
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NNLO have been calculated by GGH@NNLO. The additional part
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NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =

(
gMSSM
t

gSMt

)2

σtt(gg → φ) +

(
gMSSM
b

gSMb

)2

σbb(gg → φ)
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+
gMSSM
t

gSMt

gMSSM
b

gSMb
σtb(gg → φ), (5)

where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0

NLO

σ0
LO

, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).
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The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
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tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
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would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.
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cal MSSM results we have chosen the mmax
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choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.
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corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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• full MSSM @ NLO
• SM @ NNLO
• 2HDM
• bbh
• various ren. schemes
• link to FeynHiggs
• link to LHAPDF
• link to 2HDMC
• ...

RH, Liebler, Mantler ’12
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Neutral MSSM Higgs production — 
comprehensive study Bagnaschi, RH, Liebler, Mantler, Slavich, Vicini ’14

based on SusHi
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Neutral MSSM Higgs production — 
comprehensive study Bagnaschi, RH, Liebler, Mantler, Slavich, Vicini ’14

• gluon fusion, including
★ NLO SQCD
★ tanβ resummation
★ approximate NNLO SQCD
★ approximate EW

• bbh annihilation (5FS), including
★ NNLO QCD
★ tanβ resummation

• cross sections for viable MSSM scenarios
Carena, Heinemeyer, Stål, Wagner, Weiglein ’13

based on SusHi
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(see also new grids from LHXSWG;
thanks for M. Acosta and T. Vickey)
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squark effects:
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Uncertainties:
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Uncertainties:
• renormalization/factorization scale
• PDF, αS

→ SM-like
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Spira, Djouadi, Graudenz, Zerwas ’95

• “usual” scale choice:   μ=MH

• amplitude contains logarithms ln(mb/mH)
• partly cancelled by μ=mb or mb=mb(pole) in Yukawa coupling

Uncertainties:
• renormalization/factorization scale
• PDF, αS

→ SM-like
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Spira, Djouadi, Graudenz, Zerwas ’95

numerical effect mb(MH) vs. mb(pole) huge!

• “usual” scale choice:   μ=MH

• amplitude contains logarithms ln(mb/mH)
• partly cancelled by μ=mb or mb=mb(pole) in Yukawa coupling

Uncertainties:
• renormalization/factorization scale
• PDF, αS

→ SM-like

additionally: 
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mb(MH/2)  vs.  mb(pole)
in Yukawa coupling
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Open issues in gluon fusion:

• NNLO (S)QCD only valid for heavy-top limit:  
       what about MH>350 GeV?
• SUSY EW corrections only approximately known
• proper treatment of bottom Yukawa coupling
• bottom effects in pT distribution
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+

see also: Banfi, Monni, Zanderighi ’14

Transverse momentum:
Bagnaschi, Degrassi, Slavich, Vicini ’11

Mantler,  Wiesemann ’12

Grazzini, Sargsyan ’13
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What I could not talk about:

• pure SM calculations
• double Higgs production
• transverse momentum in bbh
• SUSY effects in ggh pT

• ....
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Conclusions

• many SM results trivially applicable
• dedicated SUSY cross section predictions
   require fast and flexible tools
       ➜ SusHi  for gluon fusion
• 4FS vs. 5FS (6FS??) may become very relevant
• next steps: differential quantities
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